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Abstract

A methodology has been developed for the consolidation analysis of a unit cell of clay

around a single vertical drain. An elasto-viscoplastic constitutive model has been used to

capture the time dependent consolidation behaviour of clay. The model considers a void ratio

rate dependent yield stress to separate pre- and post-yield consolidation processes. The

governing equation of the consolidation of clays with vertical drains has been solved using a

robust finite difference scheme. A parametric study has been conducted to identify the

influence of viscosity and smear on the consolidation process. It has been shown that viscosity

has minimal influence on the consolidation process for closely spaced drains whereas its effects

are significant for largely spaced drains. The inner smear zone surrounding the drains was

found to be the dominant factor in controlling the overall progress of consolidation. Even

small sizes of the smear zone significantly can retard the progress of consolidation. The

permeability within the inner smear zone has been found to be more important than its extent.

A linear variation of permeability within the inner smear zone using the coefficient of

permeability of the undisturbed soil and the remolded soils has been shown to capture the

important effects of smear on consolidation.r 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Since the classical solution presented by Barron (1948), a number of researchers
(e.g. Raymond, 1969; Yoshikuni and Nakanodo, 1974; Hansbo, 1981; Onoue, 1988;
Zeng and Xie, 1989; Hird and Russell, 1992) have investigated the factors affecting
the progress of consolidation with vertical drains. The influence of smear on
consolidation and the discharge capacity of the drain have been the main focus of
such investigations. The term smear is generally referred to the disturbance that
occurs during the installation of the vertical drain. Substantial reduction in soil

Nomenclature

s0 effective stress
Ca secondary compression index
Cc compression index
Cs swelling index
cr coefficient of radial consolidation
cz coefficient of vertical consolidation
EOP end of primary consolidation
dr distance from the drainage face
e current void ratio
e0 initial void ratio

’e void ratio rate (De=Dt)
Deir irrecoverable (plastic+viscous) void ratio change
Der recoverable (elastic) void ratio change
H height of clay cylinder
kr0 coefficient of radial permeability in undisturbed zone
ks coefficient of radial permeability in smear zone
kz coefficient of vertical permeability
s applied stress at top surface (subscript ‘in’ for initial and ‘f ’ for final)
r radial coordinate
re radius of equivalent clay cylinder
ro radius of outer smear zone
rs radius of inner smear zone
rw radius of drain
t time
Dt time increment
u excess pore water pressure
%U average degree of consolidation
%Ur degree of consolidation due to radial drainage
%Uz degree of consolidation due to vertical drainage

z vertical position in reduced coordinate system
x vertical position in spatial co-ordinate system
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permeability occurs around the drain as a result of its installation. Most analyses of
the consolidation of clays with drains, however, use the coefficient of consolidation
as an input parameter. Since the coefficient of consolidation is a combined form of
permeability and compressibility, these analyses cannot explicitly account for the
effects of permeability. It has been suggested that the use of permeability and
compressibility as independent input parameters is a better choice for numerical
analysis of the consolidation process (Tavenas et al., 1983). The efficiency of vertical
drains on consolidation has also been studied by finite element analysis (Hird and
Russell, 1992; Bergado et al., 1993; Chai and Mura, 1999; Zhu and Yin, 2000). Li
and Rowe (2001) have examined the combined effect of vertical drains and
geosynthetic reinforcement on the performance of embankments on soft clays.
The diameter of the smear zone and its permeability are difficult to be determined

from laboratory tests, and so far, there is no effective method to measure them. The
extent and permeability of the smear zone has been found to vary with the
installation procedure, size and shape of the mandrel, and soil microfabrics. Field
and laboratory observations (Onoue et al., 1991; Madhav et al., 1993; Bergado et al.,
1996; Indraratna and Redana, 1998) have shown a continuous variation of soil
permeability with radial distance away from the centre of the drain. Such
permeability variation can be separated into three distinct zones (Onoue et al.,
1991; Madhav et al., 1993; Bergado et al., 1996); (i) an inner smear zone near the
drain, where permeability is greatly reduced due to the remolding of soil, (ii) an outer
smear zone, where soil permeability is reduced slightly as a result of the initial
reduction of void ratio during the installation of drain, and (iii) an undisturbed zone,
where soil permeability is unaffected by the drain installation.
The diameter of the smear zone has been a subject of intense discussion in the

literature. For design purposes, several researchers (e.g. Jamiolkowski and
Lancellotta, 1981; Bergado et al., 1996; Hansbo, 1987, 1997; Akagi, 1979) have
recommended the use of ð223Þdm; where dm is the diameter of the circle with an area
equal to the cross section of the mandrel. On the other hand, McDonald (1985),
Aboshi and Inoue (1986) have recommended the area of the smear zone to be the
same as that of the area of the mandrel.
For analysis purposes a constant permeability, which is less than the permeability

of the undisturbed soil, is usually adopted for the smear zone. For example, Hansbo
(1997) recommended that the coefficient of radial permeability in the smear zone (ks)
as being equal to the coefficient of vertical permeability (kz) in the undisturbed zone.
Based on field and laboratory measurements, however, a ratio of ks=kr0 ¼ 10; where
kr0 is the radial permeability of the undisturbed soil, was found to be appropriate for
Bangkok clay (Bergado et al., 1996). Tests performed on the soil specimens collected
from field located at different distances from the vertical drain have shown that the
permeability of the soil near the drain is reduced to about one fifth of the
permeability of the undisturbed soil (Madhav et al., 1993).
Use of constant but different values of permeability for the smear zone and the

