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1. Vector Fields and the Gradient Operator 
 
In this chapter, a review of vectors from previous courses is followed by the introduction 
of lines of force.   The gradient operator is extended to divergence, curl and Laplacian in 
both Cartesian and general orthonormal curvilinear coordinate systems.   Conversion of 
components of vectors between Cartesian and other coordinate systems is also covered. 
 
 
Contents of this Chapter: 
 
1.1 Review of Vectors 
1.2 Lines of Force    
1.3 The Gradient Vector    
1.4 Divergence and Curl  
1.5 Conversions between Coordinate Systems 
1.6    Basis Vectors in Other Coordinate Systems 
1.7    Gradient Operator in Other Coordinate Systems 
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1.1 Review of Vectors 
 
This first section is a brief review of concepts that were introduced during terms 1 and 2. 
 
The displacement vector of a particle can be represented in Cartesian components by  

( ) ( ) ( ) ( ), ,t x t y t z t=rK  
where  t  is a parameter  (time or angle or distance along a curve, etc.) 
 
The distance of the particle from the origin at any value of t is given by the scalar 
function  

( ) ( ) ( )( ) ( )( ) ( )( )2 2
r t t x t y t z t= = + +rK

2
 

 
Note the various alternative conventions for a vector and its magnitude:  

and r≡ ≡ ≡ ≡r r r r rK K K  
 
 
 
Scalar product (dot product): 
 
 cosuv θ=u vK Ki  
 
The component of vector   uKKin the direction of vector  is v
 
 ˆ cosvu u θ= =u vKi  
 

0 or or= ⇒ = = ⊥u v u 0 v 0 u v
K KK K K K Ki K  ("uK  at right angles to vK ") 

 
The scalar product is commutative: 
 K K ,= ∀v u u v u vK K K Ki i  
 
Vector product (cross product): 
 
The vector product of two vectors uK , vK  is in  
a direction n  at right angles to both ˆ uK  and vK . 
 
 ( ) ˆsinuv θ=u v nK K×  
The area of the parallelogram is 
 
 A = u vK K×    and   ˆsinh u θ= = u vK ×  
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The orientation of the plane containing vectors uK  and vK  is defined by the direction of the 
vector product . =n uK K K× v
 

or or= ⇒ = =u v 0 u 0 v 0 u v
K K KK K K K K K&×  ("uK  parallel to vK ") 

 
The vector product is anti-commutative: 
 

≡ − ⇒ ≡v u u v v v 0
KK K K K K K× × ×  

 
 
The product rule of differentiation is valid for scalar and vector products: 
 

( )d d
dt dt dt

= +
u vu v v u
K KK K K Ki i id  and 

( )d d d d
dt dt dt dt dt

= + = − +
u v uu v v u v u
K K KK K K K K K× × × × ×

d vK  

 
 
Example 1.1.1   
 
For the vectors 4, 3, 2=uK  and 2, 1, 2= − −vK  
find , , ,vu θu v u vK K K Ki × (= the angle between uK  and vK ) 
and the equation of the plane parallel to uK  and vK  that passes through the origin. 
 
 

( ) ( ) ( )

16 9 4 29

4 1 4 3

4 2 3 1 2 2 1

1ˆ
3v

u

v

u
v

= = + + =

= = + + =

= + − + − =

= = =

u

v

u v

u vu v

K

K

K Ki
K KiKi

 

 
ˆ ˆ ˆ

4 3 2 4,12, 10 2 2, 6, 5
2 1 2

= = − − = −
− −

i j k
u v

n

K K −��	�
K
×  

1cos 0.0619 86.5
3 29uv

θ θ= = ≈ ⇒ ≈
u vK Ki

°  
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Example 1.1.1  (continued) 
 
A normal to the plane is 2, 6, 5= −nK . 

A point on the plane is 0, 0, 0 0= ⇒a aK Ki =nK . 
The equation of the plane is 2 6 5x y z 0= ⇒ − + =r n a nK K K Ki i  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The arc length  s  is the distance travelled along the curve.   It is related to the 
displacement vector  r  by 

ds d
dt dt

=
rK  

The distance along a curve between two points whose parameter values are  t0 and  t1   is 
2 2 21 1 1

0 0 0

t t t

t t t

ds dx dy dzL ds dt
dt dt dt dt

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠∫ ∫ ∫ dt  

 
A unit vector û  has a magnitude of 1:   | û | = 1 
Any non-zero vector  r  can be decomposed into its magnitude  r  and its direction:  

ˆ , where 0r r≡ ≡r r rK K >  
 
The unit tangent at any point on the curve is  

l d d d
dt dt ds

= ÷ =
r rT rK K K
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The unit principal normal at any point on the curve is 

l l l ld d d
ds dt dt

ρ= = ÷
T TN T  

where  ρ  =  radius of curvature   (SI units: metre) 
   κ  =  curvature   (SI units: m−1) 

1and ρ
κ

=  

Of all circles that touch a curve on the “inside” at a particular point (and which therefore 
all share the same unit tangent vector [or its negative] there), the one whose radius is  ρ  
is the best fit to that curve at that point.   In general, curvature varies along most curves. 
  
At points of inflexion,  κ  =  0 
 

 
The unit binormal is  

l l l= ×B T N  
The three vectors form an orthonormal set (they are mutually perpendicular and each 
one is a unit vector; that is, magnitude = 1) 
 

 
 
l constant= ⇒B     
         the curve lies entirely in one plane (the plane defined by ). ˆ ˆandT N
 
Note that  are undefined at points of inflexion. ˆ andN B̂
All three unit vectors are undefined where the curve suddenly reverses direction, 
(such as at a cusp). 
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Velocity and Acceleration   
 
If the parameter  t  is the time, then the velocity of a particle [a vector function] is  

( ) dt
dt

=
rv
KK  

and its speed [a scalar function] is  

( ) ( ) d dv t t
dt dt

= = =
rv sKK  

and 
lv=v TK  

 
The acceleration [vector] is  

( ) l l
2 2 2 2

2 2 2 2, , T N
d d d x d y d zt a
dt dt dt dt dt

= = = = +
v ra T a N

KKK  

where 
ˆ

T
dva
dt v

= = =
v aa T
KKiKi  

and 
2 2 2 ˆ

N Ta v a a
v

κ
×

= = − = =
v a

a N
KK

Ki  
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Example 1.1.2  
 
The equation of a curve in  is given parametrically by 3\

�sin cost te t e t= − +r i j kK � �  
l l lFind , , , , , , , , .T Nv a a κv a T N BK K  

Show that the curve lies entirely in one plane and find the equation of that plane. 
 
