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Discrete Chaotic Ice Failure and Extrusion

1. Introduction

1.1 General

Ice-structure contact can cause large local and global forces on a structure. A model of ice
contact against avertical structure is described in this report. The model is an extension of an
earlier iceload model, (Daey, 1991) which was based on the concept that the formation of ice
flakes defines the ice load. The main addition to the earlier model is the consideration of the
extrusion of the granular crushed ice and the rubble surcharge.

The earlier ice load model is described in Chapter 2. It is shown that an ice load model
based on flaking eventsis highly dynamics and chaotic.. The dynamics arise from the sudden
dropsin load, caused by the flaking. The chaos is caused by the non-linear dependence of each
flake on prior flakes. While the simple flaking model is shown to be correct for certain
assumptions, which may be valid in ship-ice interaction, it lacks treatment of extrusion which
isacommon and possibly essential aspect of ice-structure interaction.

Chapter 3 describes some field experiments which indicate the need to model extrusion
effects.

Chapter 4 describes a number of candidate ways in which granular ice may be formed.
The nature of the formation process will affect the nature and properties of the granular
material. Uncertainty about the properties of granular ice must be considered when selecting
modelling approaches.

Chapter 5 discusses how to model the mechanics of granular extrusion. Two different
approaches are discussed, one more rigorous and one more simplified. It is seen that the
simpler approach gives results that are well within the range of uncertainty caused by
uncertainty about the properties of granular ice.

Chapter 6 describes the modified chaotic flaking model, with the inclusion of extrusion
forces.

Chapter 7 shows the results of the model, sensitivities to certain model parameters.

Chapter 8 discusses the deficiencies of the new model, and describes several additional
developments and experiments that would be useful refinements.

1.2 Background to the Discrete Chaotic Ice Failure Model

In 1988 the Helsinki University of Technology, together with the Wartsila Arctic
Research Centre, conducted a landmark series of ice crushing tests (Joensuu and Riska, 1988).
The tests revealed a number of phenomena that had not been noticed so clearly before. The
most obvious aspect was that the ice-structure contact geometry was line-like. 1t was also
observed that the force time history contained a sequence of triangles whose duration was
linked to their magnitude(see Figure 1). Similar features were seen during field tests on the
icebreaker SAMPO (Riska, Rantala and Joensuu, 1990). This new data called for an
explanation. Daley (1991) produced the needed explanation of the Joensuu-Riska tests by
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Discrete Chaotic Ice Failure and Extrusion

developing an ice load model based on a process of macroscopic fracture events. The new
model was not based on continuum mechanics but on discrete fracture events. The model was
able to provide a mechanistic and causal explanation for all the key observations; the presence
of athin line of high pressure contact, the patterns and magnitude of the force-time history,
the observed pressure-area effect, the piece size distribution of broken material, and the
stochastic nature (lack of repeatability) of the tests.

A number of researchers have found application for Daley’s ice load process model.
Kujala et. al. (1993) have applied an extended version of the approach to examine the ice load
on a ship trapped in pressured ice and is equivalent in many regards to level ice acting on a
wide structure.

Fransson, in examining the results of another set of ice load experiments, found that an
extended version of Daley’'s model worked very well (Fransson et.al.1991).

The problem of ice loads on narrow dynamic structures was treated in Riska et.al.
(1993) using another extension of Daley’'s model.

test 76 (Joensuu and Riska)

45

40 71 v=0.52 m/s
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15 —
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Figure 1. Force measurements from a block crushing test. (Riska and Joensuu, 1988)
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Discrete Chaotic Ice Failure and Extrusion

2. Basic Discrete Ice Failure Model

2.1 Introduction

The basic chaotic ice failure process model (Daley 1991) assumes that the force is
governed by the formation of flakes. The flakes, or spalls, remove part of the ice edge,
lowering the area of ice in contact with the structure. This causes adrop in the ice load.

direct contact zone

Figure 2. Contact Failure Process Model (Daley, 1991). The contact process is modelled by a
discrete sequence of through-body cracks.

Figure 3 shows a comparison of the predictions made with the contact model shown in
Figure 2 and results from crushing experiments(from Figure 1). It is clear that the contact
model is capable of reproducing the essential behaviour seen in the crushing experiments. In
doing so the model opens an entirely new way of describing and modelling the apparent
randomness of ice loads. The contact model is an example of deterministic chaos.
Deterministic chaos, as the name implies, starts with the premise that all the mechanics are
deterministic. As the mechanical process proceeds, non-linearities in the mechanicsresult in a
chaotic evolution. Chaotic processes are preferable to random processes as an approach to
modelling a natural system, because they alow the cause of the variations to be clearly seen.
Figure 4 (from Daley 1991) shows the chaotic attractor of the crushing model. The
distribution of values can be described by a density function that can be precisely described.
Although chaotic processes are deterministic, their exact sequence can not be exactly
predicted in advance. Thisis because of their sensitivity to initial conditions, along with the
properties of real numbers.
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Discrete Chaotic Ice Failure and Extrusion

contact model
45 — .
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Figure 3. Comparison of model predictions with Experiments (Daey, 1991, Riska and
Joensuu, 1988)
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Figure 4. Two level attractor for the contact model shown in Figure 2 and Figure 3. This
plot shows that the sequence of force values will never exactly repeat (from Daley 1991).
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2.2 Equations Describing The Edge Cracking

The few equations governing the failure process will next be described. Figure 5
shows the parameters of the contact. The two dimensional ice wedge is assumed to have unit

thickness. The contact width (L) resultsin atotal force (Ft) on the flake of:

L
Ft = pc E (1)
The shear force Fsis.

FS:Ftsina:pcgsina 2

The normal force Fpor iS:

F

nor

=F cosa = pcg cosa (3)

The length of the crack (B) can be shown to be:

0% iy
B :Hane 1

cosa ———
tan@
There also exists aspecia case when 6 = 90°, where:
W/2-X
B= A (5)
cosé
Note that:

LY _

[_ L
Hano ‘Xl‘FEE ©

The situation shown in Figure 5 can only continue until the direct contact reaches point
marked “e”. If a flake does not occur by then, then no flaking is possible at that level, or in
other words no flakes can occur at armld he reason is because the stresses on all flakes of
anglea will not exceed the value attained when the penetration reaches the point “e”. Thus in
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Discrete Chaotic Ice Failure and Extrusion

the limiting case (see Figure 6) Eq. 6 becomes an equality and Eq. 4 simplifies to a critical
value of B;

L/2
Ba = sina 7
cosq ————
tan@

where a isthe angle of the flake crack (to plane of contact) and 6 is the angle of the edge
to which the crack runs. Eg. 7 will permit the determination of critical values of shear
strength.

