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∇⃗× 𝐸⃗
˜

= −∂𝐵⃗˜∂𝑡 ; ∇⃗ ⋅ 𝐷⃗
˜

= 𝜌
˜
𝑣 ; ∇⃗×𝐻⃗

˜
= 𝐽

˜
+
∂𝐷⃗

∂̃𝑡
; ∇⃗ ⋅ 𝐵⃗

˜
= 0 ; 𝐷⃗

˜
= 𝜖𝐸⃗

˜
; 𝐵⃗

˜
= 𝜇𝐻⃗

˜

𝜖0 = 8.854×10−12 ≈ 10−9

36𝜋
F/m ; 𝜇0 = 4𝜋×10−7 H/m ; 𝜖 = 𝜖0(1+𝜒𝑒) ; 𝜇 = 𝜇0(1+𝜒𝑚)

𝐷⃗
˜

= 𝜖0𝐸⃗
˜

+ 𝜖0𝜒𝑒𝐸⃗
˜

= 𝜖0𝐸⃗
˜

+ 𝑃⃗
˜

; 𝐵⃗
˜

= 𝜇0𝐻⃗
˜

+ 𝜇0𝜒𝑚𝐻⃗
˜

= 𝜇0(𝐻⃗
˜

+ 𝑀⃗
˜

)