 
Let   c = cos t  and  s = sin t  then   , 1,t te s e c= −rK  
 

( ) ( ), 0,t td e s c e c s
dt

⇒ = = + −
rv
KK  

 

( ) ( )2 22 2 2 20 2t tv e s c c s e s sc c c sc s⇒ = + + + − = + + + − + 22  

2tv e∴ =  
 

2ˆ , 0,
2

s c c s
v

= = + −
vT
K

 

( ) ( ), 0, 2 , 0,t td e s c c s c s s c e c s
dt

= = + + − − − − = −
va
KK  

( )2 2T
t tdv da e

dt dt
= = = e  

OR 

( ) ( )( )2 2

2ˆ 2 , 0, , 0,
2

2 0 2

T
t

t t

a e c s s
v

e sc c cs s e

= = = − + −

= + + + − + =

v a a T
KKi Ki i c c s
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Example 1.1.2   (continued) 
 

( )( )22 2 24 2 4 2N T
t ta a a e c s e e= − = + − − = − = 2t  

OR 

( ) ( )
ˆ ˆ ˆ

1 det 0
2 0 2

N
t t

t t
a e s c

v v
e c e s

⎡ ⎤
⎢ ⎥

= = + −⎢ ⎥
⎢ ⎥−⎣ ⎦

i j k
v aKK ×

e c s  

 ( )2 2
2

21 20, 2 , 0 2
2

t
t t

t
ee c cs s sc e

v e
= − + + = =  

 

( )22

2 2 1 2
22

N
t

t t
t

a e e e
v e

κ ρ
κ

−= = = ⇒ = =  

OR   evaluate κ  from 

 2 3
Na

v v
κ = =

v aKK ×
 

 
ˆ 2 , 0,

2
d c s s c
dt

= − − −
T  

2 2 2 2
ˆ 2 22 2

2 2
d c cs s s sc c
dt

⇒ = − + + + + =
T 2 1=  

ˆ ˆ 2ˆ , 0,
2

d d c s s c
dt dt

⇒ = ÷ = − − −
T TN  

OR 

( )1ˆ ˆ ˆ
T N T

N

a a a
a

= + ⇒ = −a T N N aK K T̂  

( )1 2 12 , 0, 2 , 0, 2 , 0, 2
22 2

t t
t e c s e s c c s c s c s c s

e
⎛ ⎞

= − − + − = − − −⎜ ⎟⎜ ⎟
⎝ ⎠

− +  

2ˆ , 0,
2

c s s c⇒ = − − −N  
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Example 1.1.2   (continued) 
 

( )

2 ˆ ˆ ˆ
2ˆ ˆ ˆ det 0

2
0

s c c s
c s s c

⎡ ⎤
⎛ ⎞ ⎢ ⎥

= = + −⎜ ⎟ ⎢ ⎥⎜ ⎟
⎝ ⎠ ⎢ ⎥− − +⎣ ⎦

i j k
B T N×  

( )2 2 2 21 10, 2 2 , 0 0, 2, 0
2 2

c cs s s sc c= − + + + + =  

ˆˆ∴ =B j  

 
ˆ

0d
ds

τ⇒ = ⇒ =
B 0

K
    

where  τ  is the torsion (the measure of the rate at which the curve is twisting out of the 
plane defined by ). ˆ ˆandT N
 
τ  = 0   ⇒   the curve lies in one plane, with plane normal  ˆˆ= =n B jK . 
 
A the parameter  t = 0:  point on the curve can be found by setting 
( )0 0, 1,1 "= − =r aK K"  

The equation of the plane containing the curve is  
( ) ( ) ( )0 1 0 0 0 1 1 0 1x y z= ⇒ + + = + − +n r n aK K K Ki i  

1y⇒ = −  

 
 
 
 
 
 
 
 
 
 
 
Frenet-Serret formulæ:   

l l1. d
ds

κ=
T N  

l l l2. d
ds

τ κ= −
N B T  

l l3. d
ds

τ= −
B N  

The proofs are in Problem Set 1.
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1.2 Lines of Force    
 
A vector function of  n  variables in ún is a vector field.  
 
F(x, y, z)  =  + f1(x, y, z),  f2(x, y, z),  f3(x, y, z) , 
(and the  fi  form scalar fields). 
The domain must be defined.   If not explicitly mentioned, the domain is assumed to be 
all of that part of ún for which all of the scalar fields  fi  are defined. 
 
A vector field defines a vector  F  at each point in the domain. 
If these vectors are tangents to a family of curves, then those curves are  
streamlines or flow lines or lines of force.  
 

 
 
Let  F(x, y, z)  be a vector field to a family of lines of force  r(x, y, z).   Then  
 

( )ˆ d d k s
d s d s

= ⇒ =
r rT F F
K KK K
&  

where k is some scalar. 
 

( ) ( ) ( ) ( ) ( ) ( )1 2 3, , , ,x s y s z s k f s f s f s′ ′ ′⇒ =  
 

1 2, ,dx dy dzk f k f k f
ds ds ds

⇒ = = = 3  

 
 

( )
1 2 3

dx dy dzk ds
f f f

⇒ = = =  

 
(provided  f1, f2, f3 are all non-zero). 

1 0 0 constant , etc.dxf x
ds

⎡ ⎤≡ ⇒ ≡ ⇒ ≡⎢ ⎥⎣ ⎦
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Example 1.2.1   
 
Find the lines of force associated with the vector field   2, 0,ze x= −F  
and find the line of force that passes through the point (4, 2, 0). 
 
 

( )ˆ d d k s
d s d s

= ⇒ =
r rT F
K KK K
& F  

2, 0 , azdx dy dzk e k x y A
ds ds ds

= = = − ⇒ = nd  

 
2

2
z

z
dx dzk ds x dx e dz
e x

= = ⇒ − =
−

 

3
2

3
z zxx dx e dz B e⇒ − = ⇒ − + =∫ ∫  

( )31
3lnz B x⇒ = −  

The lines of force are therefore 
( ) ( )31

3, , , , lnx y z x A B x= −rK  

 
We want the line of force through (4, 2, 0) 

( ) 064 64
3 34, , ln 4, 2, 0 2 and 1A B A B e⇒ − = ⇒ = − = =  

64 67
3 31B⇒ = + =  

The required line of force is  

( )
367, , , 2, ln

3
xx y z x

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
rK  

( )3for 67 onlyx <  
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Example 1.2.2   
 
Find the lines of force associated with the vector field   2 , 2 , 1x y= −F  

and find the line of force that passes through the point (−1, 6, 2). 
 
 

2, , , 2 , 1d dx dy dzk k
d s ds ds ds

= ⇒ =
r F
K K

x y −  

2 2 1
dx dy dzk ds x
x y

⇒ = = = ≡
−

0 and y ≡( )0  

2 2

1 1 1 1
2 2

dz dx dy dz dx dy
x y x
− − − −

⇒ = = ⇒ = =∫ y∫∫  

1 2
1
2

1 and lnz c z y
x

⇒ = + = − + c  

2
1

1 and ln 2 2x y z
z c

⇒ = = − −
−

c  

3
1

21 , ,zc e z
z c

−⇒ =
−

rK  

 
But the required line of force passes through (–1, 6, 2): 
 

3 1
1

4 41 , , 2 1, 6, 2 2 1 3 , 6
2

c e c c e
c

−⇒ = − ⇒ = + =
− 3 =  

( )4 21 , 6 , 3
3

ze z z
z

−⇒ = ≠
−

rK  
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Example 1.2.3    
 

Find the streamlines associated with the velocity field  2 2 2 2, ,y x
x y x y
−

=
+ +

vK 0  

and find the streamline through the point (1, 0, 0). 
 