undisturbed soil is useful to obtain closed form solutions for consolidation with
vertical drains. However, the use of two distinct permeability values in the smear
and undisturbed regions causes problems during numerical analysis due to the
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discontinuity at the interface. Additional assumptions are needed for the nodes at the
interface for completing the numerical analysis (Madhav et al., 1993). It is shown
later that the use of a continuous variation of permeability within this smear zone is
a more appropriate choice and avoids the problems of discontinuity during
numerical analysis.
Viscous phenomena in soils are well known but ignored in most of the analyses of

clay consolidation with vertical drains (Pilot, 1981). Bergado et al. (1993) have
conducted an extensive program of settlement monitoring on a test embankment
built on soft Bangkok clay with prefabricated vertical drains. Large-scale laboratory
consolidation tests were also performed using the same type of vertical drains
installed in the clay sample. Their results summarized in Fig. 1 show that whereas the
field and laboratory settlements continued to increase with time, all of the predicted
curves become flatter in the end because they did not consider the time effects. In
order to model realistically the consolidation of clays with vertical drains, Hansbo
(1997) has recommended considering the effects of time during the period of primary
consolidation in the analysis. While the mechanism of the origin of time effects in
soils remains an intensive subject of research (Murakami, 1988), structural viscosity
acting within the soil skeleton is generally assumed to be its primary cause.
In order to take into account of viscosity during primary consolidation

constitutive models have been developed as a function of time (e.g. Yin and
Graham, 1989; Murakami, 1988) or as a function of strain rate (’e) (e.g. Kabbaj et al.,
1986). It is therefore necessary to implement these types model into the analysis of
consolidation of clays with vertical drains in order to examine the effect of viscosity.
It is noted here that some early investigations into the effect of strain rate on
consolidation have shown it to be small (e.g. Gibson and Lo, 1961; Smith and
Wahls, 1969). Leroueil and Marques (1996) attributed this to the result of the
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Fig. 1. Time settlement relationships (after Bergado et al., 1993).
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structuration of those clays. As shown later, however, the consolidation behaviour of
the soil described in this study is dependent upon strain rate.
In this study a numerical algorithm has been developed to solve the governing

equation of the one-dimensional consolidation process with vertical drain
incorporating a new constitutive model for the clay. The model considers the effect
of viscosity during primary consolidation. It has been used previously by the authors
(Hawlader et al., 2002) to account for the important effects of viscosity on
consolidation in the field. The effects of viscosity on the consolidation process of
clays with vertical drains are investigated here. The effect of smear zone is examined
in terms of its permeability and its lateral extent.

2. Equivalent clay cylinder with vertical drain

The consolidation process of clay with vertical drains can be idealized with a unit
cell model as shown in Fig. 2. The unit cell consists of a soil mass of radius re centred
with a cylindrical drain of radius rw: The clay layer rests on a porous bed that is
restricted from vertical movement whereas the pervious surface at the top of the clay
layer on which load is applied, settles only vertically downward with the progress of
consolidation. The discharge capacity of a modern prefabricated vertical drain is
considered to be high enough for neglecting the effect of well resistance (Hansbo,
1997).

Fig. 2. Schematic view of unit cell for numerical analysis.
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3. Consolidation of clay with drainage distance

Imai (1995) developed an interconnected consolidometer to examine the
consolidation behaviour (e and s0) of clay elements located at different drainage
distances. This device consists of seven sub-cells of 60mm inside diameter and 5mm
height as shown schematically in Fig. 3(a). Drainage was provided only at the top of
the cell arrangement. The sub-specimens were connected to enable a continuous flow
of pore water. Additional details of the test and the method of sample preparation
have been provided by Imai (1995).
When a consolidation pressure s is applied at the top of the consolidometer each

sub-specimen begins to consolidate. The displacement (di) and pore water pressure

Fig. 3. (a) Basic concept of interconnected consolidation test. (b) State path of sub-specimes. (c) Void

ratio rate lines. (d) Relationship between G and ’e:
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(ui) with time for each sub-specimen is measured. These measurements are used to
calculate the changes in effective stress (s0) and void ratio (e) for the total specimen
and sub-specimens.
Using this device a series of consolidation tests were performed on reconstituted

soil samples prepared from Yokohama Bay Mud. The preconsolidation pressure of
all the samples was 49 kPa. The void ratio change for a typical load increment
within each sub-cell is shown in Fig. 3(b). This figure shows that the state
path (e � log s0) for each sub-specimen during consolidation is different and is
dependent on the distance from the drainage face. It is also seen that the changes in
void ratio with effective stress is small during the initial stages for all sub-elements
followed by a rapid reduction after some stress clearly evidencing yield type
behaviour. The term ‘yield’ is used to separate small and large strains during the
progress of consolidation (Leroueil, 1997). Note that this yield stress is a rheological
phenomenon that results from the time effect under previous stress state on a
normally consolidated soil (Murakami, 1988; Imai, 1995). It is different from the
conventional preconsolidation pressure that results from the unloading of the soil
element (Leroueil, 1997).
The void ratio rate (� ’e ¼ De=Dt) during consolidation for different load

increment ratios (LIRs) (78.4-235.2 kPa; 78.4-313.6 kPa; 156.8-313.6 kPa;
235.2-470.4 kPa) is shown in Fig. 3(c). It can be seen that despite the different
LIRs used, the void ratio rate lines lie parallel to each other. The slope of the parallel
lines was found to be approximately equal to the compression index Cc in an
e � log s0 plot (Imai, 1995).
The void ratio rate is plotted against the specific parameter G (¼ e þ Cc log s0;