_— Apex of First Level Cracks
> X 1

Pc
. Apex of Second Level Cracks

ice flake

Figure 5. Flake geometry in contact model for the general case.
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Figure 6. Flake geometry in contact model for the limiting case.

Pe

Failure will occur on the plane of the crack when the shear stress exceeds the failure
value specified by the Coulomb failure criteria as:

C=T ¢y — pOan(¢) (8

Using Eg. 2, 3 and 4, ¢ becomes:

. sna
(sina - cosatang)cosa ———
_ tand
c=p,— ©)
’ o Ix
ang 1
or in the simple case of B8 = 90°, using Eq. 5:
L (sina — cosatang)|cos
( ¢)Jcosdl 10

TR wrz-[x)
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The maximum shear will occur at specific angles when:

% (sina - cosatang) [F:osa - ;nig [F: 0 (11)

Using standard trigonometric transformations:

_sin2a
cos20 =—— (12)
tan6 + ¢

which gives:
tan/@ + ¢/ =tan2a (13)

resulting in:

0+¢

a= 14
5 (14)

Eq. 14 means that cracks on agiven level (see Figure 7) will run at an angle dependant on
the angle of the edge to which they run. Starting with a boundary at a given angle (90° in
Figure 7) Eq. 14 results in a simple sequence of angles. For the simplest case of geometry
considered withp= 0° (this being the Tresca failure criterion), all cracks will run at the angles
42,84,88.... ForB=10° 8=90° a=50°30¢20°.. The sequence of angles is finite,
dependent on the highest level of flakes possible.

To examine the general behaviour of the system, the strength parameter c is
normalised by the direct contact pressure:

k=— (15)
P
When the flaking strength is very high, compared to the direct contact pressure, no
flakes occur, only full width direct contact. There is a critical value of strength, below which
flakes will occur. The quantity k (normalised strength) also has a critical value. For the case
of 8 =90, = °, k must be less than 0.5 for°4ftakes to occur.

Flakes that run to the vertical edge of the ice block are defined as first level flakes.
Second level flakes are those that run to the edges created by the first level flakes (see Figure
7). The simplest case for second level flakesBagls’, a = 22.5. Each level of flake runs
to the edge created by the lower level. A given level of flake will only occur if the shear
strength is sufficiently low, that is, below the critical value for that level of flake.

(7 paeyReE 8



Discrete Chaotic Ice Failure and Extrusion

Critical values of k (k¢r) can be determined as a general function of the variables
a, B, 6. Eq. 8isused with Ber from Eq. 7 instead of B to give:

: C sina [
Cy = P, =|sina - cosatanaifcosa - —— 16
- =p. dfsosa -5 ®
and by using Eq. 15:
k =&=\sina—cosatana1[ osq - 3N9L (17)
“ Pc B: tanQH

which gives the values shown in Table 1. The values of @ = 0° andp = 35° are only
illustrative.

Table 1. Critical values d&y vs. flake angler and friction anglen For ¢= 35, thefirst level
cracks (62.5°) form if kislessthan 0.2603, for second level cracks (48.75°), k <
0.0777 and so on. Withincreasing ¢ the crack angles become larger, while ker

values decrease .

@0 ° @=35"°

0° a° kcr 0° a° kCI’
90 45 0.5 90 62.5 0.2603
45 225 0.2071 62.5 48.75 0.0777
225 11.25 0.0995 48.75 41.8 0.0231
11.25 5.625 0.0492 41.8 384 0.0064
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f direct contact zone

15t level flake

Figure 7. Definition of hierarchy of flakes.
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3. Need for Extrusion Effects

The model described above was limited by certain assumptions which were
appropriate in the case of the tests of Joensuu and Riska (1988). All flakes were assumed to
fly freely away, so that no granular material was left to be treated. A related assumption was
that only through-body cracks were considered, and all cracks were considered to leave the ice
in a state of quasi-static balance.

A number of experiments have shown the above assumptions do not aways hold.
Tests often reveal the presence of granular materia trapped in the ice-structure interface, and
non-through-body cracksin theice. Calculations suggest that the magnitude of damage
experienced on ships is inconsistent with the load being solely due to a narrow straight line of
direct contact. Either the line islonger (more branched and convoluted) or the pulverised ice
transmits a significant portion of the force. In field situations, such as at the Molikpaqg, alarge
pile of pulverised material can be seen in the interaction zone (see for instance Sanderson,
1988). In the medium scale indentation (M SI) tests (Frederking et al 1990 and Sandwell,
1992), asignificant layer of pulverised material was seen (Figure 8). Tests by Tuhkuri
(Tuhkuri and Riska, 1990) of ice extrusion and ice crushing have suggested that the extrusion
of granular materials can be a significant aspect of the ice load process. Tests at the Technical
Research Centre of Finland (Muhonen et. al. 1992) have also raised questions, both because of
the presence of non-through-body cracks and the clear presence of granular material.

Observed
Contact with (E
Crushed Ice ‘

Nominal
Contact
Area

Observed
Contact with
Hard Ice

(Muhonen)

Observed
Contact with
Dark Blue Ice
(from Muhonen's
Photos)

Modified from Sketch by Ari Muhonen 500 mm

Helsinki University of Technology TEST TFRO4

Figure 8. Direct and Crushed Ice Contact Geometry from Hobson’s Choice Test TFR04 (taken
from Muhonen 1991)
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It has been shown that adry granular material will normally follow Mohr-Coulomb
behaviour. Thisisasimplelinear model for shear failure and flow. Mohr-Coulomb assumes
that the material isacontinuum. This assumption may be invalidated if large pieces arein the
flow. Nevertheless, it isbest to begin by assuming Mohr-Coulomb properties for the granular
material. Other authors have examined the possibility of using viscous model to describe the
extrusion of crushed ice, particularly when the granular ice is experiencing high confinement
pressures and may be undergoing re-crystallisation. (Singh et.al. 1995).

It isimportant to know what effect the pulverised material has on the interaction
forces. Inthe M S tests there were zones of direct contact and zones of contact with
pulverised ice. The pressure distribution in the pulverised ice has been studied experimentally
by Tuhkuri & Riska (1990) and shown to grow exponentially with distance from afree edge.
Savage (1989) arrives at asimilar conclusion based on numerical simulations of the extrusion
of granular ice.