 

2 2 2 2, , , , 0d dx dy dz yk k
d s ds ds ds x y x y

−
= ⇒ =

+ +
r v
K K x  

2 2 2 2

0 anddz x y x yk ds dy dx
ds x y

+ +
⇒ = = =

−
 

 
.z B∴ =  

 
( ) ( )Provided , 0,0 ,x y y dy x dx y dy x dx≠ − = ⇒ − =∫ ∫  

2 2
2 2

2 2
y x C x y⇒ − = + ⇒ + = 2A  

 
The streamlines are therefore a family of circles, parallel to the x-y plane, centre the 
z-axis, lying on a concentric set of circular cylinders: 
 

2 2 2 2 2, or , ,x y A z B x A x B+ = = = ± −rK  

 
( ) ( ) 2 2 2, , 1,0,0 1 0 , 0x y z A B= ⇒ + = =  
The required streamline is therefore the unit circle  
 

2 2 1 , 0x y z+ = =  
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1.3 The Gradient Vector    
 
If a curve in ú2 is represented by   y = f (x) , then  
 

 
 

( ) ( )
0

lim lim
Q P x

f x x f xdy y
dx x x→ Δ →

+ Δ −Δ
= =

Δ Δ
 

 
If a surface in ú3 is represented by   z = f (x, y) , then in a slice  y = constant,  
 

 
 

( ) ( )
0

, , , ,
lim
x

f x x y z z f x y zz
x xΔ →

+ Δ + Δ −∂
=

∂ Δ
 

Similarly,  
( ) ( )

0

, , , ,
lim
y

f x y y z z f x y zz
y yΔ →

+ Δ + Δ −∂
=

∂ Δ
 

 
In the plane of the independent variables: 

 
 f (P)  =  f 
 f (Q)  =  f + df 
 , , 0dx dy=dr  
 
 Chain rule: 

 df f dx f dy
dt x dt y dt

∂ ∂
= +

∂ ∂
 

    f fdf dx dy
x y

∂ ∂
⇒ = +

∂ ∂
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, ,f fdf dx dy f
x y

∂ ∂
⇒ = =

∂ ∂
dr

K Ki i∇  

where ∇f  (pronounced as “del f”) is the gradient vector. 
 
At any point (x, y) in the domain, the value of the function  f (x, y) changes at different 
rates when one moves in different directions on the xy-plane.    
 
∇f  is a vector in the plane of the independent variables (the xy-plane).   
The magnitude of ∇f at a point (x, y) is the maximum instantaneous rate of increase of  f  
at that point.   The direction of ∇f at that point is the direction in which one would have 
to start moving on the xy-plane in order to experience that maximum rate of increase, 
(which is also at right angles to the contour   f (x, y) = constant   at that point). 
 
Points where f = 0

KK
∇  are critical points of  f, (maximum, minimum or saddle point). 

 
The directional derivative of f in the direction of the unit vector  û  is  

ˆ ˆD f f=u u
K
i∇  

Both vectors are in the plane of the independent variables. 
The directional derivative is the component of ∇f  in the direction of û. 

 
 ˆ ˆ cosD f f θ=u u

K
∇  

 
( )ˆ ˆmax D whenf f f⇒ =u u

K K
&∇ ∇  

 

ˆ ˆand min D 0 whenf f= ⊥u u
K
∇  

    (when û is tangential to the contours of f ). 
 
The results above can be extended to functions of more than two variables. 
For the hypersurface  z  =  f (x1, x2, ... , xn) in ún+1, the chain rule becomes  

1 2

1 2

, where , , , and , , , n

n

dxdx dxdf d f f f df f
dt dt x x x dt dt dt dt

∂ ∂ ∂
= = =

∂ ∂ ∂
r rK KK K

i "∇ ∇ "  
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Example 1.3.1    
 
The electrostatic potential φ  at a point P(x, y, z)  in  ú3 due to a point charge  Q  at the 
origin is  

2 2 21 , where
4

Q r x y z
r

φ
πε

= ⋅ = + + .  

Find the rate of change of  φ  at the point (1, 2, 2) in the direction  k − 2i . 
Find the maximum value of the directional derivative over all directions at any point. 
Find the level surfaces. 
 
 

1 1
4 4

Q Q d
r x dr r

φφ
πε πε

∂ ∂⎛ ⎞= ⋅ ⇒ = ⋅ ⋅⎜ ⎟∂ ∂⎝ ⎠
r
x

 

( )2 2 2 1/2
But r x y z

x x
∂ ∂

= + +
∂ ∂

 

( ) ( )2 2 2 2 2 21/21
2

x y z x y z
x

− ∂
= + + + +

∂
 

( )11 2 0 0
2

xr x
r

−= + + =  

2 34 4
Q x Qx

x r r r
φ

πε π
∂ − −

⇒ = ⋅ =
∂ ε

 

This is the x component of the gradient vector. 

Obtain ,
y z
φ φ∂ ∂
∂ ∂

 by symmetry. 

3 3, ,
4 4

Q Qx y z
r r

φ
πε πε
− −

⇒ = = r
K K∇  

 
 
At (1, 2, 2) 2 2 21 2 2 9 3r = + + = = . 

1, 2, 2
4 27P

Qφ
πε
−

⇒ =
×

K
∇  

 
1ˆˆ ˆ2 2
5

= − ⇒ = −u k i uK , 0,1  

( ) ( ) ( )( )ˆ
1D 1, 2, 2 2, 0,1 1 2 2 0 2 1

4 27 5 4 27 5P

Q Qφ
πε πε
− −

⇒ = − = − + +
× ×u i  

ˆD 0
P

φ⇒ =u  
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Example 1.3.1   (continued) 
 

( ) 3 2ˆmax D
4 4

Q Q
r

r r
φ φ

πε πε
+

= = =u
K
∇  

This occurs when 

 
( )
( )

0
ˆ

0
Q
Q

− >⎧⎪
⎨ + <⎪⎩

r
u

r

K
& K  

 
 
Level surfaces (contours): 

4 4
Q Qc c r

r c
φ

πε πε
= ⇒ = ⇒ = = A  

But  r = A  is a sphere, centre O. 
 
Therefore the level surfaces are a family of concentric spheres. 
 

 
[Q > 0 case] 
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Change of coordinates:  
 

Suppose   z = f (x, y)  (where (x, y) are Cartesian coordinates) and z
r

∂
∂

 is wanted, (where  

(r, θ)  are plane polar coordinates).   Then  

 
 

z z x z
r x r y

∂ ∂ ∂ ∂ ∂
⇒ = +

∂ ∂ ∂ ∂ ∂
y
r

 

But x  =  r cos θ , y  =  r sin θ   

cos sinz z z
r x y

θ θ∂ ∂ ∂
⇒ = +

∂ ∂ ∂
 

( ) (sin cosz z zr r
x y

)θ θ
θ
∂ ∂ ∂

= − +
∂ ∂ ∂

 can be found in a similar way. 