Hawley and Borin, 1973; where s0 is in kPa) in Fig. 3(d). G is a parameter that defines
the relative position of the current state of the soil element (e; s0) measured from the
basic compression line which passes through the initial state point (e0;s00) (point A in
Fig. 4(b)) and having the slope Cc (Hawley and Borin, 1973). The solid lines in
Fig. 3(d) denote the post-yield changes in void ratio rate of the sub-specimens with
G: A unique linear relation can represent these changes in void ratio rate with G of all
the sub-specimens irrespective of their location:

G ¼ a logð�’eÞ þ b; ð1Þ

a and b are soil constants whose values can be obtained from a one-dimensional
consolidation test (Imai, 1995). The constant a has been found to be related to the
structural viscosity of the clay skeleton. In fact, experimental results have shown that
a is approximately equal to the coefficient of secondary compression, Ca (Imai and
Tang, 1992; Imai, 1995).
Imai (1995) also found that if the total void ratio change is separated into its

recoverable (Der) and irrecoverable (Deir) components then the latter (Deir) can also
be represented by a relation similar to Eq. (1).

eir þ Cc log s0 ¼ Ca logð�’eirÞ þ b: ð2Þ
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4. Proposed consolidation model

The above observations on the distinct consolidation behaviour of elements with
respect to their distance from the drainage face has been used to formulate a
constitutive model for the consolidation analysis of clays with vertical drains. The
underlying ideas of the proposed model are shown schematically in Fig. 4(b). In this
figure, the inclined parallel lines are the void ratio rate (�’e) lines and represent the
time effects on consolidation. Suppose a clay specimen begins to consolidate from an
initial state A (Fig. 4(b)). If the applied stress is larger than yield stress, the specimen
will first experience void ratio changes due to the initial non-linear elastic
deformation followed by post-yield deformation governed by Eq. (1). In order to
determine the state of yield, we form (see Eq. (1)):

Df ¼ ½e þ Cc log s0� � ½Ca logð�’eÞ þ b�: ð3Þ

Fig. 4. Proposed consolidation model.
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The value of Df is calculated for each step by using the current values (e; s0; ’e). The
first [ ] term on the right-hand side of Eq. (3) is the current value of G before yield
and the second [ ] term is the expected value of G if the soil element is in complete
yield against the current value of ’e: The magnitude of Df is then a measure of the
closeness of the state of a soil element that is to yield. Its value is zero when an
element yields.
Note that the rate of compression for each element within the clay layer is

different, since compression is associated with the expulsion of pore water and
viscosity. The pore water pressure dissipation depends on the drainage distances (z; r)
(see Fig. 4(a)). Therefore, for elements near the drainage boundary effective stresses
will increase rapidly. As a result, their compression curves will experience higher void
ratio rates. For elements away from the drainage boundaries, however, pore
pressures will dissipate slowly. Consequently, these elements will have a delayed
compression before reaching the same level of effective stress as an element near the
drainage faces. As a result, elements at larger distances from the drainage boundaries
will follow further down in the system of parallel (�’e) lines than those elements at a
shorter distances from drainage boundary in an effective stress–void ratio plot.
Notice that the points of yield denoted by solid circles (Fig. 4(b)) are also dependent
on the drainage distance. Yield stress will be higher for elements near the drainage
boundaries.

5. Void ratio changes

The total change in void ratio (De) of a consolidating soil element is separated into
two components; recoverable (Der) and irrecoverable (Deir). The recoverable
component associated with any increment of stress is defined by

�Der ¼ CsD log s0 ¼ 0:434Cs
Ds0

s0
; ð4Þ

where Cs is the swelling index. Since the initial portion of the void ratio curve is non-
linear elastic and dependent on viscosity, the change in void ratio prior to yield is
calculated by a slightly modified form of Eq. (4):

�De ¼ 0:434CtDs0=s0; ð5Þ

where, Ct ¼ Cs þ ðCc � CsÞ=ð1þ mDf Þ: Based on the best-fit curve of the test results
for the pre-yield consolidation process, a value of m ¼ 100 is used in this study. The
use of Ct enables a gradual change in compressibility from pre-yield to post-yield
consolidation conditions.
The irrecoverable component, (Deir), occurs after yielding and consists of plastic

and viscous parts. Since ’eir is a function of s0 and eir (Eq. (2)), using chain rule:

Dð�’eirÞ ¼ fs0Ds0 þ feirDeir; ð6Þ
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where

feir ¼
�’eir

0:434Ca
; fs0 ¼

Cc

Ca

�’eir

s0
:

The average void ratio rate (� ’eirav) between time t and t þ Dt is:

� ’eirav ¼ ð�’eirÞ þ Dð�’eirÞ=2: ð7Þ

Combining Eqs. (6) and (7) and making use of Deir ¼ ’eiravDt; a relationship among
Deir; Ds0 and Dt can be established as

�Deir ¼
fs0Dt

2þ feirDt
Ds0 �

2’eirDt

2þ feirDt
; ð8Þ

The total void ratio change De during post-yield consolidation is obtained by
combining Eqs. (4) and (8):

�De ¼ �ðDer þ DeirÞ ¼ A1Ds0 þ B1Dt; ð9Þ

where

A1 ¼ 0:434
Cs

s0
þ

fs0Dt

2þ feirDt
;

and

B1 ¼
�2’eir

2þ feirDt
:

Note that the Eq. (9) can be used for pre-yield consolidation with A1 ¼ 0:434Ct=s0

and B1 ¼ 0 (Eq. (5)).