∇⃗ ⋅ 𝐽
˜

= −∂𝜌𝑣
∂̃𝑡

; 𝐽
˜
𝑐𝑛𝑣 = 𝜌

˜
𝑣𝑣⃗ ; 𝐽

˜
= 𝜎𝐸⃗

˜
; 𝐴⃗

˜
(𝑟⃗, 𝑡) ≡ 𝐴⃗

˜
= ℛ𝑒

{
𝐴⃗𝑒𝑗𝜔𝑡

}

𝐹 = 𝑄(𝐸⃗ + 𝑣⃗ × 𝐵⃗) ; 𝑣𝑝 =
1√
𝜇𝜖

; 𝑐 =
1√
𝜇0𝜖0

; 𝑐 = 3 × 108 m/s ; 𝑣𝑝 = 𝑓𝜆

𝑘 =
2𝜋

𝜆
= 𝜔

√
𝜇𝜖 ; 𝑗𝑘 = 𝛼 + 𝑗𝛽 ; 𝛽 =

2𝜋

𝜆
; 𝜂 =

√
𝜇

𝜖
; 𝜂0 =

√
𝜇0

𝜖0
; 𝜂0 ≈ 120𝜋 Ω

∇⃗ × 𝐸⃗ = −𝑗𝜔𝐵⃗ ; ∇⃗ ⋅ 𝐷⃗ = 𝜌𝑣 ; ∇⃗ × 𝐻⃗ = 𝐽 + 𝑗𝜔𝐷⃗ ; ∇⃗ ⋅ 𝐵⃗ = 0

𝐸⃗(𝑟⃗) = −∇⃗Φ(𝑟⃗) ; Φ(𝑟⃗) = 𝑉 (𝑟⃗) =
∫
𝑣′

𝜌𝑣(𝑟⃗
′)𝑑𝑣′

4𝜋𝜖∣𝑟⃗ − 𝑟⃗′∣ ; ∇⃗2
Φ = −𝜌𝑣

𝜖

𝐴⃗(𝑟⃗) =
∫
𝑣′

𝜇0𝐽(𝑟⃗′)𝑑𝑣′

4𝜋∣𝑟⃗ − 𝑟⃗′∣ = 𝜇0𝐽(𝑥, 𝑦, 𝑧)
∗
3𝑑

1

4𝜋∣𝑟⃗∣

∇⃗2
Φ + 𝑘2Φ = −𝜌𝑣

𝜖
; ∇⃗ ⋅ 𝐴⃗ = −𝑗𝜔𝜇𝜖Φ ; 𝐴⃗(𝑟⃗) =

∫
𝑣′

𝜇0𝐽(𝑟⃗′)𝑒−𝑗𝑘∣𝑟⃗−𝑟⃗
′∣𝑑𝑣′

4𝜋∣𝑟⃗ − 𝑟⃗′∣

Φ(𝑟⃗) =
∫
𝑣′

𝜌𝑣(𝑟⃗
′)𝑒−𝑗𝑘∣𝑟⃗−𝑟⃗

′∣𝑑𝑣′

4𝜋𝜖∣𝑟⃗ − 𝑟⃗′∣ ; ∇⃗2
𝐸⃗ + 𝑘2𝐸⃗ = 0

𝐸⃗ = −𝑗𝜔𝐴⃗− 𝑗

𝜔𝜇𝜖
∇⃗(∇⃗ ⋅ 𝐴⃗) ; 𝜂 =

𝐸𝜃

𝐻𝜙

; ℱ(𝜔)𝑒−𝑗𝜔𝑎 ⇔ 𝑓(𝑡− 𝑎)

𝒫̃⃗ =
1

2
ℛ𝑒

{
𝐸⃗ × 𝐻⃗∗}+1

2
ℛ𝑒

{
𝐸⃗ × 𝐻⃗𝑒𝑗2𝜔𝑡

}
; 𝒫⃗𝑎 =

1

2
ℛ𝑒

{
𝐸⃗ × 𝐻⃗∗} ; 𝒫⃗𝑎 =

1

2𝜂
∣𝐸⃗∣2𝑟 .

𝑈 =
𝑑𝑃𝑟
𝑑Ω

=
1

2
𝑟2ℛ𝑒

{
𝐸⃗ × 𝐻⃗∗} ⋅ 𝑟 ; 𝑈0 =

𝑃𝑟
4𝜋

; 𝐷(𝜃, 𝜙) =
𝑈(𝜃, 𝜙)

𝑈0

=
𝑑𝑃𝑟/𝑑Ω

𝑃𝑟/4𝜋

𝐺(𝜃, 𝜙) = 4𝜋
𝑈(𝜃, 𝜙)

𝑃in
; 𝐺(𝜃, 𝜙) = 𝜀𝑟𝐷(𝜃, 𝜙) ; EIRP = 𝑃in𝐺max ; 𝜀𝑟 =

𝑅𝑟

𝑅𝑟 +𝑅𝐿

𝐼(𝑧′) = 𝐼0 sin

[
𝑘

(
ℓ

2
− ∣𝑧′∣

)]

𝐸⃗(𝑟⃗) = 𝐸𝜃𝜃 =
𝑗𝜂𝐼0𝑒

−𝑗𝑘𝑟

2𝜋𝑟

⎡
⎣cos

(
𝑘ℓ
2

cos 𝜃
)
− cos

(
𝑘ℓ
2

)
sin 𝜃

⎤
⎦ 𝜃

𝐻⃗(𝑟⃗) = 𝐻𝜙𝜙 =
𝑗𝐼0𝑒

−𝑗𝑘𝑟

2𝜋𝑟

⎡
⎣cos

(
𝑘ℓ
2

cos 𝜃
)
− cos

(
𝑘ℓ
2

)
sin 𝜃

⎤
⎦𝜙 .

𝜌 𝜙 𝑧
𝑥̂⋅ cos𝜙 − sin𝜙 0
𝑦⋅ sin 𝜙 cos𝜙 0
𝑧⋅ 0 0 1

𝑟 𝜃 𝜙
𝑥̂⋅ sin 𝜃 cos𝜙 cos 𝜃 cos𝜙 − sin𝜙
𝑦⋅ sin 𝜃 sin𝜙 cos 𝜃 sin𝜙 cos 𝜙
𝑧⋅ cos 𝜃 − sin 𝜃 0

𝜙 = tan−1
(
𝑦

𝑥

)
; 𝜃 = cos−1

(
𝑧

∣𝑟⃗∣
)