 
In matrix form, the chain rule can be expressed concisely as  

.

z x y z
r r r x
z x y z

yθ θ θ

∂ ∂ ∂ ∂⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= ⋅
∂ ∂ ∂ ∂⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

Note that 

( )
( )

,
abs det is the 

,

x y
r rx y
x yr θ
θ θ

∂ ∂⎛ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥∂ ∂∂ ⎜ ⎟⎢ ⎥=
⎜ ⎟∂ ∂∂ ⎢ ⎥
⎜ ⎟⎢ ⎥∂ ∂⎣ ⎦⎝ ⎠

Jacobian  

For the transformation from Cartesian to plane polar coordinates in ú2, the Jacobian is  
( )
( )

2 2cos sin,
cos sin

sin cos,
x y

r r
r rr

θ θ
θ θ

θ θθ
∂

= = +
−∂

r=  

Integrals over areas can therefore be transformed using the Jacobian:  

( ) ( ) ( )
( ) ( ),

, , ,
,

A AA

x y
f x y dx dy f x y dr d g r r dr d

r
θ θ θ

θ
∂

= =
∂∫∫ ∫∫∫∫  

where  f (x, y)  =  g(r, θ)  at all points in the area A of integration. 
We shall return to this topic later. 
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Planes   
 
 
Let  n  =  a normal vector to a plane  =  +A, B, C,   
and ro  =  the position vector of a point on the plane  =  +xo, yo, zo,  
where A, B, C, xo, yo, zo are all constants. 
Let  r  =  the position vector of a general point in ú3  =  +x, y, z,  
Then the point (x, y, z) is on the plane if and only if  

o=n r n rK K K Ki i  
which is a vector equation of the plane. 
Evaluating the scalar [dot] products generates the Cartesian equation of the plane: 

Ax By Cz D+ + =  
where D  =  Axo + Byo + Czo .  
 
 
 
Lines   
 
Let v  =  a vector parallel to the line  =  +v1, v2, v3,  
and ro  =  the position vector of a point on the line  =  +xo, yo, zo,  
then the vector parametric form of the equation of the line is  

o t= +r r vK K K  
and the Cartesian equivalent, (in the case where none of v1, v2, v3 is zero) is 

o o

1 2

o

3

x x y y z z
v v v
− − −

= =  

 
 
 
Surfaces  
The general Cartesian equation of a surface in ú3 is of the form 

f (x, y, z) = c 
At every point on the surface where ∇f exists as a non-zero vector, ∇f  is orthogonal 
(perpendicular) to the level surface of the function  f  that passes through that point. 
Therefore, at every point on the surface f (x, y, z) = c,  

the gradient vector ∇f  is normal to the tangent plane. 
 
The tangent plane at the point  P(xo, yo, zo) to the surface f (x, y, z) = c  has the equation 
 

o , where
P

f= =n r n r n ∇
KK K K K Ki i  
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Example 1.3.2   
 
Find the Cartesian equations of the tangent plane and normal line to the surface  
z  =  x2  + y  at the point  (−1, 1, 2). 
 
 
The implicit form of the equation of the surface is  f  =  x2 + y – z  =  0 
 

2 ,1, 1f x= −
K
∇  
 

2,1, 1
P

f⇒ = − − = n
K K∇  

 
( ) ( ) ( )o 2 1 1 1 1 2 1= − − + − =n rK Ki  

 
Therefore the equation of the tangent plane is   –2x + y – z  =  1  or 
 

2x – y + z + 1  =  0 
 
 
The equation of the normal line follows immediately: 
 
In vector parametric form: 1,1, 2 2,1, 1t= − + − −rK  
 
or, in Cartesian parametric form,  1 2 , 1 , 2x t y t z t= − − = + = −  
 

or, in Cartesian symmetric form, 1 1
2 1

x y z 2
1

+ − −
= =

− −
 

 
or 

1 1
2 1

x y z 2
1

+ − −
= =

−
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Example 1.3.3   
 
Find the angle between the surfaces  x2 + y2 + z2  =  4  and   z2 + x2  =  2  at the point  
(1, 2 , 1). 
 
 
First note that these surfaces are a sphere, radius 2, centre the origin and a circular 
cylinder of radius 2  aligned along the y axis.   Their intersection will therefore be a 
pair of parallel circles, equally spaced on either side of the x-z plane. 
 
The point  P (1, 2 , 1)  is clearly on both surfaces [satisfies the equations of both 
surfaces]. 
 

1
2 2 2 4 2 , 2 , 2 2 , ,f x y z f x y z x y z= + + = ⇒ = = = n2

K K∇  
 
At  P,  1 1, 2,1=nK  

 
2

2 2 2 2 , 0, 2 2 , 0,g x z g x z x z= + = ⇒ = = = n
K

2 K∇  
 
At  P,  2 1, 0,1=nK  
 
The angle θ  between the surfaces equals the angle between the two normal vectors. 
 

( ) ( ) ( )1 2 1 1 2 0 1 1 2= + + =n nK Ki  

1 1 2 1 2n = + + =  

2 1 0 1 2n = + + =  

( )1 2

1 2

2 1cos 45
42 2 2n n
πθ θ⇒ = = = ⇒ =

n nK Ki
°  

 
 
 
 
 
 
 
 
 
 
Note: In the event that , then the two normal vectors meet at an obtuse angle 
(they are pointing in approximately opposite directions).   In that case use 

1 2 0<n nK Ki

1 2n nK Ki . 
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Gradient Operator   
 
For three independent variables (x, y, z), the gradient operator is the “vector”  

ˆ ˆ ˆ , ,
x y z x y z
∂ ∂ ∂ ∂ ∂ ∂

= + + =
∂ ∂ ∂ ∂ ∂ ∂

i j k
K
∇  

It operates on anything immediately to its right; either a scalar function or scalar field, or, 
via a dot product or cross product, on a vector function or vector field. 
 

 



ENGI 5432 1.4  Divergence and Curl Page 1-23 

 

1.4 Divergence and Curl  
 
For an elementary area  ΔA  in a vector field  F ,  
 
n̂   is an outward unit normal to the surface. 
 
ΔA  is sufficiently small that  F  =  +f1, f2, f3,  is 
approximately constant over ΔA. 
 
The element of flux Δφ  from the vector field through ΔA  is approximately  

ˆ AφΔ ≈ ΔF n
K
i  

Now add up the elements of flux passing through the six faces of an elementary cuboid of 
sides  Δx, Δy, Δz , volume  ΔV  =  Δx Δy Δz and with one corner at (x, y, z).    

 
 
The front face is at (x + Δx)  and the back face is at (x).  
 
