Unit 1

Coordinate Systems and Vectors

As you have encountered in elementary physics courses, it is a well established ex-
perimental fact that electric charges produce forces on other electric charges. In the
terminology of this course, we say that electric charges give rise to electric fields and
these fields produce forces on charges in a manner analogous to that by which masses
producing gravitational fields exert forces on other masses. Furthermore, it is equally
well known that steady electric currents (or direct currents), which consist of charges
moving with a constant velocity, give rise to steady magnetic fields. Our discussion of
static or stationary electric fields and steady magnetic fields, which forms the content
of this course, will require a good knowledge of the properties of scalars and vectors
as well as the ability to work within coordinate systems appropriate to the geometry
of specific problems. In subsequent courses, it will be necessary to describe time-
varying electric and magnetic fields and, again, an understanding of the properties
of scalars and vectors and the usage of the optimal coordinate system for particu-
lar situations will be relevant. This unit is intended to review some of these basic
concepts associated with the study of these ideas embodied in the so-called field of

electromagnetics.



1.1 Scalars, Vectors, Cartesian Coordinates, and
Vector and Scalar Products

Much of what follows in this section has been encountered earlier in the programme

and is treated mainly as review here.

1.1.1 Scalars and Vectors — Relevant Definitons

1. Definition of a scalar quantity: a quantity possessing magnitude (size)
only. A scalar quantity may be represented by a number, and usually a unit of
measure. That is scalar quantities are represented by scalars. For example, we
shall see that potential difference is such a quantity and a particular potential
difference can be completely described by writing an expression such as ‘x volts’

where x is a pure number.

2. Definition of a wector quantity: a quantity possessing magnitude and di-
rection. A vector quantity may be specified by a number (and a unit) and a
direction. A wvector is an arrow whose length represents the magnitude of the
vector quantity and whose direction indicates the direction of the quantity. For

example, we shall see that electric field intensity is a vector quantity.

Note: The text uses boldface letters for vectors, but this is not convenient for
note-taking. We will use an arrow over the quantity’s symbol. For example, an

electric field intensity will be represented as E.

3. Definition of a unit vector: a vector whose magnitude is unity. We will use

the " over a particular symbol to indicate the unit vector. For example,

[~
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is a unit vector in the direction of a vector, 7', whose magnitude is |7] or r. Also,

=

note that the text uses boldface letters for unit vectors.



Various properties and operations associated with scalars and vectors are discussed

in the following subsections.

1.1.2 Vectors and Vector Space — Discussion Based on the
Cartesian Coordinate System

Consider the right-handed rectangular or cartesian coordinate system. A vector 7

may be specified in this system by its components along the respective axes as shown:

The z, y and z axes are mutually perpendicular. The position vector 7 is from the

origin, O, to some arbitrary point P(x,y, z) and is given by
F=T+y+72

where ¥, v, 2 are the vector components of 7" indicating how much of the vector lies
along each of the respective coordinate axes. Thus, 7 may be given as an ordered

triple (z,y,z). A collection of all such vectors which has the following five properties

—

constitute a vector space: Let 7= (z,y, 2), 71 = (x1,41, 21), and 75 = (22, Y2, 22).
1. Vector equality: 71 = 75 means x; = X3, y; = Yo, and 2; = 2.
2. Vector addition: 7= 7] 4+ 75 means x = x1 + o, and so on.
3. Scalar multiplication: For a real number a, ar” = (ax, ay, az) and vice versa.
4. Negative of a vector: —7 = (—x, —y, —z) and vice versa.

5. Null vector: A vector 0 implies z = 0, y =0, and z = 0 and vice versa.



Since the vector components are real numbers, the following properties also hold:

—

1. Vector addition is commutative: 7 + T = 5

+

1.

—

2. Vector addition is associative: iy + (ry + 73) = (71 + 72) + 7.
3. Scalar multiplication is distributive: a(i1+75) = ary+ais and (a+b)7 = ar+br.
4. Scalar multiplication is associative: a(br’) = (ab)r.

