Partial Solutions of ENGI 6813 Assignment 3, Fall 09
1.
8.20. A solid conductor of cireular cross-section with a radius of 5 mm has a. conductivity that varies

with radins. The conductor is 20 m long and there is a potential diffsrence of 0.1 V de betwesn
ita two ends. Within the conductor, H = 10:';72&‘_5 Afm.

a) Find o a= a function of g Start by finding J from H by tsking the curl. With H
gdirected, and varying with radius cnly, the eurl becomes:
1d 14d
JI=VxH= ;d_ﬂ(P-Hé) a; = S [10’,93} a, =3 % 10%pa, .l’L,l"l:n2
Then use Ohm’s law in point form to get the conductivity.
b) Find / using J and then determine R from the usual form of Ohm’s law.

2.

B.26. Let G = 15ray.
a) De‘ta\rminefC-dem'theci:cula.rpathr:!l,ﬁ'=25°_.05¢52ﬂ':

j( G.dL— j; T 15(5)ay - a(5) sin(25") dé — 2n(375) sin(25°) — 9058

b) Get curl of G and use vector differential surface dS; to do the appropriate right hand
side integral of Stokes’ law. The value of this integral should again be 995.8.

3. Solution not given.

4.

8.34. A filamentary conductor on the z axis carries a current of 16A in the a; direction, a conducting
shell at p = 6 carries a total current of 124 in the —a, direction, and ancther shell at p =10
carries a total current of 4A in the —a; direction.

a) Find H for 0 < p = 12: Ampere's circuital law states that fI-I L = Topa, where the
line integral and current direction are related in the usual way through the right hand
rule. Therefore, if I is in the positive = direction, H is in the ay direction. We procesd
as follows:

U0<p=t: ?WID.H“=1'5 = H=15,|"(E'ﬂ'p)nd
G<p=10: 2mpHy =16-12 = H = 4/(2xp)ay
p=10: 2ZmpHy=16-12-4=0 = H=0

8.34b) Plot He vs. p:
Problem 8.34
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¢) Find the total flux @ crossing the surface 1 <p< 7, 0 <z< 1: Integrate using a dpdz surface
integral to get 5.9 yWhb.



5.

9.1. A point charge, @ = —0.3uC and m =3 x 10-1% kg is moving through the field E = 30a; V/m.
Use Eq. (1) and Newton's laws to develop the appropriate diffsrential equations and sclve them,
subject to the initial conditions at £ = 0: v = 3 x 10° a, m/s at the origin. At t = 3 s, find:

a) the position P(x, y, ) of the charge: The force on the charge is given by F = gE, and Newton's

second law becomes:

F=ma =m§; =gE = (—0.3 x 107%){30a.)

describing motion of the charge in the z direction. The initial velocity in = is constant, and
so0 no fores i= applied in that direction. We integrate once:

dz gE
E="’=F!+Cl

The initial velocity along z, vz(0) is zero, and so € = (. Integrating a second time yields the
z coordinate:

g=§t”+c\;
The charge lies at the origin at £ =0, and s0 €3 = 0. Introducing the given values; we find

L (03 10-6)(30) 5 _

323 1018 —1.5 x 101042 m
® 3 = 10—

Att=3ps z=—(15x 1010)[3 ® 1[:!“3]g = —.136 em. Now, considering the initial constant
velocity in =, the charge in 3 gs attains an = coordinate of x — vt = (3 10%)(3x10-%) = .00 m.
In summary, at t = 3 ga we have P(z,y, =} = (90,0, —.135).

k) the welocity, v: After the first integration in part a, we find

v = T (3510103 % 1075) = —0 % 10 m/s
e

Including the intial z-directad velocity, we finally obtain v =3 » 10°a, — 9 x 10%, m/s.
c} the kinetic energy of the chargs: Hawve

1 1
KE. = §m|u|’ =3(3x 10718)(1.13 x 10%? = 1.5 x 10° T

6.

9.3. A point chargs for which @ =2 x 10-1% C and m = 5 x 10~ kg is moving in the combined fislds
E = 100a, — 2008, 4 300a, '\l"l,lrr::l.l.l.xldB=—1le|..+2n”—a5 mT. If the charge velocity at £ =01 is

v{0) = (28, — 3a, — 48;) % 10° m/s:
a} eive the unit vector showine the direction in which the charee is acceleratine at t = 0: Use

the force vector F (after finding it using the electric and magnetic fields); since this is
the direction of the acceleration vector, it is simple to find a unit vector in this
direction.