 
Back face:   ˆ ˆ−=Bn i
 
    zA yΔ = Δ ⋅Δ
 
 
 ( ) ( )1ˆ ˆ , ,f x y z− =⇒ −=B F iF n

K
i i
K

 

 
 ( )1 , ,B f x y z y zφ − ⋅Δ Δ= ⋅Δ⇒  
 
Front face:   ˆ ˆ+=Fn i
 
      zA yΔ = Δ ⋅Δ
 
  ( )1

ˆ , ,ˆ f x x y z⇒ = = + ΔF F iF n
K
i

K
i    [front face is at  x + Δx] 

 
 ( )1 , ,F f x x y z yφ⇒ Δ + + Δ ⋅Δ ⋅Δ= z  
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Divergence   (continued) 
 

( ) ( )1 1F B , , , ,f x x y z f x
V

y z
x

φ φ + Δ −+ Δ
⇒ =

Δ Δ
Δ  

 
1

0
and lim F B

V
f

V x
φ φ

Δ →
Δ + Δ ∂⎛ ⎞ =⎜ ⎟Δ ∂⎝ ⎠

 

 
Similarly, for the left and right faces,  
 

 2

0
lim L R

V
f

V y
φ φ

Δ →
Δ + Δ ∂⎛ ⎞ =⎜ ⎟Δ ∂⎝ ⎠

 

 
and for the top and bottom faces,  
 

 3

0
lim TOP BOT

V
f

V z
φ φ

Δ →

Δ + Δ ∂⎛ ⎞ =⎜ ⎟Δ ∂⎝ ⎠
 

 
Summing over all six faces of the cuboid, the net rate of flux per unit volume out of a 
point (x, y, z) is 
 

 31 2

0
lim
V

ff fd
V dV x y
φ φ

Δ → z
∂∂ ∂Δ⎛ ⎞ = = + +⎜ ⎟Δ ∂ ∂⎝ ⎠ ∂

 

 
 1 2 3, ,f f f= = F

K K
i i∇ ∇

K
 

 
which is the divergence of F. 
 
No net flux (no sources)  div 0⇒ =F

K
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Example 1.4.1  
 

Find the divergence of the vector F, given that F  =  −∇φ , ,
4

Q
r

φ
πε

=  

2 2 2 .r x y z= + +  
 
 
From example 1.3.1,  

3 34 4
Q Q

r r
φ φ

πε πε
− +

= ⇒ = − =r F
K K KK K∇ ∇ r  

 

3 3 3div , , , ,
4
Q x y z

x y z r r rπε
∂ ∂ ∂

⇒ =
∂ ∂ ∂

F
K

i  

 

Also from example 1.3.1, , ,r x r y r z
x r y r z

∂ ∂ ∂
= =

∂ ∂ ∂ r
=  

 

( )
3 2

2 2 2 2

3 6 6

1 3 3 3
xr x r r r x

5
x r xr

x r r r r

⎛ ⎞− ⋅⎜ ⎟ −∂ −⎛ ⎞ ⎝ ⎠⇒ = = =⎜ ⎟∂ ⎝ ⎠
 

 
The other two derivatives follow by symmetry. 
 

( )2 22 2 2 2 2 2

5 5

3 33 3 3div 0
4 4

Q r rQ r x r y r z
r rπε πε

−⎛ ⎞− + − + −
⇒ = =⎜ ⎟

⎝ ⎠
F
K

=  

(unless  r = 0, where  div F  is undefined). 
 
Therefore the ideal electrostatic field is source free except at the point charge itself. 
The flux passing in through any volume not enclosing the charge is balanced by the flux 
passing out. 
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Streamlines for Fluid Flow 
 
Let  v(r)  be the velocity at any point (x, y, z) in an incompressible fluid.   Because the 
fluid is incompressible, the flow in to any region must be matched by the flow out from 
that region (except when the region includes a source or a sink).   This generates the 
continuity equation   
 

div v = 0 
 
Let us take the case of fluid flow parallel to the x-y plane everywhere, so that we can 
ignore the third dimension and consider the flow in two dimensions only.   Then 
 

( ) ( ) ( )ˆ ˆ, , ,x y u x y v x y= = +v v i jK K  
 
The continuity equation then becomes  
 

div 0u v
x y

∂ ∂
= = + =

∂ ∂
v v

KK Ki∇  

 
The fluid flows along streamlines, but never across any streamline. 
Consider the flow through a small region bounded partly by a streamline: 
  streamline 

 
0v x u y v dx u dy⇒ Δ = Δ ⇒ − =  

 
This ODE is exact if and only if 
 

( ) ( ) 0u vv u
y x x y
∂ ∂ ∂ ∂

= − ⇒ +
∂ ∂ ∂ ∂

=  

 
 

which is automatically true (equation of continuity). 
 
The solution to the ODE is then the stream function ( ),x yψ , where  
 

andv u
x y
ψ ψ∂ ∂

= = −
∂ ∂
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Example 1.4.2   (Example 1.2.3 repeated) 
 

Find the streamlines associated with the velocity field  2 2 2 2,y x
x y x y
−

=
+ +

vK  

and find the streamline through the point (1, 0). 
 
 

2 2 2 2,y xu v
x y x
−

= =
+ + y

 

 
Verify that the equation of continuity is satisfied: 
 

2 2 2 2

u v y x
x y x x y y x y

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ − ∂
= + = +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ + ∂ +⎝ ⎠ ⎝ ⎠

v
K Ki∇  

     ( )
( )

( )
( )

( ) (2 22 2 2 2

2 2
0 , 0

y x x y
x y

x y x y

− − −
= + = ∀ ≠

+ +
),0  

 
Therefore the stream function ( ),x yψ  exists, such that  

2 2 2 2andx yv u
x x y y x y
ψ ψ∂ ∂

= = = − =
∂ + ∂

+
+

 

 
( ) ( )2 2 2 2 21

2, ln C 2x y x y C x y eψ⇒ = + = ⇒ + = = A  
 
Therefore the streamlines in the x-y plane are  

2 2 2x y A+ =  

 
( ) ( ) 2 2, 1,0 1 0 2x y A= ⇒ + =  
The required streamline is therefore the unit circle  
 

2 2 1x y+ =  

 
The flow is a vortex around the origin. 
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Divergence (a scalar quantity):  
div =F F

KK K
i∇  

Curl (a vector quantity):  
 

3 2 1 3 2 1

1 2 3

ˆ ˆ ˆ

curl det , ,F F F F F F
x y z y z z x x y

F F F

⎡ ⎤
⎢ ⎥
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥= = = − − −

⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
⎢ ⎥
⎢ ⎥⎣ ⎦

i j k

F F
KK K
∇×  

 
curl F = 0 everywhere   ⇒   F  is an irrotational vector field.  
 
 
Example 1.4.3  
 
Find  curl F  for   F  =  +cos y,  −sin x, 0,  . 
Also find the lines of force for the vector field  F. 
 
 

ˆ ˆ ˆ

0 0, 0 0, cos sin

cos sin 0

x y
x y z
y x

∂ ∂ ∂
= = − − −

∂ ∂ ∂
−

i j k

F
K K
∇× +  

 
( ) ˆcurl sin cosy x⇒ = −F k

K
 

 
Lines of force: 

, , cos , sin , 0d dx dy dzk k
ds ds ds ds

= ⇒ = −
r F
K K

y x  

 

0 and
cos sin

dz dx dyk ds
ds y x

⇒ = = =
−

 

 
and sin cosz B x dx y dy⇒ = − =∫ ∫  

The lines of force are therefore 
sin cos ,y A x z B= + =  

In order to be real, 2 2A− ≤ ≤  
 
It then follows that  curl F  =  A k and is constant along any one line of force. 
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Example 1.4.3    (continued) 
 
 
 
 
 
 
 
 
 
Direction field plot for the vector field F  =  +cos y,  −sin x, 0, : 
 

 
 
 
    curl F  =  (sin y − cos x) k  
 
Lines of force:   sin y  =  A  +  cos x  (−2  ≤  A  ≤  2)  
 
   and curl F  =  A k  . 
 