Furthermore, the null vector 0 and the negative of a given vector 7 are unique.
For various topics in engineering electromagnetics, the concepts presented above
may be extended to include (1) complex vectors, (2) functions of vectors, and (3) any

number of vector components.

1.1.3 Miscellaneous Vector Characteristics and Elementary
Operations

Specification of ¥ in Terms of the Standard Unit Vectors

Let z, y, and Z be unit vectors pointing along the positive direction of the respective

coordinate axes. Then, since ¥ = xz, etc.,

r=2xT+yy+ 22

Note, too, that the unit vector 7 in the direction of 7 is given simply as

>
|

where |7] may be determined from the dot or inner product between 7" and itself as

shown shortly.
Dot Product

The dot product of two vectors 7 and 7 may be defined geometrically by

Fl . FQ = ‘7_’)1”7:‘2‘ COS(@Q — 01)
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where (6, — 67) is the angle between 7 and 7. This is a scalar product — i.e. the

result of the product is a scalar quantity. As claimed above, we note that
77 = |7]|f] cos 0° = |7]* or r*.

Clearly, the dot product of 7, and 75 is simply the projection of 7] onto the direction
of 75 multiplied by the magnitude of 75 or vice versa. This may be verified and

illustrated as follows:

The dot product may be specified using the unit vector notation as follows:

—

7Ty = (212 + 1y + 212) - (222 + Yoy + 222) = 21T2 + Y1Y2 + 2122

since -2 =1-1cos0° =1 etc.
while -9 =1-1c0s90° =0 etc..

Again, using this idea

so that




Cross Product

Using the above notation recall that the cross product of two vectors denoted by

R:F1X7?2

implies

‘R“ = |’I?1HT_’)2| sin(Qg — 01)

This is a vector product and Ris specified (by definition) to be normal to the plane
containing 7 and 75 and in the direction determine by the “right hand rule” as
illustrated.

Tllustration:

That is, 7, 7, and R form a right-handed system. n is a unit vector normal to the
plane containing 7, and 75 and is in the direction of advance of a right-handed screw
as 77 is rotated into 5.

Therefore,

ﬁ = 7?1 X FQ = |T_’)1||7?2‘ sin(02 — Ql)ﬁ

Clearly,
(T_’i X 7?2) = —(7?2 X 7?1)
for any pair of vectors.

Note too that z x £ =y X y = 2 x 2 = 0 since sin 0° = 0.

<>

N>

Also, #X =% §xi=0: 2xi&=4q.



Determinant Form for the Cross Product:

Given: 7 = 11T + 119 + 212 and 75 = 9@ + Yoy + 222.

7?1 X FQ =
Therefore,
Ty Z
T XTreg= |21 Y1 21
Ta Y2 z2

—

Of course, there is nothing special about the notation. For any two vectors, A =

A+ Ayj+ A.2 and B = B,i + B,jj + B.2,

=

gz
Ax B= "

A
. B

z

A
B.

Y
Y

[SuJe=S

A and B may be any kind of vector quantities (eg., force F , electric field intensity,

E, and so on).
Scalar and Vector Fields

A field may be defined as some function of a vector which is specified by a connection
from an arbitrary origin to a general point in space. (i.e., the field is a function of a
position vector, 7).

A wector field is a vector function — i.e., it has both magnitude and direction,
which will, in general, vary throughout the region.

A scalar field is a scalar function — i.e., it is a function of 7 but it has only

magnitude.



It is important to realize that the value of a field may vary, in general, with time
as well as position, but in this course we will consider primarily those which vary with
position only.

Examples: (1) Electric Field Intensity (E(7))

The electric field intensity, E(F’), of a positive point charge, ¢, (at (0,0,0), say) is a
vector field. Recall that E (7) is defined as the force per unit charge experienced by a
small positive test charge brought to position 7.