Figure 9 illustrates the point about the significance of extrusion. In Figure 9(a) and
(b), thelocal ice failureis compared with and without consideration of the pulverised
material. Two important changes occur when the pulverised material is considered. First, the
force on the structure is transmitted through both the direct high pressure contact and through
the pulverised ice. Secondly, and more importantly, the local stressregimeintheiceis
significantly changed due to the pressure distribution in the pulverised zone. It would seem
that local flakes would be more difficult to form due to the confining stress of the pulverised
material. One of the authors, in an analysis of crack formation (Tuhkuri, 1996, p86) has
shown that a pressure of 0.5 Mpa acting on both sides of the contact area will close the surface
cracks and thus significantly hinders their growth.

Asthe interaction shown in Figure 9(b) proceeds the width of the interaction zone will
grow and the average pressure in the zone will grow. This processis limited by larger cracks
as shown in Figure 9(c) and (d). Thelarge cracks, call them global to distinguish from the
local cracking in Figure 9(a) and (b), will limit the build up of force, pressure and contact
width. The global crack is much less influenced by the local contact stresses. It is almost
solely dependent on the total force in the contact zone, and therefore not influenced by the
extrusion process.

(T pdey R&E 12
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direct
contact

pressure Cushedice
! _J!
3 crushed ice i
| |
a) (b)

local
macro-crack

(

@ total force @

d
[——
global
macro-crack
(c) (d)

Figure 9. Local and Global Effects of Extrusion on Ice Edge Cracking and Loads.

According to the model given in Daley (1991) the global crack would be termed a
Level | crack, while the local cracks would be termed Level Il and higher. Daley (1991) did
not consider the effects of extrusion on the process.

The M S tests produced some interesting and relevant results. Figure 10 illustrates the
evolution of pressure vs. area during test TFR02. There are two opposing tendencies. There
are 4 major peaks (a, b, ¢, d) which are each followed by a substantial drop in average
pressure. Each drop isfollowed by a period of generally rising pressure until the next major
peak and drop. It is speculated that each major peak/drop represents amajor or global crack.
Between these major cracks there are numerous minor cracks, with a build-up of the extrusion
pressures.

This data raises severa important questions that will be addressed:
* What isthe nature of the global cracks that is permitting the average pressure to drop?
* Isextrusion the cause the cause of the risein pressures between major cracks?

» Could certain geometry preclude the development of the global cracks and allow the
average pressures to continue to rise with area?

* In Figure 10 the maximum capacity (12MN) of the M S| system is shown. How would
the pressures change in interactions of much higher force? Would the same trends
continue?

(7 paeyraE 13
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Hobson's Choice Test TFR02

100 |

‘©
L 12 MN System Capacity
=
©
5 10
v |
%)
D
- measured pressures /

11

0.01 0.1 1 10

Area [sq.m]

Figure 10. The Pressure-Area Relationship during the Hobson’s Choice Ice Indentation Test
TFR 02
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4. Formation of Granular Material

Whileit is clear that the granular material may be an important aspect of the ice-
structure interaction process, it is not yet clear how the pulverised ice isformed. In general
terms the granular material results from “crushing”, but this offers no explanation of how
“crushing” occurs. There are at least 4 candidate mechanisms that will produce pulverised
ice. These are:

() the growth and coalescence of micro-cracks will produce granular material. This
idea follows damage mechanics reasoning.

(i) macro-cracks result in the rapid release of stress, and the resulting tension waves
cause breakup of the material. There is laboratory evidence that stress release can
result in this type of fracturing.

(iif) macro cracks allow relatively large fragments to be released into the flow of
granular material. During extrusion, comminution (repeated breakup due to
successive ice-ice interactions) will produce the fine granular material. This process
will result in a wide variety of piece sizes (see Tuhkuri,1994). Cross sections taken
from the MSI tests suggest that this mechanism was taking place.

(iv) a cascade of macro cracks takes place to rapidly reduce a large fragment or zone
into rubble. This would occur if a single crack were insufficient to relax the stresses.
After the cascade, presumably comminution would take place. This is a new idea
supported by experimental observations (Tuhkuri, 1994). Tuhkuri (1996) has shown
by using computational fracture mechanics that if a population of surface cracks is
assumed, the growth of the first crack is followed rapidly by growth of the other
cracks. Such a process can be described as a cascade of flakes. A cascade of flakes
has been proposed as a model for ice failure by Daley, Tuhkuri and Riska (1994)

The authors believe that all four of these mechanisms can be active depending on the
interaction conditions. For example, if the growth of macro cracks is hindered by high
confinement, only micro cracking may occur and the mechanism (i) is the active one. All four
could be active at various times during an interaction.

O Daley R&E 15
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5. Models of Extrusion

5.1 Introduction

The case under consideration consists of avertical structure, asloping ice face (due to
the flakes) and granular ice being extruded upwards and downwards. A rubble pileisformed
above and below the ice sheet, which causes arestraint pressure at the exit to resist the
extrusion. Figure 11 illustrates the process that we are considering. The crushed iceis held
and extruded betwee two non-parallel plates. Both gravity (and buoyancy) and friction resist
the extrusion.

Ice Edge Contact with Extrusion

Opening
B<0
] rubble pile A xu
/pushmg down — 'A'u n
INAANA,
—
Ice sheet
"

submerged rubble
pushing upward

Figure 11. Overview of Contact with Extrusion.
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5.2 Savage’s Mohr-Coulomb Extrusion Model

5.2.1 Introduction to Savage's M odel

This section introduces a calculation model developed by Savage et al. (1992) for atwo-
dimensional extrusion of a cohesive Mohr-Coulomb material. That model can be used to
predict the pressure distribution developed during an extrusion of ice contained between two
converging plates (see Figure 12).

Savage et al. (1992) have given a closed form solution for the case of extrusion between
paralel plates of equal wall friction. In ageneral case the two plates need not be parallel and
the wall frictions can have different values. The general case can also be expanded to take a
pressure acting on the boundary into account (back-pressure). However, the solution of the
general caseis extremely lengthy in closed form and therefore it is better solved by using
numerical techniques.

In the following, both the solutions given by Savage et a. (1992) are given. Then itis
shown that with a proper choice of material parameters, such Mohr-Coulomb models can be
used to calculate the measured pressure distribution during laboratory experiments (Tuhkuri &
Riska 1994). In these experiments, crushed ice was compressed between two parallel
converging plates. Then the effects of non-parallel plates and non-zero back-pressure are
discussed and simple coefficients to take these two effects into account are presented. Such
coefficients can be used to modify the simple closed form solution to approximate the general
solution.