Along the highlighted lines (at 45° angles), A = 0 (and therefore  curl F = 0). 
Where those lines cross, F = 0 also, (in addition to A = 0  and  curl F = 0).  
Half way along the lines between those intersections, | F | is at a maximum ( 2 ).  
At the highlighted dots, | curl F | achieves its maximum value of 2 and F = 0 and 
where the lines of force near a dot are in an anticlockwise direction, curl F = +2 k; 
where the lines of force near a dot are in a clockwise direction, curl F = –2 k. 
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All differentiable gradient-vector fields are irrotational:  
 

curl grad φ φ≡ ≡ 0
K K K
∇×∇  

Proof:  
 

ˆ ˆ ˆ

curl , ,zy yz xz zx yx xyx y z

x y z

φ φ φ φ φ φ

φ φ φ

∂ ∂ ∂
= = = − − −

∂ ∂ ∂
∂ ∂ ∂
∂ ∂ ∂

i j k

F
KK K K

∇×∇ φ = 0  

 
 
 
 
 
 
 
 
Also:  

div curl 0≡ ≡F F
K KK K
i∇ ∇×  

Proof:  
 

1
1 2 3 1Let , , and etc., thenx

ff f f f
x

∂
= =

∂
F
K

 

 

3 2 1 3 2 1, , , ,y z z x x yf f f f f f
x y z
∂ ∂ ∂

= − −
∂ ∂ ∂

F
K K K
i i∇ ∇× −  

 

3yxf= 2zxf−( ) 1zyf+ 3xyf−( ) 2xzf+ 1yzf−( ) 0=  

 
 
 
The Laplacian of a twice-differentiable scalar field φ  is: 

2 2 2
2

2 2 2div grad , , , ,
x y z x y z x y z

φ φ φ φ φ φφ φ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
≡ ≡ +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
i + ≡ ∇  

Laplace’s equation is  
2 2 2

2
2 2 2 0

x y z
φ φ φφ ∂ ∂ ∂

∇ ≡ + + =
∂ ∂ ∂
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Some Vector Identities 
 

0
KKK

==∇×∇ ff  grad curl  
0 curl div ==×∇⋅∇ FF

KKKK
 

 
( ) VVVV   grad div ofLaplacian 2 =∇⋅∇=∇=
KK

 
 
 

( ) ( ) FFFFF
KKKKKKKKKK

 curl curl div grad2 −=×∇×∇−⋅∇∇=∇  
 

( ) ( )gfgfgf ∇+∇=∇
KKK

 
 

( ) ( ) ( )FFF
KKKKKK
⋅∇+⋅∇=⋅∇ ggg  

div (g F)  =  (grad g)•F  +  g div F  
 

( ) ( ) ( )FFF
KKKKKK

×∇+×∇=×∇ ggg  
curl (g F)  =  (grad g)×F  +  g curl F  

 
( ) ( ) ( )GFGFGF

KKKKKKKKK
×∇⋅−⋅×∇=×⋅∇  

div (F × G)  =  (curl F)•G  −  F•(curl G)  
 
 

( ) ( ) ( ) ( ) ( )GFFGGFFGGF
KKKKKKKKKKKKKKK

⋅∇−⋅∇+∇⋅−∇⋅=××∇ , 

( )

k

j

iGF

ˆ

ˆ

ˆwhere

3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=∇⋅

z
G

F
y

G
F

x
G

F

z
G

F
y

G
F

x
G

F

z
G

F
y

G
F

x
G

F
KKK

 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

∇⋅
z

F
y

F
x

F 321operator    theis   that  so
KK

F  

 
( ) ( ) ( ) ( ) ( )GFFGGFFGGF

KKKKKKKKKKKKKKK
×∇×+×∇×+∇⋅+∇⋅=⋅∇  
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1.5 Conversions between Coordinate Systems 
 
In general, the conversion of a vector ˆ ˆ ˆ

x y zF F F= + +F i j k
K

 from Cartesian coordinates 

(x, y, z) to another orthonormal coordinate system (u, v, w) in  (where “orthonormal” 
means that the new basis vectors a a  are mutually orthogonal and of unit length) is 

given by 

3\
ˆ ˆ, ,u ˆv wa
ˆ ˆ ˆˆ ˆ ˆ

x y zF F F= + +F i u uF= v v w wF F+ +j k a a a
K

. 
 
However, ( ) ( ) ( ) ( )ˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆu u x y z u u x u y u zF F F F F F= = + + = + +F a i j k a i a j a k a

K
i i i i ˆ Fi

y

. 

Fv and Fw are defined similarly in terms of the Cartesian components Fx ,  Fy , Fz . 
In matrix form  

ˆ ˆ ˆˆ ˆ ˆ
ˆ ˆ ˆˆ ˆ ˆ
ˆ ˆ ˆˆ ˆ ˆ

u u uu x

v v v v

w zw w w

F F
F F
F F

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎢ ⎥ = ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

i a j a k a

i a j a k a

i a j a k a

i i i

i i i

i i i

 .   

 
The matrices on the right hand side of the equation will contain a mixture of expressions 
in the new  (u, v, w )  and old  (x, y, z )  coordinates.   This needs to be converted into a 
set of expressions in  (u, v, w )  only. 
 
Example 1.5.1 
 
Express the vector   F  =  y i  −  x j  +  z k   in cylindrical polar coordinates. 
 
 
 x y plane:  coordinates      x y plane:   basis vectors 

 
⇒ cosx ρ φ=     ˆ ˆˆ cos cosˆ φ φ== iii i ρρ  

 
 siny ρ φ=     ( )21 1 coˆ inˆ s sπ φ φ× × − ==jiρ  
 
      z z= 21 1 cˆ ˆ os 0π× == ×kiρ  
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Example 1.5.1   (continued) 
 

( )21 1 cosˆ sˆ inπ φ φ×= × + = −iiφ  **  ˆ ˆ 0=i ki  
 

1 1 cos coˆ sˆ φ φ× × ==jiφ     ˆ ˆ 0=j ki  
 

21 1 cˆ os 0ˆ π= × × =kiφ     ˆ ˆ 1=k ki  
 
The coefficient conversion matrix from Cartesian to cylindrical polar is therefore  
 

cos sin 0
sin cos 0
0 0 1

φ φ
φ φ

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
Letting   c  ≡  cos φ ,   s  ≡  sin φ :  ˆ ˆ ˆ ˆˆ ˆy x z s c zρ ρ= − + = − +F i j k i j k

K
 

  
 

( )
( )

( )
polar

0 0
0 0

0 0 1 0 0

c s s c s s c
s c c s s c c

z z

ρ ρ ρ 0

z
ρ ρ ρ ρ=

− +⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢− − = − − + =⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢+ +⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦

F
K ⎤

⎥− ⎥
⎥⎦

 

 
Therefore 

ˆ ˆ ˆˆ ˆy x z zρ= − + = − +F i j k k
K

φ  

 
 
 
 
 
 
 
 
 
 
 
 
**  This result can be obtained from the trigonometric identity 
  ( )cos cos cos sin sinA B A B A B+ ≡ −

Setting  2 and ,A Bπ φ= =  

 ( )2 2 2cos cos cos sin sin 0 1 sinπ π πφ φ φ+ ≡ − ≡ − × φ  
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We can also generate the coordinate transformation matrix from Cartesian coordinates  
(x, y, z )  to spherical polar coordinates  (r, θ, φ ).   
[θ  is the declination (angle down from the north pole,  0 θ π≤ ≤ ) and  
φ  is the azimuth (angle around the equator 0 2φ π≤ < ).] 
 