Tllustration:

The parameter, €5, measured in farads per metre is the permittivity of free space, and

1079

it has a value of 8.854 x 1072 ~ 2 F/m. The E field is radially away from the

s
positive point charge and the field unit is the volt per metre (V/m). Related concepts

will be discussed in much greater detail in the next unit.
(2) Electric Potential V(7)

We shall see later that the electric potential, V', which is defined as the work done
per unit charge in bringing that charge to a position, 7, from some arbitrarily chosen
zero reference, is strictly a scalar field. For example, for the above illustrated charge
with the zero reference at infinity, it will be observed that the potential, measured in

volts, is given by the scalar equation

1 g
V()= — L.
(7) dreg |T]



1.2 Coordinate Systems and Coordinate Transfor-
mation

The geometry of many electromagnetics problems often dictates which coordinate
system is more appropriate in facilitating a solution. For example, in examining
problems associated with coaxial cables or line sources, (circular) cylindrical coordi-
nates are usually useful. In other instances, certain problem symmetries may suggest
the use of spherical coordinates and in some cases, the ordinary cartesian or rectan-
gular system may be all that is needed. The proper choice of coordinate system is
usually critical in ensuring the “quickest” solution. Of the several such systems, we’ll

consider only those mentioned above.

1.2.1 Cartesian (or Rectangular) Coordinates

We have already assumed knowledge of this system in the previous section. Here, we
will consider specification of differential elements used in various kinds of integrations
involving the (z,y, z) (i.e., Cartesian or rectangular) coordinates.

1. Specification of a Differential Length, dL:

Consider a curve in space as shown:

curvein space

/ y
r=xT+yy+ 22

The quantity, dL is simply a differential vector of magnitude dL lying along the curve,

while 7 and 7+ dr" are position vectors specifying the beginning and ending of dL.

Clearly, dL = dF. Therefore,

dL = dad + dyj + dz2

and the magnitude is given by



dL = \dL - dL = \/dz® + dy® + dz2 .

2. Specification of a Vector Differential Area, ds-:

Suppose dS is a differential element of a surface which encloses a volume. Then,

if 7 is the outward unit normal (positive) by definition

dS = ndS Ilustration:

If the surface is not closed, the positive unit normal depends on the direction in

which the perimeter is traversed. For a right-handed coordinate system this may be

illustrated as Z N 2N

/ -
/ J
I~
2 \
Now, consider differential areas in each of the three coordinate planes as illustrated
below: z A
d
7z
d e
d#/" 5, SN
- e
A
We have

oC
dgx =dydzz s a differential surface vector along the Z direction.
dgy =dxdzy  is a differential surface vector along the ¢y direction.

ds, = dxdy z  is a differential surface vector along the 2 direction.

3. Specification of a Differential Volume, duv:

Consider the differential volume element, dv, in rectangular coordinates:

dv = dxdydz | .
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1.2.2 (Circular) Cylindrical Coordinates

We use the term “circular” cylindrical coordinates because, strictly speaking, there are
other kinds of cylindrical coordinate systems such as “elliptic” cylindrical coordinates.
Throughout this course, the term cylindical coordinates will be used in reference to
the former. It is one of the two curvilinear coordinate systems we will encounter, the
other being the spherical coordinate system of the next subsection.

1. Specification of the coordinate system:

z
. . . . f f
Consider the following illustration: constantz
K "~ ¢/ |P(p.$,2)
5
L, |
: surface of
constant ¢
|
|
1
|
] :
P : y
¢ - |
~ 1
urface of
X ¥ constant p

Any point in the above illustrated space may be represented by three curvilinear
coordinates which are here labelled (p, ¢, z). Just as in the Cartesian system where
the intersection of the planes

x = constant, y = constant, z = constant
describes any point (x,y, z), so the intersection of the surfaces

p = constant, ¢ = constant, z = constant

describes any point (p, ¢, z). The three coordinate surfaces are

(i.) right circular cylinders having the z-axis as the common axis.

p =1/2? 4+ y? = constant

Note that p is the perpendicular distance from the z-axis while r is the general

distance from the origin.