Parallel B=0

M

Pxx

xy

u

y\ﬁ Closing B>0

g

Stationary Rigid
Bottom Plate

xy

¢ Opening B <0

AYV g —

\

X
[

Figure 12. Horizontal extrusion mechanics.
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5.2.2 Extrusion of a cohesive M ohr-Coulomb material - General case

The differential equation for the depth averaged normal stress IByy inthey-directionis
(Savage 1989, Savage et al. 1992)

TPy  tandp+tandy — __Cltandg +tandy) _G(tandp—tandy) _ 2Ex  Ex? dy

X gkh Pyy = ekhtang 2ek h2ek  h3sk X
(18)
where
wall friction angle at the h(x,t) gap height
bottom plate (y=0) ho(X) initia gap, h(x,t=0)
o, wall friction angle at the X coordinate, see Figure 12
top plate (y=h) t time
p density L wall length, see Figure 12
C non-dimensional cohesion Vv velocity of the top plate
@ internal friction angle P characteristic pressure
2
H initial gap, h(x=0,t=0) g 98lms
The non-dimensional coefficients are
H
£=—
L
2
g=A"
&P
G= &H
P
K= tandy, (ky +kg) + tandg (ko + ko)
2(tandg +tanody) 2(tandg +tanody)

ko = 2%— \/1— (1+ tan? é'o)cos2 (05/ cos? p-1

kp = 2%—\/1— (1+ tan? Jh)cos2 (p%{ cos? p-1
_1-sing
1+sng

s
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Equation 18 is given in non-dimensional form. The x-coordinate as well as the gap height
h(x,t) get therefore values between 0 and 1. Also the timeis non-dimensional: at the beginning
of atest t=0 and h=1, when the two plates are in contact t=1 and h=0. Hence h(t)=1-t.

It is assumed that during extrusion the material parameters C, ¢, p are constants. In
other words, compaction of the crushed ice is not taken into account.

If we assume that the converging plates are straight, the initial gap has the form

hy(X) = 1— /X (19)

where (3 isthe slope. A positive 3 gives a closing gap and a negative 3 an opening gap in
the flow direction. When deriving the differential equation 1, it has been assumed that f<<1.

Savage et al. (1992) have used the boundary condition that the pressure p,, in the flow
exitis zero

P(Xx=Ly=ht=0)=0

then

M-k,0 C  Gh
P (x=14t=0)=0—"0—+— 20
Py (x=1t=0) O k, Otang 2 (20)

Thefirst order differential equation 1 can be solved when the boundary condition (20) is
known. The results that will be shown below were obtained by using a fourth order Runge-
Kuttamethod. It is convenient to start from x=1 and integrate in the negative x-direction.

(7 paeyreE 19
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5.2.3 Extrusion of a cohesive Mohr-Coulomb material - Parallel plates

If we assumethat S=0andthat d, =9, =J, the equations can be simplified and a
closed form solution is found (Savage 1989, Savage et al. 1992)

- _B A1-x) 1, B .A(1-x c A O g A(1-x
Pyy-p%‘e( )5*7\%( )‘X%wé}ﬁﬂg—(kt)e( )
(21)
where
2tanod _2E
Alt)= ek(1-1) (V)= ek(1-1)?

5.2.4 Comparison with laboratory experiments

Tuhkuri and Riska (1990, 1994) compressed crushed ice between two converging plates:
an ice platen and a steel platen. Local pressures as well asthe total force were measured. The
measured pressure distributions were similar to those predicted by the Mohr-Coulomb model,
as shown in Figure 13.

20— | | ]
18 7 measured ]
16 \ — calculated -
= L |
14 .
s h=2.8mm |
o 12F ANY ‘ A
SS |- 4
@ 10 8
o ¢
o 8 7
6 = .
r 3.2 ]
4r |
2 7 ) i
ok 49 ‘ ‘ E—
0.0 0.1 0.2 0.3 0.4

X-coordinate [x/L]

Figure 13. Pressure distribution at various layer thicknesses during test No. 21 of Tuhkuri
and Riska (1994). The calculated values were obtained by using the Eq. 21.
Internal friction angle was 30.5°, non-dimensional cohesion 0.0005, wall friction

angle 3°, and density 448 kgdm
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Figure 13 suggests that the pressure distribution during extrusion of crushed ice can be
predicted with the Mohr-Coulomb model, but only up to certain pressure value. This pressure
limit, and the subsequent decrease of pressure at the center of the plates, can be partly
explained by the gradual damaging of the ice plate used in the experiments. The extrusion
pressure cannot be higher than the strength of the solid ice. However, this damage in the solid
ice cannot be the whole explanation for the limit, as similar deviation from the Mohr-
Coulomb model at high pressures was observed by Spencer at a. (1992), who compressed ice
between two steel plates, and so the phenomenon was caused by deformationsin the crushed
ice. The compaction of the crushed ice into solid and the change of material properties during
this compaction require further studies.

5.2.5 Non-parallel gap

In the flaking-type ice failure model described earlier in Section 2, the crushed ice formed
isin an opening channel formed by the parent ice and the structure. This channel has always
non-parallel sides and the extrusion pressure can be approximated with equation 18.

Figure 14 shows examples of the pressure distribution at one time instant with different
vauesof [3. The parameters used were the same as those used in Figure 13 when h=3.6 mm.
In other words, the curve [ = 0 gives equal pressures than the measured ones, and the curves
with other [ values show the calculated effect of channel closing or opening. Note that small
chances in the slope have a remarkabl e effect on the pressure values. The same effect is shown
in Figure 15. The pressures in an opening channel decrease rapidly with increasing ‘ ,B‘ . When
[ =-0.1i.e. inclination angletan™ 8 = 5.7°) the central pressure is only about 10% of what
iswould beif 5 was zero. Thevalueof [ has no effect on the shape of exponentially
decreasing p,,(x) curve.
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X - coordinate [x/L]

Figure 14. Pressure distribution in a non-parallel gap at one time instant with different values
of . The parameters were the same as in Figure 13 when h = 3.6 mm. Solid lines:
Calculated by Eq. 18. Symbols: Calculated by Eq. 21 and 22.