[Vertical] Plane containing z-axis and radial vector  r :  

 
 
 
  cosz r θ=  
 
 The projection of the radial vector  ˆr=r rK

 onto the plane  z = r cos θ  has length 
  r sin θ 
 
 The angle between  and  is r̂ k̂ θ  
 ˆ ˆ cosθ⇒ =k ri  

The angle between θ̂  and  is k̂ 2
π θ+  

( )2
ˆˆ cos sinπ θ θ⇒ = + = −kiθ  

 
[Horizontal] Plane   z = r cos θ :    

The projection of  onto the x axis ( ) ˆr r î
is ( ) ( ) ˆˆsin cosx r rθ φ= = r ii  

ˆ ˆ sin cosθ φ⇒ =i ri  
 
 
 

 
 

r  =  θφθφθ cos,sinsin,cossin,, rrrzyx =  . 
 
The projection of  onto the y axis (ˆr r ĵ ) 
is ( ) ( ˆˆsin siny r rθ φ= = r) ji  

ˆ ˆ sin sinθ φ⇒ =j ri  
 
The angle between φ̂  and ĵ  is φ   ˆ ˆ cosφ⇒ =jiφ  

The angle between φ̂  and  is î 2
π φ+   ( )2

ˆ ˆ cos sinπ φ φ⇒ = + = −iiφ  
The remaining three entries in the coordinate conversion matrix can be found in a similar 
way. 
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The conversion matrix from Cartesian to spherical polar coordinates is then  
 

ˆ ˆ ˆˆ ˆ ˆ sin cos sin sin cos
ˆ ˆ ˆ ˆ ˆˆ cos cos cos sin sin
ˆ ˆ ˆ ˆ ˆˆ sin cos 0

θ φ θ φ θ
θ φ θ φ θ

φ φ

⎡ ⎤• • • ⎡ ⎤⎢ ⎥ ⎢ ⎥• • • = −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥−• • • ⎣ ⎦⎢ ⎥⎣ ⎦

i r j r k r

i j k

i j k

θ θ θ

φ φ φ
 

 
 
 
Example 1.5.2  
 
Convert   ˆ ˆy x= −F i j

K
  to spherical polar coordinates.  

 
 
Let   1 1 2 2cos , sin , cos , sinc s c sθ θ φ≡ ≡ ≡ ≡ φ  

1 2 1 2,y rs s x rs c⇒ = − = −  
 
 
 

1 2 1 2 1 1 2

1 2 1 2 1 1 2

2 2 0 0

r s c s s c rs s
c c c s s rs c

s c

F
F
F
θ

φ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥− ⎣⎣ ⎦ ⎦⎦

F
K

 

 

    
( )
( )
( )

2
1 2 2 2 2

1 1 2 2 2 2

2 2
11 2 2

0
0

rs c s s c
rs c c s s c

rsrs s c

⎡ ⎤− ⎡ ⎤⎢ ⎥ ⎢ ⎥− − =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥−− − ⎣⎥

=

⎦⎢⎣ ⎦

 

 
Therefore  

ˆsinr θ= −F
K

φ  

 
 
 
 
 
 
 
 
 
 
Expressions for the gradient, divergence, curl and Laplacian operators in any orthonormal 
coordinate system will follow in section 1.7. 
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Summary for Coordinate Conversion:  
 
To convert a vector expressed in Cartesian components ˆ ˆ ˆ

x y zv v v+ +i j k  into the 

equivalent vector expressed in cylindrical polar coordinates  , express 

the Cartesian components vx, vy, vz  in terms of 

ˆ ˆˆ zv vρ φ+ + kρ φ v

( ), , zρ φ   using  
x  =  ρ cos φ ,    y  =  ρ sin φ ,    z  =  z ;   then evaluate 
 

cos sin 0
sin cos 0
0 0 1

x

y

z z

v v
v v
v v

ρ

φ

φ φ
φ φ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
Use the inverse matrix to transform back to Cartesian coordinates:  

cos sin 0
sin cos 0

0 0 1

x

y

z z

v v
v v
v v

ρ

φ

φ φ
φ φ

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
 
 
To convert a vector expressed in Cartesian components ˆ ˆ ˆ

x y zv v v+ +i j k  into the 

equivalent vector expressed in spherical polar coordinates  ˆ ˆˆv v vr θ φ+ +r θ φ , express the 

Cartesian components vx, vy, vz  in terms of ( ), ,r θ φ  using  
sin cos , sin sin , cosx r y r z rθ φ θ φ= = θ=

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

;   then evaluate 
 

sin cos sin sin cos
cos cos cos sin sin

sin cos 0

r x

y

z

v v
v v
v v
θ

φ

θ φ θ φ θ
θ φ θ φ θ

φ φ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦⎣ ⎦

 

 
Use the inverse matrix to transform back to Cartesian coordinates:  

sin cos cos cos sin
sin sin cos sin cos

cos sin 0

x r

y

z

v v
v v
v v

θ

φ

θ φ θ φ φ
θ φ θ φ φ

θ θ

⎡ ⎤−⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥= ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 
Note that, in both cases, the transformation matrix  A  is orthogonal, so that  A−1 = AT.  
This is generally true for transformations between orthonormal coordinate systems. 
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1.6    Basis Vectors in Other Coordinate Systems 
 
In the Cartesian coordinate system, all three basis vectors are absolute constants:  
 

ˆ ˆ ˆd d d
dt dt dt

= = =i j k 0
K

 

The derivative of a vector is then straightforward to calculate:  

( ) 1 2
1 2 3
ˆ ˆ ˆ ˆˆ ˆd dff f f

dt dt dt dt
+ + = + +i j k i j k 3df df  

 
But many non-Cartesian basis vectors are not constant. 
 
Cylindrical Polar: 
 

ˆ ˆcos sinˆ φ φ+= i jρ  
 
 

ˆsin cosˆ ˆφ φ− += i jφ    
 
 
ˆ ˆ=k k  
    
  
 

( ) ( )ˆ ˆsinˆLet th sen cod
dt

ˆφ φ φ φ≡ − + =/ /= /
vv i j� �
K

� ��ρ φ φ  

 
 

( ) ( )ˆ ˆ ˆcos sˆ inφ φ φ φ−= + − = −/ /i j� � �φ φ/� ρ  
 
 
ˆ = 0k�

K
 

 
Therefore if a vector  is described in cylindrical polar coordinates F

K

ˆ ˆˆ , thenzF F Fρ φ= + +F k
K

ρ φ  
 

( ) ( ) ( )ˆ ˆ ˆˆ ˆ zF F F F Fρ ρ φ φφ φ+ + − + += 0F k
K� �� � �� ρ φ φ ρ  

 
   ( ) ( ) ( )ˆ ˆˆ zF F F F Fρ ρφ φφ φ= − + + + k� �� �ρ φ �  
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In particular, the displacement vector is ( ) ( ) ˆ ˆˆ 0t t z tρ= + +r k( )K ρ φ , so that the 
velocity vector is  

ˆ ˆˆd d d d z
dt dt dt dt

ρ φρ= = + +
rv k
KK ρ φ  

 
 
Example 1.6.1  
 
Find the velocity and acceleration in cylindrical polar coordinates for a particle travelling 
along the helix   x = 3 cos 2t ,   y = 3 sin 2t , z = t . 
 