6. Governing equations

The law of conservation of mass for the combined effects of radial and vertical
drainage of water from a soil element is (Appendix A):

qe

qt
¼ ð1þ eÞ

qvr

qr
þ

vr

r

� �
þ

qvz

qz
; ð10Þ

where

vr ¼
kr

gw

qu

qr

� �

is the radial seepage velocity and

vz ¼
kz

gw

1

1þ e

qu

qz
� gw

� �

is the vertical seepage velocity. kz and kr are the coefficients of permeability in
vertical and radial direction respectively.
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The coefficient of permeability in the vertical direction (kz) is assumed to vary with
void ratio as (Tavenas et al., 1983; Imai and Tang, 1992)

log kz ¼ log kz0 �
e0 � e

Ck

; ð11Þ

where kz0 is the coefficient of vertical permeability at initial void ratio (e0) and Ck is
the permeability change index (E0:5e0;Tavenas et al., 1983).
The coefficient of permeability in the radial direction (kr) is related to the

coefficient of permeability in the vertical direction (kz) by a ratio R (Rixner et al.,
1986; Tavenas et al., 1983):

kr

kz

¼ R: ð12Þ

The magnitude of R is dependent on the microfabric of soil and depositional
environment (Rixner et al., 1986; Tavenas et al., 1983).
Substitution of the expressions of vr and vz into Eq. (10) and rearrangement leads

to the following compact form of the governing equation of consolidation:

qe

qt
¼ F ; ð13Þ

where

F ¼ C1
q2u
qr2

þ C2
qu

qr

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

radial

þ C3
q2u
qz2

þ C4
qu

qz
þ C5

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

vertical

:

The expressions for the coefficients Ci (i ¼ 1–5) are provided in Appendix B
(Eqs. (B.1)–(B.5)).
Since the change in void ratio (De) is related to the change in effective stress

through the constitutive equations (Eq. (9)), the term on the left-hand side of
Eq. (13) can be expressed as a function of Ds0: Further, since Ds0 ¼ �Du during
consolidation, Eq. (13) can in turn be expressed in terms of Du as

�Du ¼ ½ðF � B1Þ=A1�Dt: ð14Þ

7. Numerical implementation

The governing equation (Eq. (14)) for the problem of consolidation of clays
with vertical drains has been solved for values of u using a finite difference scheme.
The space-time grid used for this purpose is shown in Fig. 5(a). In this figure, the
vertical position of the clay layer in the reduced co-ordinate system (z) is described
by suffix ‘n’ while suffix ‘l’ is used to denote the radial distance (r) from the centre of
the drain. Time constitutes the third dimension of the grid and is denoted by the
superscript ‘k’.
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For a grid point (n; l) at the time step k; the finite difference form of Eq. (14)
becomes:

ukþ1 ¼ uk þ C6
q2u
qr2

þ C7
qu

qr

� �
þ C8

q2u
qz2

þ C9
qu

qz
þ C10

� �� 	
Dt; ð15Þ

where the coefficients, Ci; i ¼ 6210 are related to Ci; i ¼ 1–5 through the parameters
A1 and B1 as shown in Appendix B (Eq. (B.6)). The partial derivatives in Eq. (15) can
be expanded using the central difference formulation resulting in

ukþ1
n;l ¼ uk

n;l þ f %C6ðuk
n;lþ1 � 2uk

n;l þ uk
n;l�1Þ þ %C7ðuk

n;lþ1 � uk
n;l�1ÞgDt

þ f %C8ðuk
nþ1;l � 2uk

n;l þ uk
n�1;lÞ þ %C9ðuk

nþ1;l � uk
n�1;lÞ þ %C10gDt; ð16Þ

where the coefficients %Ci; i ¼ 6210 are as shown in Appendix B (Eq. (B.7)).
The finite difference equation (Eq. (16)) is solved numerically using the alternating

direction implicit (ADI) method (Ganzha and Vorozhtsov, 1996). Use of the ADI
scheme provides not only a computationally efficient implicit scheme but also
guarantees the stability of the solution (Thomas, 1995).
In order to present the ADI scheme in a compact form, the difference operator of

Eq. (16) is rewritten as

Lrðuk
n;lÞ ¼ %C6ðuk

n;lþ1 � 2uk
n;l þ uk

n;l�1Þ þ %C7ðuk
n;lþ1 � uk

n;l�1Þ; ð17Þ

Lzðuk
n;lÞ ¼ %C8ðuk

nþ1;l � 2uk
n;l þ uk

n�1;lÞ þ %C9ðuk
nþ1;l � uk

n�1;lÞ þ %C10: ð18Þ

Accordingly, Eq. (16) can be represented as

ukþ1
n;l � uk

n;l

Dt
¼ Lrðuk

n;lÞ þ Lzðuk
n;lÞ ð19Þ

Fig. 5. Finite difference grids in space time domain.
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and the corresponding ADI scheme is as follows (Mavriplis, 1988):