Theresult given in Figure 15 can be used to formulate an approximate method to take the
[ angle into account. If we have calculated a pressure distribution p,(x) with the equation 21
we can approximate the pressure distribution in an opening channel as

p(x.B8) = f (B p.(x) (22)
where
_ 1
flh)= (ag+1)"

The constants a and n are presumably functions of boundary conditions, loading rate,
temperature, scale etc. As an example, aand n were calculated for the case shown in Figure
14. aand n turned out to be functions of x-co-ordinate, but because the pressure values are
small when x is zero, we are mostly interested in the small x range. The symbols shown in
Figure 14 were calculated by using equation 22 together with equation 21 and a=11 and n=3.

a(x) =1043+809x = 11
n(x) = 315-288x = 3

O Daley R&E
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5.2.6 Non-zer o back-pressure

If the crushed ice formed accumulates on top of the breaking ice cover the weight of this
rubble pile forms anon-zero pressure p,, at the flow exit and the boundary condition 20 must

be changed. The new boundary condition issimply

b, (x=1t=0)=p,(x=1)+ g C O

0 ki [an(p 2 ©3)

Figure 16 shows the effect of pressure p,, calculated by equation 18 with boundary

condition 23. Again, to obtain numerical values, the test case shown in Figure 13 when h=3.6
was used as an example.

This result can again be used to formulate an approximate method to take the back
pressure into account. If we have calculated a pressure distribution p,(x) without back

pressure with the equation 21 we can approximate the pressure distribution as

P(X, Poo) = T (Puo) (%) (24)
where p,,, isthe back pressure. The correction function is

pxxO
2630

where p,, isin Pa. Figure 16 shows values cal culated with this approximate method.

f(pxxO) :1+

1.0
L]
08 Savage. Eqg. 18
— Fitted curve. Eq. 22

o
< 0.6 7
>
o
=
= 04
>
a

0.2

4
0.0 T T T
0.00 0.05 0.10 0.15 0.20

slope -

Figure 15. The central (x = 0) extrusion pressure in an opening channel. The fitted curve was
obtained by using Eq. 22 with values a= 10.95 and n = 2.996.
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Figure 16 The effect of the back pressure p,,, on the pressure distribution. Solid lines: Eq.
(18) with boundary condition given in Eg. (23). Symbols: Eq. (21) with Eq. (23).

5.2.7 Summary

* It was shown that the M ohr-Coulomb solution given by Savage (1989) and Savage et
al. (1992) can be used to approximate the extrusion pressures measured in small scale
experiments where the converging plates were parallel.

* The general Mohr-Coulomb solution, Equation 18, can be used to calculate the
pressure distribution also when the gap is opening or closing (3#0) and when a non-
zero back pressure (p,,) IS applied. This problem hasto be solved numerically.

* An approximate closed form method was formulated to analyse cases when (320 and
Pwo? O (Equations 21, 22, and 24). As an example, coefficients for this approximate
method from one test case were cal cul ated.
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5.3 Simplified Extrusion Model

5.3.1 Introduction

A simplified model is now presented. The model is quite similar to that presented above,
except that cohesion is not considered. There are several reasons for making this
simplification. While the model presented above is more precise, it does not appear to fully
describe the experimental data. The granular material appears to be much more complicated
than a simple cohesive granular material. Compaction and re-solidification seem to be taking
place in the center of the granular material, where the pressures have grown large. To include
consideration of the solidification phenomena, which limit the extrusion pressures, it is
preferable to be able to do a closed form calculation of the pressure, rather than needing to
iterate to an answer. Aswell, in order to study the importance of extrusion in our ice-structure
contact model it is necessary to be able to perform the extrusion calculations relatively
quickly. The ssmplified extrusion equations are described below for six cases, of increasing
complexity.

The equations solve the problem of ice being extruded between a vertical structure and an
ice edge. There is assumed to be alayer of granular material (crushed ice) which is extruded.
Above the centre of the ice theice is extruded upwards, and forms arubble pile above theice.
The vertical pressure at the top of theice (which isthe top of the wedge of extruding ice and
the bottom of the rubble pile) is calculated from the height and density of the rubble. Below
the centerline of the ice, the granular crushed ice is extruded downwards, and is resisted by
friction and the buoyant forces on the rubble.

Theiceis assumed to be agranular material with alateral pressure coefficient k. Thisis
an assumption from soil mechanics, which allows the calculation of the horizontal pressures
on the structure and ice face. Using friction coefficients on both the ice and structure, the
frictional forces which resist extrusion can be cal culated.

The cases listed in Table 2 are considered. They build up to the 'true’ condition found in
loads against offshore structures. In the case of vertical extrusion, the extrusion must act
against gravitational forces. The presence of a surcharge will create an initial pressure at the
exit.
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Table 2 Casesfor Simplified Extrusion Calculations

GEOMETRY ORIENTATION INITIAL SKETCH
PRESSURE
Casel Parallel horizontal pOX ! R
Case 2 Parallel verticd 0 +
-
o
Case 3 Sloped vertical 0 -
- |
(4T
Case 4 Parallel vertical pox ko
L
Case’5 Sloped horizontal pOX -
Case6 Sloped vertical poX G
L

In al the cases, the same basic differential equation is used, although terms or initial
conditions will change. The derivation of the smple equation is as follows (see Figure 17 ) :

d_}{ friction
~structure | !z'”’* kP dx |
A
p [ v
ir

Figure 17. Sketch for derivation of simple extrusion equations.

O Daley R&E 26



Discrete Chaotic Ice Failure and Extrusion

Consider avolume of granular icedx by w by one unit thick. The pressure on the
downstream face is P. The pressure on the side wallsis (by asimple soil analogy) P/k . The
total frictional force on the volumeis;

('Ui +:us)

total _friction= [P [eix (25)

so that the change in pressure across dx is;

ap = i HS) (b (26)

k D

Thisis ssmply rearranged into the differential equation in the horizontal case;

PR, KR _

Y W 27)

where K is defined below.

The differential equation in the vertical case includes the weight of the small volume and
issimilarly;

pLg=0 (28)

IP(X) N KIP(X)
07,8 w
Both with theinitial condition P, (0) = pox .

where;
x:  vertica coordinate K: extrusion pressure coefficient
w:  width of opening K = M + U

w = wo — BX Tk

wo:  width of opening at top k: latera pressure coefficient

B: slope of ice edge s ice-structure friction coefficient
pox: icepressure at top M. ice-icefriction coefficient

Px(X) : ice pressure in the vertical direction 09 : weight density of granular ice

note: the case number will be used
(egcase 1: P1y(X))
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5.3.2Case 1 - Horizontal, Parallel Plates, with initial Pressure Px(0) = pox.

Thisis nominally the same simple case treated by Savage et.al in Section 5.2. The
granular ice is extruded from between two parallel plates, one of steel and one of ice (Figure
18) . The centerline (left sidein figure) is a symmetrical boundary, across which thereisno
flow. All the granular ice is extruded to the opening. The pressure at the opening is pox.