; 𝑑Ω = sin 𝜃𝑑𝜃𝑑𝜙

𝑟⃗ = 𝜌 𝜌+ 𝑧 𝑧 ; 𝑑𝐿⃗ = 𝑑𝑟⃗ = 𝑑𝜌𝜌+ 𝜌𝑑𝜙𝜙+ 𝑑𝑧𝑧 ; 𝑑𝑟⃗ = 𝑑𝑟𝑟 + 𝑟𝑑𝜃𝜃 + 𝑟 sin 𝜃𝑑𝜙𝜙

∇⃗𝜑 =
∂𝜑

∂𝜌
𝜌+

1

𝜌

∂𝜑

∂𝜙
𝜙+

∂𝜑

∂𝑧
𝑧 ; ∇⃗𝜑 =

∂𝜑

∂𝑟
𝑟 +

1

𝑟

∂𝜑

∂𝜃
𝜃 +

1

𝑟 sin 𝜃

∂𝜑

∂𝜙
𝜙

∇⃗ ⋅ 𝐴⃗ =
1

𝜌

∂(𝜌𝐴𝜌)

∂𝜌
+

1

𝜌

∂𝐴𝜙

∂𝜙
+
∂𝐴𝑧

∂𝑧
; ∇⃗ ⋅ 𝐴⃗ =

1

𝑟2
∂(𝑟2𝐴𝑟)

∂𝑟
+

1

𝑟 sin 𝜃

∂(𝐴𝜃 sin 𝜃)

∂𝜃
+

1

𝑟 sin 𝜃

∂𝐴𝜙

∂𝜙



∇⃗ ⋅ ∇⃗𝜑 =

(
∂2𝜑

∂𝑥2
+
∂2𝜑

∂𝑦2
+
∂2𝜑

∂𝑧2

)
= ∇⃗2𝜑 ; ∇⃗ ⋅ ∇⃗Φ = −𝜌𝑣

𝜖
; ∇⃗2Φ = 0

∇⃗2𝐴⃗ =

[
∂2

∂𝑥2
+

∂2

∂𝑦2
+

∂2

∂𝑧2

] (
𝐴⃗
)