u
kþ1=2
n;l � uk

n;l

Dt=2
¼ Lrðu

kþ1=2
n;l Þ þ Lzðuk

n;lÞ; ð20Þ

ukþ1
n;l � u

kþ1=2
n;l

Dt=2
¼ Lrðu

kþ1=2
n;l Þ þ Lzðukþ1

n;l Þ; ð21Þ

where the superscript (k þ 1=2) represents the middle of the time between kth and
(k þ 1)th time steps. For the first half of the time step (Eq. (20)), the radial direction
is implicit and vertical direction is explicit while for the second half (Eq. (21)), the
radial direction is explicit and vertical direction is implicit in the above scheme.
To facilitate the use of tri-diagonal matrix algorithms (TDMA) for the solution of

nodal values, Eqs. (20) and (21) can be rewritten as

C1r;lu
kþ1=2
l�1 þ C2r;lu

kþ1=2
l þ C3r;lu

kþ1=2
lþ1 ¼ C4r;l ; ð22Þ

C1z;nukþ1
n�1 þ C2z;nukþ1

n þ C3z;nukþ1
nþ1 ¼ C4z;n; ð23Þ

where the constants Cir;l and Ciz;n are as shown in Appendix B (Eqs. (B.8)–(B.15)).
During the computation, the constants Cir;l (i ¼ 1; 2; 3; 4) in Eq. (22) at the grid

points along the radial distance (l ¼ 2; 3; 4; y; L � 1) are calculated for the first half
of time step (Fig. 5b). Incorporating the boundary conditions for the nodes 1 and L

(i.e., first and last nodes), as described later, the simultaneous equations (Eq. (22))
for the different nodes on the nth layer (marked by crosses on Fig. 5b) are solved to
obtain their values of ukþ1=2: Once the calculation for nth layer is completed, it
proceeds to the next (n þ 1) horizontal soil layer, and continues until all the grid
points of soil mass are covered.
Similarly for the second half of the time step, using Eq. (23), ukþ1 is calculated at

each mesh point at the lth radial distance (denoted by solid circles in Fig. 5b). This
calculation also continues until all the grid points of the soil layer are covered.
Subsequently, the calculation shifts to the next time step. A complete listing of the
computer code that was used in the analyses can be found in Hawlader (1998).

8. Initial and boundary conditions

The solution of the governing differential equation of consolidation requires the
use of appropriate initial and boundary conditions. The nature of the drainage at the
top and bottom boundaries and along the drain forms the drainage boundary
conditions.

8.1. Initial condition

The initial effective stress at a grid point ‘n’ is (Fig. 5b)

s0nð0Þ ¼ s0sð0Þ þ g0ð1þ eÞz; ð24Þ
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where the subscript ‘0’ represents the initial condition. s0sð0Þ is the initial effective
stress at the top surface of the clay layer, ð1þ eÞz is the depth of soil layer, g0 is the
submerged unit weight of soil. The initial void ratio at this depth is

enð0Þ ¼ esð0Þ þ Cc logðs0nð0Þ=s
0
sð0ÞÞ: ð25Þ

8.2. Drained surfaces

The presence of a fully pervious material within the drain and at the top and
bottom surfaces of the clay layer results in the complete dissipation of pore pressure
immediately after the application of load. Therefore, the reduction of void ratio of
an element at this boundary at some subsequent time will be completely viscous (i.e.
De ¼ Deir and ’e ¼ ’eir) and is governed by Eq. (2).
For the time steps k and k þ 1=2:

De ¼
’ek þ ’ekþ1=2

2
Dt=2 ¼ Ca log

’ekþ1=2

’ek

� �
¼ 0:434Ca

’ekþ1=2 � ’ek

’ek
ð26Þ

Eq. (24) can be rearranged as

’ekþ1=2 ¼ ’ek þ
2ð’ekÞ2Dt=2

0:868Ca � ’ekDt=2
: ð27Þ

Similarly,

’ekþ1 ¼ ’ekþ1=2 þ
2ð’ekþ1=2Þ2Dt=2

0:868Ca � ’ekþ1=2Dt=2
: ð27aÞ

Once the void ratio rate is known, De can be calculated using the following
relationships:

De ¼
’ek þ ’ekþ1=2

2

Dt

2
ðfor time steps k to k þ 1=2Þ; ð28Þ

De ¼
’ekþ1=2 þ ’ekþ1

2

Dt

2
ðfor time steps k þ 1=2 to k þ 1Þ: ð28aÞ

8.3. Undrained surface (at r ¼ re)

Along the undrained periphery of the soil cylinder, pore pressure gradient is
always zero, i.e.

qu

qr






r¼re

¼ 0: ð29Þ

The finite difference approximation of the above relation leads to

un;L ¼ un;L�1: ð30Þ
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9. Analysis

For the problem of consolidation with vertical drains, pore pressure gradients near
the drained boundaries are very high, whereas gradients are small for the elements
away from it. Therefore, a smaller spacing (s ¼ 10mm) is used at the drainage faces
(at l ¼ 1; n ¼ 1 and n ¼ N; Fig. 5b). The radial spacing is increased according to

sn;l ¼ sn;l�1 þ lnðmdrÞ; ð31Þ

where, ‘m’ is a constant and dr is drainage distance in mm. The constant m controls
the increase in spacing. For this study a value of m ¼ 0:165 was used. The spacing in
the vertical direction is calculated using a similar equation. The radial and vertical
spacing used in the study are shown in Fig. 5(b).
The pore pressure gradients are very high near the drained surfaces immediately

after the application of load. Accordingly, the initial time step of the calculation
should be kept small enough to achieve an accurate solution. With increase in time
pore pressure distribution becomes continuous and flatter, then larger time steps
can be used in the calculation (Scott, 1963). Therefore, in the present study, the
initial time step (Dtin) of 1 s is used and it is advanced according to the function
Dtk ¼ 1:005*Dtk�1:
Vertical drains are widely used to increase the stability of clay layers and to reduce

the time required for consolidation. Since the overall stability and deformation
depend on effective stress or pore pressure of the soil elements, the average degree of
consolidation at time t can be considered as a measure of overall improvement of
clay layer. It is calculated by