The differential equation is;

PUX) , KPL() _

with P1,(0) = pox 29
- <O =p (29)

The solution to the differential equation, giving the pressure in the x direction is (see
Appendix A);

KDKQ
P1,(X) = pox[&—"° (30)

The pressure on the plate is;

o Huo
k

PL,(x) = PX rgPwo (31)

Py(x) i gravity

iyt |

*—Px(0) = pox
b
A4

¢ Case 1
Figure 18. Case 1 - horizontal, parallel plates, with initial pressure Px(0) = pox.

Equation 22 is compared to 31 in Figure 19. In this case, it is clear that the smplified
version of the equation agrees well with the more detailed model. Thisindicates that thereisa
good basis for extending the simple model to the other cases discussed below.

The Savage et.a, model starts with anominal value of O for pox, but because of a non-
zero Py (dueto gravity) is able to get the integration going. In this case Py is asimple multiple
of Py, so someinitial value for pox is needed to get the integration going.
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Figure 19. Comparison of Equations 22 and 31.

5.3.3Case2 - Vertical, Parallel Plates, with initial Pressure Px(0) = 0.

With the extrusion occuring vertically, this case adds the effect of gravity (or buoyancy)
to oppose the extrusion (see Figure 20). Due to the effect of gravity, the initial pressure can be
zero. The differential equation is;

P2A(X) , KIP2,(X)

-pg=0 with P2,(0)=0 32
=+ 220 g «(0) (32)

The solution to the differential equation, giving the pressure in the x direction is;

Bl
P2, (X) :,ogENoBeW:)(i—l (33)

The pressure on the plate is;

Epes
P2, (x) = pg o Beoi_l (34)

Hi + Ug
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Px(0) = 0

'

gravity

S '

¢

Case 2
Figure 20. Case 2 Vertical, Parallel Plates, with initial Pressure Px(0) = 0.

5.3.4 Case 3 - Vertical, Sloping Plates, with initial Pressure Px(0) = 0.

Case 3 further extends the problem by considering a sloping ice face (see Figure 21). We
now need amodified K , to include the effect of the opening angle on the pressure coefficient.
The new constant isKg;

1+ K E0%f) =Sn(p)
Ka = | cos(p) + ps [En(B) (35)

k
Note that Ka = K when 8= 0. The differential equation is;

PI(X) N Ka[P3,(x)
X wo — B [X

The solution to the differential equation, giving the pressure in the x direction is;

-pg=0 with P3,(0)=0 (36)

E OKa+gB0 O &DE
pgm—wo+,BD<+on A H(Wo—,BDOH—ﬂ 0
P3,(X) = pg o 3 Ka+ 3 37
The pressure on the plate is;
0 OKa+ B0 0 KaO[]
9 —wo+,BD<+woB g B(wo—,BD<)ErﬁBé
P3,,(X) = pg [Wo 3 38
/() =y <Kas D) (3
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B
Px(0) = V

gravity

> '
¢

Case 3

Py(x)

Figure21 Case 3 Vertical, Sloping Plates, with initial Pressure Px(0) = 0.

5.3.5Case 4 - Vertical, Parallel Plates, with initial Pressure Px(0) = pox.

This caseis similar to case 2 except that the initial pressureis pox instead of zero. Figure
22 illustrates this case. The differential equation is;

PAx) , KIPA(X) _

=0 with P4,(0)=0 39
ey o x(0) (39)

The solution to the differential equation, giving the pressure in the x direction is;

g e

P4, (x) = pox[&"“° -+ pg (Wo Bei (40)

The pressure on the plateis;

K X
K X WOQ_
P4()_'°°Xcegﬁ +pgworf — 1 (41)
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Px(0) = pox
l gravity

A

Py(x)

Case 4
Figure 22. Case 4 Vertical, Parallel Plates, with initial Pressure Px(0) = pox.

5.3.6 Case 5 - Horizontal, Sloping Plates, with initial Pressure Px(0) = pox.

This caseis similar to case 1 except with an opening angle b (see Figure 23). The
differential equation is;

PHx) | KalP5y(x)

Y wo— X =0 with P5,(0) = pox (42
with, again, Ka;
1+ Hs[E0S(P) ~sin(p)
a= X0+ s S0(F) 3

The solution to the differential equation, giving the pressure in the x direction is;

0 Kal
PS5y (X) = poxEﬂl-ﬂ—D()H Al (44)
wo
The pressure on the plate is;
0 KaQ
5, (x = % 1 gy T AT (45)
k wo
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gravity

Py(x) v
W
%,Q% o

Case 5

Figure 23. Case 5 Horizontal, Sloping Plates, with initial Pressure Px(0) = pox.

5.3.7 Case 6 - Vertical, Sloping Plates, with initial Pressure Px(0) = pox.

This caseis similar to case 5 except that the extrusion is vertical (see Figure 24) This case
represents the case closest to the true case. The differential equation is;

aP6(x) N Ka[P6y(x) _
X wo — BX

pg=0 with P6,(0) = pox (46)

The solution to the differential equation, giving the pressurein the x direction is;

0 0 Kald ]

0 0
—0 0 — 0
P6, (X) = Epox[Ka[Ql—ﬁE»i)Er 2 []ooxuu—ﬁt-»i)Er B H+pgD<DEB
H WO B WO
0 QKaQ  gkaepg O O
+wo- 500 Ao A - woripg /(Ka+ ) (47)
10
The pressure on the plateis;
0 O ED E O &D E
P6y(X)=EP0XD<aEﬂl—,3E'WLO)H—EH+EIOOXE61—,BGLO)B— ﬁH+,OgD<Dm
H H H
E 0 Kad OKa+ 40 E U
+E(wo—ﬁD<)H £ Bl £ 0 o0pg) /k(Ka+ ) (48)
H H C
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§
Px(0) = pox
gravity
Py(x)
¢
Case 6

Figure 24. Case 6 Vertical, Sloping Plates, with initial Pressure Px(0) = pox.