11



(ii.) half planes through the z-axis:
a1 (Y =
¢ = tan =) = constant
x
(¢ is measured counterclockwise (ccw) from the positive z-axis as shown.)
(iii.) planes parallel to the zy-plane as in the Cartesian system:

z = constant

The limits on p, ¢ and z are
0<p<oo, 0<p<21, —o0<z<

Inverting the equations under (i), (ii) and (iii) above, or going directly to the
geometry of the above figure, gives the transformation from cylindrical to Cartesian

cordinates as:

r = pcosqo
y = psing
z2=2z

2. Unit vectors in Cylindrical Coordinates:

Consider the following illustration:

unit vector normal to the cylindrical
surface and pointing in the direction of
increasing p.

unit vector (tangential to the cylindrical
surface), perpendicular to the half-plane
¢ = constant and pointing in the

direction of increasing azimuth angle, ¢.

>
Il

<
Il

N>
Il

unit vector pointing in the direction of
increasing z.

Note that

while
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3. Relationships Between Cartesian and Cylindrical Unit Vectors:

It is obvious that & and ¢, being perpendicular to Z, have no component in the
z direction. However, both & and ¢ may have projections along both the p and gg
directions (and vice versa).

Hlustration: Because we are considering unit vectors, the following result:

~

T-p=coso - ¢ =cos(90° + ¢) = —sing
g-p=cos(90° — ¢) =sin¢ E qg = cos(¢)

To summarize in table form:

cos¢ | sin¢

—sin¢ | cos ¢

IS RS Y I
[l =N @l IR 3Y

On this basis,

F o= (@ p)p+ (@ D)= cosgp—sin o
y = sin¢ﬁ+cos¢q§
5= 2
with
coSp = —— and Ssing = ————.
N RS

Similarly, it is clear from the table that

COS GT + sin ¢y

>
I

— sin ¢Z + cos ¢y

<>
I

~

z

Q>
|
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4. Position Vector,r, in Cylindrical Coordinates:

The above relationships between unit vectors may now be used to established the
form of the position vector, 7, in cylindrical coordinates. We simply need to determine
the projections of the Cartesian components unto the new unit vectors:

7=

Of course, this result could have easily established geometrically as depicted below:

Z
z

=

It may be noted that any general vector given by A=Ad+ A,y + A.Z may be
transformed to cylindrical coordinates as A = A,p + A(bgz; + A.Z by determining the

projections of A, and A, unto the p and ¢ directions. That is,

— AL A

A=A p)p+ (A 9o+ (A-2)z.

and
Ap=(A-p) = [Ai + Ayl - p
Ay=(A-9)=[A 2+ A9 ¢
A, = A,.
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5. Vector Differential Length in Cylindrical Coordinates:

Recall, in general, if u is a function of v and w, then

ou ou
du = %dv + a—wdw

It is left as an exercise to verify, using partial derivatives and the relationships between

the unit vectors, that di = dL = dzd + dyy + dzZz transforms to

dF = dL = dpp + pdp + dz3

(Remember that both x and y are functions, in general, of p and ¢.) Also, the above
result may be quickly established from simple geometry. Finally, the magnitude of

the differential length is given by

dL = \/dL-dL = \/(dp)? + p*(d¢)? + (d2)2

6. Vector Differential Area and Differential Volume in Cylindrical Coordinates:

Consider the following diagram:

z

We note that

dgp = pdopdzp (vector differential area in p direction)
dSy = dpdz¢  (vector differential area in ¢ direction)
dS, = pdpdpz (vector differential area in Z direction)

It is easily deduced from the above diagram that the differential volume element

in cylindrical coordinates is given by

dv = pdpdpdz )|
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1.2.3 Spherical Polar Coordinates

1. Specification of the coordinate system:

Consider the following illustration in which a general point, P, in space is located

on a spherical surface centred at (0,0,0) of the Cartesian coordinate system.