%UðtÞ ¼ 1�

R
A

uðz; r; tÞ dAR
A

u0 dA
; ð32Þ

where u0 and u are the initial and current pore water pressures respectively, and dA is
the area of the small element corresponding to a grid point (Fig. 5b).

9.1. Verification of analysis

The soil parameters used in the numerical analyses are listed in Table 1. These
parameters are obtained from laboratory tests on Yokohama Bay Mud.
Accuracy of the numerical analysis depends on the proper selection of the space

and time grids. In order to validate the grid sizes, first a simple case where pore water
flows only in the horizontal direction is considered. The problem is solved using the
proposed finite difference technique using m ¼ 0:165 (Eq. (31)). The same problem
was also solved by Barron’s analytical solution. To facilitate the comparison, the hori-
zontal coefficient of consolidation cr ¼ 8:3� 10�9 m2/s (cz ¼ kzs0zð1þ eÞ=0:434gwCc

and cr ¼ czðkr=kzÞ; Jamiolkowski et al., 1981) was used (see also Table 1) and no
effect of viscosity is considered in this particular analysis. The analytical and
numerical results match closely as shown in Fig. 6, confirming that the choice of
space and time grids is accurate. This grid size is used in the analyses that follow.
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9.2. Comparison with analytical models

The overall degree of consolidation ( %U) of a clay layer with vertical drains is the
result of the combined effect of radial and vertical drainage. The combined degree of
consolidation due to radial drainage ( %Ur) and vertical drainage ( %Uz) can be
calculated using Barron’s and Terzaghi’s analytical solution respectively. Carillo
(1942) combined these two effects as

%U ¼ 1� ð1� %UzÞð1� %UrÞ: ð33Þ

Table 1

Parameters used in computation

Parameters Values

Cs 0.11

Cc 1.05

Ca 0.05

b 5.0

sin 22 kPa

rw 50mm

H 5m

R 3

Ck 1.2

e0 2.5

kz0 5� 10�10m/s
m 100

sf 55 kPa

re 600mm

m 0.165
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Fig. 6. Accuracy of finite difference solution.
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The average degree of consolidation %U with time obtained from the current
numerical analysis (Eq. (32)) is shown in Fig. 7 for two different values of Ca: Ca

reflects the effect of viscosity (Eq. (1)). Fig. 7 also shows the result for %U obtained
using the analytical solution by Carrillo (Eq. (33)) as well as that obtained using a
linear consolidation model (Berry and Wilkinson, 1969) without viscosity (i.e.
De ¼ CcD logs0). Note that the coefficients of consolidation (cr and cz) for the
analytical solution calculated in the same manner as described before. It can be seen
that the overall degree of consolidation obtained from the present numerical model
is higher initially than the other two models. This is as a result of the lower
compressibility (i.e. higher coefficients of consolidation) during the pre-yielding
consolidation process. Once a soil element begin to yield the compressibility
increases and the progress of consolidation slows down. Therefore, with time the
present numerical solution crosses over the analytical solution. It is also seen that
higher viscous effect (larger Ca) causes the consolidation to be slower. Paute (1973)
has reported similar consolidation behaviour from laboratory tests. He also showed
that during the initial stages of the consolidation the pore pressure dissipation is
higher and thereby the degree of consolidation in laboratory test is faster than that
obtained from analytical solution (Barron, 1948).

9.3. Parametric study

As highlighted in the introduction, several factors control the consolidation
process of clays with vertical drains. Among them, the effects of viscosity, the
variation of permeability within the smear zone and its extent are crucial to
the geotechnical design. Unfortunately, these factors are difficult to be quantified in
the field (Hird and Moseley, 2000). Therefore, a parametric study from the numerical
analysis is performed to gain some insight into the effects of these factors towards
the development of better designs.
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9.3.1. Effect of viscosity related to drain spacing

Fig. 8 shows the time required for 70% overall degree of consolidation with
changes in drainage spacing n (¼ re=rw; Fig. 2) and values of Ca: The time required
for the same degree of consolidation calculated from the analytical solution
(Eq. (33)) is also plotted on this figure. It can be seen that for small n values, the
different Ca values have only a small effect on the required time for 70%
consolidation. This implies that viscosity effects are not important in the case of
closely spaced drains. On the other hand, for large n values Ca has a significant effect
on the time for consolidation. Therefore, in the case of large n values, as is the case
with modern prefabricated band drains, viscous effects should be taken into account
in the calculation of the time for consolidation.