5.3.8 Comparison and Summary

The formulae for the six cases described above are plotted on Figure 25, for the case of ;

wo = 010
k=04

H; =015
Us =015

09 =0054N /m°
pox = 0.2 [(kPa
£=01
The case closest to our desired case is PY 6. However, as it can be seen that the plots for

Py5 and Py6 are ailmost identical, and as Py5 is a much simpler formula, the extrusion
pressure will be modelled using case 5, with the formulae;

0 Kal
PS5y (X) = pox Eﬂl-ﬁ—D() 1 s (44)
WO
0 &D
P, (00 = P 1 py T A ()

It can be seen that the opening angle beta has an important influence. When the plates are
paralel (cases 1,2,4) the curves are straight, while when the plates are not paralel (beta >0)
the curves bend upward, meaning that the pressuresrise very fast. In all cases the pressures
start from some initial value, which acts as amultiplier for all the pressures.
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Figure 25 Comparison of Simple Extrusion Formulae
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6. Discrete Ice Failure Process Model with Extrusion

The next stage in the process is to add the extrusion effects to the brittle contact model.
The extrusion effects consist of two aspects; surcharge of a granular medium, and squeezing
extrusion of granular medium. The granular material is assumed to have been created from all
the ice removed by all prior shear flakes. Some form of comminution is assumed to have
taken place, which has converted the relatively large flakes into a granular material.

The granular materia isin two parts. The part above the direct contact (see Figure 26) is
assumed to be dry and under the action of gravity pushing it down. The part below the direct
contact is assumed to be wet and under the action of buoyancy pushing it up. Inside any static
pile of granular material, there are hydrostatic pressures supporting the weight. The lateral
pressures can be assumed to lateral pressure coefficient as described in the previous section.

The lateral pressuresin the granular material grow very rapidly in the region close to the
direct contact, and would potentially grow to be greater than the direct contact pressures. It is
assumed that these high pressures would cause the granular material to re-solidify and then
would behave as solid ice. A simple treatment of this issue has been implemented. It is
assumed that all pressures in the granular ice are limited to the direct contact pressure. Asthe
direct contact is assumed to be governed by the pressure to cause phase change (pressure
melting), it would be unreasonable for any pressures to be above the direct contact. Thisissue
is not of much practical importance, because neither the direct pressure, or the imposed limit
have much effect on the contact forces. The main factors are the shear strength of theice, and
the passive pressures inside the granular material. Only very close to the direct contact zone
do the pressures in the granular ice much exceed the passive pressures (i.0.w. gravity effects
are much greater than pure extrusion effects).

The model shown in Figure 26 has been developed into two programs for calculating the
contact process. The algorithm isimplemented to aMaple V program (Appendix A) and a
C++ program (Appendix C). The two programs are nominally the same, with the Maple
version being easier to modify, while the C++ program is easier to run.

Figure 27 shows one of the plots from the Maple calculation. The two triangular regions,
above and below the ice sheet, represent the accumulated granular piles of extruded ice.

Figure 28 shows one of the screens of the C++ model. In this case the orientation of
contact is such that only brittle flaking (no extrusion) is taking place.
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A

ice sheet

direct contact

extruded keel ?
buoyancy

components of
the contact load

- uniform load in
direct contact zone

b - extrusion pressures
insal (weight)*

C - extrusion pressures
in keel (buoyancy)*

* - extrusion pressureis
limited by direct pressure

Figure 26. Brittle edge contact model with extrusion effects.
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Figure 27. Plot of Maple V model after 2.4 m of penetration.
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=| Crushing lce | - | o
File Options Models Plots Tables Help

DEIEIE'!:I@
PE%E}-

Title: Model Number 1
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Figure 28. C++ Program Screen.
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7. Results and Sensitivity

The model as described has alarge number of parameters which affect the results. The
main parameters are,

Table 3. Contact model parameters.

Parameter MAPLE Variable Typical Vaue
edge geometry orig_profile [[0,0],[0,2],[1.3],[2,2].[2,0]]
direct contact Pc 50 [MPa]
pressure

ice shear strength c 0.8 [MP4]
Coulomb friction d, 0 deg.
angle (solid ice)

friction angle (solid b, 0 deg

ice on structure)

friction angle OB 6 deg
(granular ice on

structure)

friction angle (oM 10 deg
(granular ice on solid

ice)

mass density of rho 560 kg/m®
granular ice

gravity g 9.8 m/s’
buoyancy gb A12*g

The results of the model will be described in this section. The results of three runs will be
presented. The parameters for the three runs are listed in Table 4. The first run is a case of
only direct contact and flaking, essentially the same as the model described in (Daley, 1991).
The model istwo-dimensional, and so gives forces in terms of load per meter of waterline
contact. The second and third runs show the effects of including the extrusion parameters,
and of making a substantial change to the granular ice density and ice shear strength.
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Table 4. Run Descriptions

Run Number Description

1 Extrusion effects not included (pure flaking case)
2 Extrusion effects included with values from Table 3
3 Same as Run 2, but with Pc=20M Pa, and rho=400 kg/m®

Figure 29 shows the plot of force vs. Indentation for run #1 of the model, with only
flaking (no extrusion). The ice load risesto peak at approximately 8 MN/m, with a mean level
of approximately 6 MN/m. Thisisfor an ice sheet 2m thick, a direct contact pressure of 50
Mpa (suitable for ice a -5 C), and a shear strength of 0.8 MPa. These load levels would not
continue to grow with further indentation, because no rubble build-up is being modelled. The
load would continue at these levels no matter how far the indentation progressed

In the case of an energy limited collision, the floe size and velocity give akinetic energy
which limits the work done by the impact. The energy consumed hereis~4MN x .5m x 1/2,
whichis~1 MJ/m. Given atotal contact length of say 100m, and anice floemoving at ~ 1
m/s, this corresponds to afloe mass of ~50 Mkg. Assuming a 2 m thickness, a 50 Mkg floe
has dimensions of ~160m x 160m. Clearly thisis not a particularly large floe. A typical floe of
severa kilometres across would need to crush much further to absorb the kinetic energy.

Force vs Time
16

Parameters - Run #1
h_ice=2m

c=0.8

Pc=50

14 -+

12 +

10 +

Force per meter [MN/m]

NO EXTRUSION - JUST FLAKING
0 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6
Edge Penetration [m]

Figure 29. Force time history for Run #1 - flaking only.
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Figure 30 shows the forces for run #2, which is identical to run#1 except that the effects
of extrusion and rubble build-up are taken into account. The plot contains two traces. The
total load is shown in the upper trace, while the load transmitted through the rubble is shown
in the lower trace, which together with the direct contact form the total load.

Theload in this case is significantly higher than in run #1, with peak values reaching 14
MN/m, which are aimost double the values from run #1. Clearly the effect of the rubbleis
significant. It should also be noted that these load levels will continue to rise, because the
rubble pile will continue to grow, placing greater pressures on the extruding ice, and adding
even greater confinement (compressive stresses) to the incipient flakes.