;
∮
𝑆
𝐴⃗ ⋅ 𝑑𝑆⃗ =

∫
vol

∇⃗ ⋅ 𝐴⃗ 𝑑𝑣 ;
∮
𝐶
𝐴⃗ ⋅ 𝑑𝐿⃗ =

∫
𝑆

(
∇⃗ × 𝐴⃗

)
⋅ 𝑑𝑆⃗

𝑑𝑆⃗𝑟 = 𝑟2 sin 𝜃𝑑𝜃𝑑𝜙𝑟 ; 𝑑𝑆⃗𝜃 = 𝑟 sin 𝜃𝑑𝑟𝑑𝜙𝜃 ; 𝑑𝑆⃗𝜙 = 𝑟𝑑𝑟𝑑𝜃𝜙 ; 𝑑Ω =
𝑑𝑆

𝑟2
= sin 𝜃𝑑𝜃𝑑𝜙

∇⃗ × 𝐴⃗ =
1

𝜌

∣∣∣∣∣∣∣
𝜌 𝜌𝜙 𝑧
∂
∂𝜌

∂
∂𝜙

∂
∂𝑧

𝐴𝜌 𝜌𝐴𝜙 𝐴𝑧

∣∣∣∣∣∣∣ ; ∇⃗ × 𝐴⃗ =
1

𝑟2 sin 𝜃

∣∣∣∣∣∣∣
𝑟 𝑟𝜃 𝑟 sin 𝜃𝜙
∂
∂𝑟

∂
∂𝜃

∂
∂𝜙

𝐴𝑟 𝑟𝐴𝜃 𝑟 sin 𝜃𝐴𝜙

∣∣∣∣∣∣∣
∣AF∣ =

∣∣∣∣∣∣
sin

(
𝑀Ψ
2

)
sin

(
Ψ
2

)
∣∣∣∣∣∣ ; Ψ = 𝛽 + 𝑘𝑑 cos𝛼 ; 𝑀Ψ = ±(2𝑖+ 1)𝜋 , 𝑖 ∈ N

𝑀Ψ

2
= ±𝑖𝜋 , 1 ∈ N (but 𝑖 ∕= 𝑀, 2𝑀, 3𝑀, . . .) ; BW1/2 = 2Δ𝜙1/2 =

2.65𝜆

𝜋𝑀𝑑

sin 𝜃 =
𝑒𝑗𝜃 − 𝑒−𝑗𝜃

2𝑗
; cos 𝜃 =

𝑒𝑗𝜃 + 𝑒−𝑗𝜃

2
; sin

(
𝜃

2

)
= ±

√
1− cos 𝜃

2

sin(𝑎± 𝑏) = sin 𝑎 cos 𝑏± cos 𝑎 sin 𝑏 ; cos(𝑎± 𝑏) = cos 𝑎 cos 𝑏∓ sin 𝑎 sin 𝑏

𝐷(𝜙) ≈ 𝑀𝑘𝑑

𝜋

⎡
⎣sin

(
𝑀𝑘𝑑
2

cos𝜙
)

𝑀𝑘𝑑
2

cos𝜙

⎤
⎦
2

; cos

(
𝜃

2

)
= ±

√
1 + cos 𝜃

2

𝐷(𝜙) ≈ 2𝑀𝑘𝑑

𝜋

⎡
⎣sin

(
𝑀𝑘𝑑(cos𝜙−1)

2

)
𝑀𝑘𝑑(cos−1)

2

⎤
⎦
2

; BW1/2 = 2Δ𝜙1/2 = 3.26

[
𝜆

𝜋𝑀𝑑

]1/2

∣AF∣ = 2𝑁
∣∣∣∣∣cos𝑁

(
𝑘𝑑 cos𝜙

2

)∣∣∣∣∣ ;

(
𝑁
𝑛

)
=

𝑁 !

(𝑁 − 𝑛)!𝑛!
;

tan𝛽

𝛽
= 2 − 2𝛽

𝑘ℓ

𝑅𝑟 =
𝜂

4𝜋
[0.5772 + ln(2𝜋𝑛) − 𝐶𝑖(2𝜋𝑛)] ; 𝑋 =

𝜂

4𝜋
𝑆𝑖(2𝜋𝑛)

𝑅21 =
𝜂

4𝜋
[2𝐶𝑖(𝑣0) − 𝐶𝑖(𝑣1) − 𝐶𝑖(𝑣2)] ; 𝑋21 = − 𝜂

4𝜋
[2𝑆𝑖(𝑣0) − 𝑆𝑖(𝑣1) − 𝑆𝑖(𝑣2)]

𝑣0 = 𝑘𝑑 ; 𝑣1 = 𝑘
(√

𝑑2 + ℓ2 + ℓ
)

; 𝑣2 = 𝑘
(√

𝑑2 + ℓ2 − ℓ
)

𝐺 =
4𝜋

𝜆2
𝐴𝑒 ; 𝐴𝑒 = 𝜀𝑎𝑝𝐴𝑝 ; 𝑃𝑟 =

[
𝐺𝑡𝐺𝑟𝜆

2

(4𝜋𝑟)2

]
𝑃𝑡

𝐴⃗(𝑟⃗) =
𝜇𝑒−𝑗𝑘𝑟

4𝜋𝑟
𝑁⃗ ; 𝑁⃗ =

∫ ∫
𝑆
𝐽𝑠(𝑟⃗

′)𝑒𝑗𝑘𝑟
′ cos𝜓𝑑𝑆 ′

𝐹 (𝑟⃗) =
𝜖𝑒−𝑗𝑘𝑟

4𝜋𝑟
𝐿⃗ ; 𝐿⃗ =

∫ ∫
𝑆
𝑀⃗𝑠(𝑟⃗

′)𝑒𝑗𝑘𝑟
′ cos𝜓𝑑𝑆 ′

𝐸⃗𝐴 = −𝑗𝜔
[
𝐴𝜃𝜃 + 𝐴𝜙𝜙

]
; 𝐻⃗𝐴 =

𝑗𝜔

𝜂

[
𝐴𝜙𝜃 −𝐴𝜃𝜙

]

𝐸⃗𝐹 = 𝑗𝜔𝜂
[
−𝐹𝜙𝜃 + 𝐹𝜃𝜙

]
; 𝐻⃗𝐹 = −𝑗𝜔

[
𝐹𝜃𝜃 + 𝐹𝜙𝜙

]