surface of
constant O

surface of
constant ¢

surface of
constant r

Point P may be specified by the three spherical polar coordinates (we’ll use, simply,

“spherical coordinates” in our terminology) (7,6, ¢). A point is uniquely specified by

the intersection of the following surfaces:

(i.) Concentric spheres centres at the origin and given by

r=/2? +y? + 22 = constant

(ii.) Right circular cones centred on the z-axis (the polar axis) with vertices at the

origin and which are specified by the equation of their polar angle as

z
0 = cos™! (W = constant
Vz+y?+ 2

(iii.) Half planes through the z-axis given by
¢ =tan~! (E) = constant
x
(¢ is the azimuth angle).
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The limits on r, 6 and ¢ are

0<r<oo, 0<O0<m 0<¢p<2rm.

The transformation from spherical to rectangular coordinates may be readily ver-

ified from the geometry as:

x = rsinfcos ¢
y =rsinfsing
z=rcosf

2. Unit vectors in Spherical Coordinates:

Consider the following illustration:

unit vector normal to the spherical
surface and pointing in the direction of
increasing 7.

unit vector tangential to the spherical
surface, along a line of “longitude” as shown
and pointing in the direction of increasing 6.

unit vector tangential to the spherical
surface, perpendicular to the half-plane
¢ = constant and pointing in the
direction of increasing azimuth angle, ¢.

It must be emphasized that the unit vectors 7 and 0 vary in direction as the
angles # and ¢ vary and gg varies with ¢.

Note that

>
>
I
>
D>
I
<
<
I
—_

while
fxézds; éxézf; quf:é.

3. Relationships Between Cartesian and Spherical Unit Vectors:

We'll consider the ideas involved for the specific case of the projection of 7 onto

z, 9, and Z and leave the other cases as an exercise.
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[lustration: Projections of 7 unto the Cartesian unit Vectors:

VA
~.8ing
cose|] /.
N r !
0 l
1/sin 0 sin ¢
o/ y

A consideration of the geometry shows that the projection of # unto z is given as
T -7 =sinfcos¢ .

Similarly,

y-7 =sinfsin¢ and Z-7 = cosf .

We have seen from the cylindrical coordinate discussion that the é projections unto

the Cartesian unit vectors are given by

~ ~

F-p=—sing ; G-dp=cosgp ; 2-d=0

Furthermore, it is not too difficult to set up the geometry which shows that the 0

projections are given by

i-0= cos 6 cos ¢
9 -0 = cosfsin ¢
Z2-0=—sind
To summarize in table form:
. 7 0 10)
Z | sinfcos¢ | cosfcosp | —sin ¢
g | sinflsin¢ | cosfsing | coso
Z cos —sinf 0
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On this basis,

(@M +(y-7)y+ (2-7)2 =sinb cos ¢T + sin O sin ¢y + cos 02

>
I

>
I

cos 0 cos ¢ + cos 0 sin ¢y — sin 02

é = —sinfz + cos Oy

wxx[t is left as an exercise to similarly determine Z, g, and 2 in terms of the spherical
polar coordinate unit vectors.

Note that by definition 7 = r7. This may be arrived at algebraically by using *x
and the fact that 7= 2 + yy + 22 — i.e. this is a way of verifying the “correctness”
of the *x exercise.

As another exercise, x*x may be used along with the appropriate partial derivatives

to show that the vector differential length is given by

di = dr# + rdff + r sin 0doo
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4. Vector Differential Area and Differential Volume in Spherical Coordinates:

Consider the following diagrams:

Z

rsinéd¢

Differential Area

We note from the geometry that

dS, = r2sin dfd¢r  (vector differential area in 7 direction)
dSy = rsinfdrdpf  (vector differential area in 6 direction)
dSy = rdrdfeo (vector differential area in ¢ direction)

Differential Volume

It is easily deduced from the following diagram that the differential volume element

in spherical coordinates is given by

dv = r?sin Odrdfdgo
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