The determination of maximum load values will require an analysis of how high the
rubble pile can grow prior to being swept away.

Force vs Time

16
Parameters - Run #2 total load

14 + h_ice=2m (direct +extrusion)
Pc=50

127 08

rho = 560 kg/m3
10 +

Force per meter [MN/m]
[e¢]

loads from granular ice
O T T T T }

0 0.1 0.2 0.3 0.4 0.5 0.6
Edge Penetration [m]

Figure 30. Force time history for Run #2 - flaking + extrusion.

Figure 31 shows the results of run #3, which includes two changes from run #2. The
main change is a reduction in the mass density of the granular ice, from 560 kg/m? to 400
kg/m®. The other change is lowering the direct contact pressure to 20 MPa (from 50 MPa).
The lower direct contact pressure is a secondary effect, because the direct contact forceis
governed by the shear strength, not the direct pressure.

The forces in run #3 are noticeably lower than run #2, but still higher than run #1. It is
curious that run #3 produced a more variable force, with periods of quite low loads, and
occasional spikes of high load. This system is highly non-linear, and chaotic. It is not
surprising that changes in parameters can result in even qualitative changes in the load history.
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It can be noticed in run #3 that the load from the granular extruding ice form amuch
bigger part of the total load than in earlier cases. Further analysis would be required to
Investigate the root causes of these behaviours.

Force vs Time

16
Parameters - Run #3
14 +  Pc=20
c=0.8 total load
12 +  h_ice=2m (direct +extrusion)

rho = 400 kg/m3

Force per meter [MN/m]
[e¢]

6 L
4 1
21 1 !
0 A "‘ DR ‘ } ' ‘ | Ilﬁ)'é;d‘é: fror;‘?" éranular ice
0 0‘.1 0‘.2 O‘.3 0.‘4 O‘.5 0.6

Edge Penetration [m]

. Figure 31. Force time history for Run #3 - flaking + extrusion

Figs 29 to 31 show that the pressures from the pile of extruded rubble cause higher total
loads, partly from the pressures transmitted through the granular material, and partly because
the direct contact forces are higher because the pressure from the pile tends to make the cracks
lesslikely to run (i.e. it takes a bigger direct contact before the flake occurs) This agrees with
calculations by Tuhkuri (1996). It isimportant to realise that "squeezing" extrusion of the
type found by the Savage model, is not very important. The main effects come from the fact
that the extruded ice forms a pile, and then the pressures are largely aresult of gravity and
buoyancy (together with a lateral pressure K factor - asimple soil analogy), not "extrusion”
per-se. The reasons that “extrusion” is not important are two-fold; firstly because the
pressures, even between parallel plates, rise exponentially, they stay very low and then quickly
jump to values high enough to solidify the ice, and secondly, in this model, the plates are not
parallel, which leads to an even faster exponential rise. In a 5° wedge, the pressures say at
background levels until almost at the solid contact face. Even the solidification does not itself
lead to higher loads, because the combined solid+solidified contact is limited by the crack.
The main issue in all this is the stress state affecting the spall crack.
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8. Recommended Developments

The model shown includes a number of new features. The combination of flaking and
extrusion, with the effects of rubble pile above and below the ice edge is a new devel opment
in the study of ice loads.

There are many aspects which deserve further study and enhancement. The main
immediate tasks recommended are;

Further Parametric Investigation There are many variables in the model as presented. An
examination of the sensitivities of the model to changes in inputs and assumptions would be
quite useful. Because of the non-linear nature of the model, all the cross-sensitivities would
need to be examined, which resultsin avery large array of casesto be run.. The most
significant item to investigate is the size of the rubble pile. Asthe rubble pile grows the
pressures increase. It may be that the resulting pressures have a significant effect on the
flaking mechanics, even to the point of invalidating some of the assumptions used here.

Experimental Verification The model would benefit greatly from comparison to a set of
specially designed experiments, in which an ice sheet contacts a vertical indentor. The size of
the rubble pile could be artificially increased to study the effects of rubble build-up. Achieving
asuitably brittle experimental ice would be the key difficulty.

The longer term devel opments that are needed are;

Refinement of Flaking Mechanics The mechanics of flaking, including the geometry of
cracks was studied in arecent work by Tuhkuri (1995). It should be possible to include
refinements to the simple cracking model given here.

Refinement of Extrusion Mechanics The model presently assumes asimple dry granular
material model. It would likely be beneficial to include cohesive and viscous effects,
especialy for that material subject to high confinement pressures. While this report suggests
that extrusion is not very important, that conclusion may change for cases where flakes do not
form.

Inclusion of 3D Effects Various tests have shown that contact resultsin 3 dimensional
effects. The pattern of direct contact is not a straight line as is assumed here. The pattern of
contact is a 2D watershed pattern, and the granular ice is extruded between the ice and the
structure in 3 dimensions. The experimental data available from the Medium Scale Indentor
Tests (Frederking, et. al. 1990), would provide useful corroboration, but would require that
the model be capable of handling 3D effects.
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9. Concluding Remarks

The model presented above is afirst attempt to combine a discrete flaking contact model
with extrusion effects. The model shows that extrusion effects arise in two ways. Extrusion
between two converging surfaces results in pressures caused largely by frictional forcesinside
the granular material. The rise of pressure is approximately exponential, so that the pressures
toward the centre are much higher than the edge pressures. The rate of rise of pressureis
increased by the opening angle. In the case presented here, the opening angles are in the range
~5 deg. To ~45 deg. In this case the pressures in the extruding wedges stay at approximately
the static level, defined by gravitational effects. Only very close to the direct contact, where
the gap is very small, does the pressure rise quickly to the limit pressure.

The model does show that the extruded material has a significant effect on the load
levels. The main effects come from the fact that the extruded ice forms a pile, and then the
pressures are largely aresult of gravity and buoyancy (together with alateral pressure K factor
- asimple soil analogy), not "extrusion” per-se. The reasons that “extrusion” is not important
are two-fold; firstly because the pressures, even between parallel plates, rise exponentially,
they stay very low and then quickly jump to values high enough to solidify the ice, and
secondly, in this model, the plates are not parallel, which leads to an even faster exponential
rise. In a 5° wedge, the pressures say at background levels until almost at the solid contact
face. Even the solidification does not itself lead to higher loads, because the combined
solid+solidified contact is limited by the crack. The main issue in all this is the stress state
affecting the spall crack.
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Appendix A: Maple Derivation and Calculation Files
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Appendix B: Mathcad Simulations
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Appendix C: C++ Program Listing
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