9.3.2. Permeability of the smear zone: non-linear variation

The smear effects caused by the installation of the drains in the clay play a
significant role in the consolidation process of clays with vertical drains. These
effects have not been taken into account in our analyses reported thus far.
Permeability is the key parameter that is affected in the smear zone and its accurate
determination is essential for the successful prediction of the consolidation process.
In order to examine the influence of the extent and variation of permeability within
the smear zone first the non-linear variation of permeability proposed by Onoue et al.
(1991) is considered in the analysis: These variations of permeability were obtained
form the laboratory test results. According to this model, the permeability within the
inner smear zone (see Fig. 2) is defined as

ks ¼ ðkr0=ZmaxÞðr=roÞ
aðr=rwÞ

b ð34Þ

and the permeability of the outer smear zone was defined as

ks ¼ kr0ðr=roÞ
a; ð35Þ

where ks is the radial permeability in smear zone at a distance r from the centre of the
drain. kr0 is the radial permeability of the undisturbed soil. rw and ro are the radius of
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Fig. 8. Effect of viscosity on overall degree of consolidation.
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drain and outer smear zone, respectively. a is a function of the void ratio and Zmax
represents the effect of remolding. b is related to a and Zmax as (Onoue et al., 1991)

b ¼ aþ log Zmax=logðrs=rwÞ: ð36Þ

The permeability variation using the above relationships is shown in Fig. 9(a). The
effect of the extent of the inner smear zone (zone-I) on consolidation is examined first
by fixing the outer smear zone at a radial distance of 6:5rw (Onoue et al., 1991).
Three different sizes of the inner smear zones with rs ¼ 1:4rw; 1:6rw; 3:0rw were
considered. Using the variation of the permeability predicted by Eqs. (34) and (35)
for each of these inner and outer smear zones, the consolidation problem was solved
numerically. The progress of the consolidation with time is shown in Fig. 10(a). It
can be seen that consolidation is retarded significantly with an increase in the size of
the inner smear zone. This effect is substantial even for a smaller inner smear zone
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Fig. 9. Radial variation of permeability.
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with radius 1:4rw: The reason behind this is the substantial reduction in the
permeability near the drain as a result of the smear.
Analyses were also performed by keeping the inner remolded zone constant at

rs ¼ 1:6rw and varying the outer zone at ro ¼ 3:0rw; 6:5rw; 8:0rw; 10:0rw to examine
their influence on consolidation. The results are as shown in Fig. 10(b). Unlike in the
case of the inner smear zone (Fig. 10a), the results show that the extent of the outer
smear zone does not have much influence on the progress of consolidation.

9.3.3. Permeability of the smear zone: linear variation

In order to examine the feasibility of using a simpler way to account for the
variation of permeability within the smear zone, first three different types of
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permeability averages are considered: (i) an average value weighted by radial
distance (Fig. 9b), ks1 ¼

P
ksDr=ðro � rwÞ (ii) a simple average (Fig. 9c), ks2 ¼

ðkr¼rw þ kr¼roÞ=2; and (iii) a two step simple average (Fig. 9d), ks3 ¼ ðkr¼rw
þ kr¼rsÞ=2

and k0
s3 ¼ ðkr¼rs þ kr¼roÞ=2: In addition, as shown in Fig. 9(e), the possibility of using

a linear variation of permeability within the inner smear zone is considered in the
analysis. In the latter case, the permeability at r ¼ rw is the soil permeability of the
remoulded soil (Eq. (34)) while at r ¼ rs it is the permeability of undisturbed soil.
Bergado et al. (1996) have reported that the smear zone in the field is wider than

the result of laboratory tests. Therefore, although rs ¼ 1:6rw was measured by Onoue
et al. (1991) from laboratory tests a higher radius for the inner smear zone may be
required for realistic calculations. On the other hand, Hird and Moseley (2000) have
showed that the effects of permeability in smear zone are negligible beyond a radius
of about 3rw: Accordingly, the radius of the inner smear zone for the current analysis
was fixed at rs ¼ 3rw: The radius of the outer smear zone was kept fixed at ro ¼ 6:5rw
because, as shown before, it does not have much effect on the progress of
consolidation.
The results of the analyses are as shown in Fig. 11. It is evident from this figure

that the degree of consolidation predicted using the linear variation of permeability
gives a solution very close to that by the non-linear one (Onoue et al., 1991). On the
other hand, use of any type of average scheme under estimates the effects of smear.
The error will be more with higher reduction of field permeability in the smear zone.
These results confirm the observations made previously by Chai et al. (1997) without
accounting for viscosity, as is the case here.
Many uncertainties exist regarding the determination of the amount of reduction

of permeability within the smear zone. Chai and Mura (1999) have showed that the
reduction ratio of kr0=ks in the field could be as high as 25 times that of kr0=ks
measured in laboratory. In order to examine the effects of permeability reduction,
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the linear variation of permeability is considered (insets of Fig. 12). The reduction of
permeability near the drain is represented by a parameter F as

F ¼ kr0=ksðr¼rwÞ: ð37Þ

Fig. 12(a) shows the required time for 70% overall degree of consolidation for
different value of F: It is observed from this figure that F has relatively more
influence for closely spaced drains. The required time for the same degree of
consolidation (70%) for different extents of smear zone with a fixed value of F
(=3.0) is shown in Fig. 12b. Comparison of the results in these figures confirms that
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F is the dominating factor of consolidation rather than the extent of the smear zone
after about rs > 2rw:
Based on the analyses presented here it appears that once the radius of the smear

zone is quantified (rsE2rw), only two values of coefficient of permeability, namely
coefficient of permeability of the undisturbed soil and the remolded soils, are
required in order to take into account of the smear effect using the linear variation of
permeability in the smear zone. The coefficient of permeability of the undisturbed
soil (at r ¼ rs) can be obtained from back-analysis of the case histories or measured
in the field using available equipment (Tavenas et al., 1986). The coefficient of
permeability near the drain (at r ¼ rw) can be obtained from laboratory tests using
the remolded soil (Tavenas et al., 1983).
Finally, it is noted that Barron’s solution (1948) are commonly presented in the

form of normalized design charts for use by engineers. Unfortunately, inclusion of
viscosity effects, yield, and permeability variation with void ratio and radial distance
in the scheme presented contains a large number of variables. Therefore,
development of normalized design charts is impractical. Instead, it is suggested to
use a numerical technique such as the one described here to provide a direct solution
to consolidation of clays with vertical drains.