9.5. A rectangular loop of wire in fres space joins points 4(1,0,1) to B(3,0,1) to C(3,0,4) to D(1,0,4)
to A. The wire carries a current of 6 mA, Aowing in the a, direction from B to €. A filamentary
current of 15 A flows along the entire = axis in the a; direction.

a) Find F on side BC:

c
Fac =f TieapdLs % Bfremwirest BC
B
Thus

15‘10
Fgo = [(6 % 10— dz &, x ma, =—1.8 x 10~¥%a, N = —18a, nN

¢} Find Figto on the loop: This will be the vector sum of the forces on the four sides. Note that
by symmetry, the forces on sides AR and ') will be equal and opposite, and so will cancal.

The total force is then Fygeq = Fpa +Foo = (54 — 18)ay = 36a, N



8.

9.7. Uniform current sheets are located in free space as follows: 8a; A/m at y =0, —da; Afm at y =1,
and —4a; Af/m at y = —1. Find the vector force per meter length exerted on a current filament
carrying T mA in the ay direction if the filament is located at:

a) =10, y=0.5, and ar = a;: We first note that within the region —1 = y < 1, the magnetic
fields from the two cuter shests (carrying —4a: A /m) cancel, leaving only the field from the
center sheet. Therefore, H = —d.BEAlfm (D <y < 1) and H = -d.n,A,'m [—'l <y < U:L
Outside (y > 1 and y < —1) the fields from all three shests cancel, leaving H = 0 (y = 1,
y < —1). Boat =0, y = .5, the force per meter length will be

F/m=Ia: x B = (T % 107 ")a: »x —4poar — —35.28y oN/m
b.] y=0.5 =0, and ar = ag: Ffm:.!'a, o —dppay = 0.

¢} # =0, y= 1.5, a;, =a,: Since y = 1.5, we are in the region in which B =0, and so the force
is zero.

9.

9.18. Calculate the vector torque on the square loop shown in Fig. 9.16 about an origin at A in the field
B, given:
a} A{0,0,0) and B = 100a, mT: The field is uniform and so0 does not produce any translation
of the loop. Therefore, we may use T = IS8 x B about any orgin, where I = 0.6 A and
S = 16a; m®. We find T = 0.6(16)a; » 01008y = —0.96a, N—m.

b} A(0,0,0) and B = 200a, + 100a, mT: Using the same reasoning as in part a, we find

T = 0.6(16)a, » (0.2008, +0.100a,) = —0.96a, +1.92a, N—m

¢} A(1,2,3) and B = 200a, + 100a, — 300a;, mT: We cbserve two things here: 1) The field is
again uniform and so again the torque is independent of the origin chosen, and 2) The fiald
differs from that of part b only by the addition of a z component. With S in the = direction,
this new component of B will produce no torque, so the answer is the same as part b, or

T = —0.96ar + 1.92ay N—m.

d) 4(1,2,3) and B = 200a; + 100ay — 300a; mT for = > 2 and B = 0 elsewhers: Now, force is
acting only on the y-directad segment at = = 42, s0 we need to be careful, since translation
will cecur. So we must use the given origin. The differential torque acting on the differential
wire segment at location (2,5) is T = R(y) = dF, where

dF = IdL » B = 06dyay  [0.2a, +0.1a, — 0.3a,] = [-0.18a, — 0.12a,|dy
and Riy) = (2,4,0) — (1,2,3) = az + (y — 2y — 3a.. We thus find

dT = R(y) x dF = [ay + (v — 2)ay — 3a;] » [-0.18a; — 0.12a, |dy
= [-0.12{y — 2)az + 0.66ay + 0.18{y — 2)a:] dy

The net torque is now

T= f 2 [~0.12(y — 2)a, + 0.66a, +0.18(y — 2)a,] dy = 0.96a, +2.64a, — 1.44a, N—m
10.

0.23. Calculate values for Hy, By, and My at p = c for a coaxial cable with a = 2.5 mm and b =6 mm
if it carries current I = 12 A in the canter conductor, andp:ﬂpﬂfmfﬂr?.ﬂc:pﬁlﬁmm.'
p="5pH/m for 3.5 < p < 4.5 mm, and p = 10 gH/m for 4.5 < p < 6 mm. Compute for:

a} ¢ =3 mm: Hawve

I 12

H =—=

* T Orp 2n(3 = 10-9)

Then By = pH, = (3 x 10-%)(637) = 1.91 x 10~ Wh/m?.

=637 A/m

11.

9.27. Let ptpy =2 in region 1, defined by 22+ 3y—42 = 1, while gipg = 5 in region 2 where 224+ 3y—dz < 1.
In region 1, Hy = 50a, — 30a, 4 20a; Afm. Find:
a} Hy1 (normal component of Hy at the boundary): We first need a unit vector normal to the



the gradient of surface f(x,y,z)=2x + 3y —4z. Then, the normal component of H
is simply the dot product of H with this unit normal multiplied by the unit normal
with the answer being —4%. —724a, +966a; A/m
(b) the tangential component of H is simply the difference between H and its normal
component.