10. Conclusions

A constitutive model that accounts explicitly for the influence of clay structure
viscosity and drainage length on the consolidation of clays has been developed. The
model considers the void ratio rate dependent yield stresses to separate pre- and
post-yield consolidation process. It has been used in the numerical solution of the
governing equation of the consolidation of clays with vertical drains. The study uses
permeability and compressibility as separate inputs rather than using the coefficient
of consolidation. The model was also used to study the effects of smear on the
consolidation process.
The numerical solution was verified by comparing the results with analytical

solutions. It was then used to perform a parametric study to identify the effects of
key variables on the consolidation of clays with vertical drains. Based on this study
the following conclusions can be drawn:

(a) The viscosity of clays has only a small influence on the consolidation process for
closely spaced drains i.e. lower n-values. Viscosity effects are significant for
largely spaced drains.

(b) The overall progress of consolidation is mainly controlled by the inner smear
zone surrounding the drains (zone-I). The outer smear (zone-II) has little
influence. It has been shown that even small size of the inner smear zone
significantly retards the progress of consolidation. The variation of permeability
within the inner smear zone is more important than its extent.

(c) Any type of average values of permeability under estimates the effects of smear.
A linear variation of permeability within the inner smear zone using the
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coefficient of permeability of the undisturbed soil and the remolded soils is able
to capture the important effects of smear on consolidation.
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Appendix A

With reference to Fig. 13, the vertical and horizontal inflow and outflow of water
for a small clay element at radial distance r at time Dt are:

Dqz in ¼ vz þ
qvz

qx
Dx

� �
ryDrDt; ðA:1Þ

Dqz out ¼ vzryDrDt; ðA:2Þ

Dqr in ¼ vr þ
qvr

qr
Dr

� �
ðr þ DrÞyDxDt; ðA:3Þ

Dqr out ¼ vrryDxDt: ðA:4Þ

Therefore the net volume change is

Dq ¼ ðDqr in � Dqr outÞ þ ðDqz in � Dqz outÞ: ðA:5Þ
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Fig. 13. Water flow of a clay element.
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Using Eqs. (A.1)–(A.5), the law of mass conservation for the combined process of
vertical and horizontal drainage of water from the soil element can be written as

qe

qt
¼ ð1þ eÞ

qvr

qr
þ

vr

r

� �
þ

qvz

qz
; ðA:6Þ

where, Dx ¼ ð1þ eÞDz (Imai, 1995).

Appendix B

C1 ¼
ð1þ eÞkr

gw
; ðB:1Þ

C2 ¼
1þ e

gw

kr

r
þ

qkr

qr

� �
; ðB:2Þ

C3 ¼
1

gw

kz

1þ e
; ðB:3Þ

C4 ¼
1

gw
�

kz

ð1þ eÞ2
qe

qz
þ

1

1þ e

qkz

qz

� �
; ðB:4Þ

C5 ¼
qkz

qz
; ðB:5Þ

C6 ¼
C1

A1
; C7 ¼

C2

A1
; C8 ¼

C3

A1
; C9 ¼

C4

A1
; C10 ¼

C5

A1
þ B1; ðB:6Þ

%C6 ¼
4C6

ðrn;lþ1 � rn;l�1Þ
2
; %C7 ¼

C7

rn;lþ1 � rn;l�1
;

%C8 ¼
4C8

rnþ1;l � rn�1;l
 �2; %C9 ¼

C9

rnþ1;l � rn�1;l
; %C10 ¼ C10; ðB:7Þ

C1r;l ¼ ð� %C6 þ %C7ÞDt=2; ðB:8Þ

C2r;l ¼ ð1þ 2 %C6Dt=2Þ; ðB:9Þ

C3r;l ¼ �ð %C6 þ %C7ÞDt=2; ðB:10Þ

C4r;l ¼ uk
n;l þ f %C8ðuk

nþ1;l � 2uk
n;l þ uk

n�1;lÞ þ %C9ðuk
nþ1;l � uk

n�1;lÞ þ %C10gDt=2;

ðB:11Þ

C1z;n ¼ ð� %C8 þ %C9ÞDt=2; ðB:12Þ

C2z;n ¼ ð1þ 2 %C8Dt=2Þ; ðB:13Þ

C3z;n ¼ �ð %C8 þ %C9ÞDt=2; ðB:14Þ
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C4z;n ¼ u
kþ1=2
n;l þ f %C6ðu

kþ1=2
n;lþ1 � 2u

kþ1=2
n;l þ u

kþ1=2
n;l�1 Þ

þ %C7ðu
kþ1=2
n;lþ1 � u

kþ1=2
n;l�1 Þ þ þ %C10gDt=2: ðB:15Þ
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