 
Cylindrical polar coordinates:   cos , sin ,x y z zρ φ ρ φ= = =  

 2 2 2 , tan yx y
x

ρ φ⇒ = + =  

 
2 2 29cos 2 9sin 2 9 3 0t tρ ρ= + = ⇒ = ⇒ �ρ =  

 
3sin 2tan tan 2 2 2
3cos 2

t t t
t

φ φ= = ⇒ = ⇒ �φ =  

 
     1z t z= ⇒ =�  
 

ˆ ˆˆ ˆˆ0 3 2 1 6d
dt

⇒ = = + × + = +
rv k
KK ρ φ φ k  

 
[The velocity has no radial component – the helix remains the same distance from the 
z axis at all times.] 
 

ˆ ˆ ˆ ˆ6 6d
dt

φ= = + = − + = −
va k 0
K

12
KK � � �φ ρ ρ  

 
[The acceleration vector points directly at the z axis at all times.] 
 
  
 
 
 



ENGI 5432 1.6  Basis Vectors in Other Coordinate Systems Page 1-39 

 

Spherical Polar Coordinates  
 
Vertical plane containing z-axis and radial vector  r :  

 
ˆ ˆ ˆsin cos sin sin cosˆ θ φ θ φ += +i jr kθ  

 
 
 
 
 
 
 
 

ˆ ˆ ˆcos cos cos sin sinˆ θ φ θ φ −= +i θj kθ  
 
Equatorial plane ( 0θ = ): 

[ ˆsinθ ρ  is the projection of  onto the equatorial 
plane.] 

r̂

 
 

ˆ ˆsin cosˆ φ φ− += i jφ  
 
 
 
 

[This reproduces the three rows of the coordinate conversion matrix in section 1.5.] 
 

ˆcos cos sin sin

ˆ ˆcos sin sin c n

ˆ

os si

dd
dt

d
dt dt

d d
dt dt dt

θ φθ φ θ φ

θ φθ φ θ φ θ

⎛ ⎞−⎜ ⎟
⎝ ⎠

⎛ ⎞+ + + −⎜ ⎟
⎝

=

dθ⎛ ⎞
⎜ ⎟

⎠ ⎝ ⎠

⇒ i

j

r

k
 

ˆ ˆ ˆsind d d
dt dt dt

θ φθ⇒ = +
r θ φ  

 

ˆsin cos cos sin

ˆ ˆsin sin cos c

ˆ

os cos

d d
dt dt
d d
dt dt dt

d
dt

θ φθ φ θ φ

θ φθ φ θ φ θ

⎛ ⎞− −⎜ ⎟
⎝ ⎠

⎛ ⎞+ − + + −⎜ ⎟
⎝ ⎝

=

⎠

i

dθ⎛ ⎞
⎜ ⎟

⎠
j k

θ

 

ˆ ˆˆ cosd d d
dt dt dt

θ φθ⇒ = − +rθ φ  
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Spherical Polar Coordinates   (continued) 
 

ˆ ˆcos sin
ˆ d d

dtt t
d
d d

φ φφ φ⎛ ⎞ ⎛− + −⎜ ⎟= ⎜ ⎟
⎝ ⎠ ⎝

i ⎞
⎠

jφ  

 
2 2

2 2

ˆ ˆ ˆ ˆˆBut sin cos sin cos sin sin sin cos
ˆ ˆ ˆcos cos cos sin sin cos

ˆ ˆcos sin

θ θ θ φ θ φ θ θ

θ φ θ φ θ

φ φ

+ = + +

+ + −

= +

r i

θ

j k

i j k

i j

θ

 

( )

 

ˆ ˆˆsin cosd d
dt dt

φθ θ⇒ = − +rφ θ  

 
 
 
 
 
 
 
 
In particular, the displacement vector is ˆr=r rK , so that the velocity vector is  

ˆ ˆ ˆˆ ˆ sind dr d dr d dr r
dt dt dt dt dt dt

θ φθ⎛ ⎞= = + = + +⎜ ⎟
⎝ ⎠

r rv r r
KK θ φ  

ˆ ˆˆ sindr d dr r
dt dt dt

θ φθ⇒ = + +v rK θ φ  

 
 
 
It can be shown that the acceleration vector in the spherical polar coordinate system is  

2 22
2

2

2
2

2 2

ˆsin

1 ˆsin 2
2

1 ˆsin
sin

d d r d dr
dt dt dt dt

d d r dr
r dt dt dt

d dr
r dt dt

θ φ θ

θ φ θ

φ θ
θ

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞= = − +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞+ −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞+ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

va r
KK

θ

φ

 

Compare this to the Cartesian equivalent 
2 2 2

2 2
ˆ ˆ ˆd x d y d z

dt dt dt
= + +a i 2j kK  ! 
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Example 1.6.2  
 
Find the velocity vector v for a particle whose displacement vector r, in spherical polar 
coordinates, is given by    r = 4,   θ = t ,   φ  = 2t ,    (0 < t < π) . 
 
 

4 , , 2 0 , 1 , 2dr d dr t t
dt dt dt

θ φθ φ= = = ⇒ = = =  

 
ˆ ˆˆ sindr d dr r

dt dt dt
θ φθ= + +v rK θ φ  

( )ˆ ˆˆ0 4 1 4 sin 2t= + × + ×r θ φ  
 
 

( ) ˆ ˆ4 8sint t∴ = +vK θ φ  

 
 
[This describes a path spiralling around a sphere of radius 4, from pole to pole.] 
 
 
 
 
 
Summary:  
 
Cylindrical Polar:   

  ˆˆd d
dt dt

φ
=ρ φ     ˆˆ zρ= +r kK ρ   

  ˆ ˆd d
dt dt

φ
= −φ ρ    ˆˆ ˆ zzρ ρφ⇒ = + +v eK �� �ρ φ  

  ˆd
dt

=k 0
K

 

 
Spherical Polar:  

ˆ ˆ ˆsind d d
dt dt dt

θ φθ= +
r θ φ  

  
ˆ ˆˆ cosd d d

dt dt dt
θ φθ= − +rθ φ  

  ( )ˆ ˆˆsin cosd d
dt dt

φθ θ= − +rφ θ  

ˆr=r r       ˆ ˆˆ sinr r rθ θ φ⇒ = + +v rK � �� θ φ  



ENGI 5432 1.7  Gradient Operator in Other Coordinate Systems Page 1-42 

 

1.7    Gradient Operator in Other Coordinate Systems 
 
For any orthogonal curvilinear coordinate system  (u1, u2, u3)  in ú3,  

the unit tangent vectors along the curvilinear axes are l 1ˆ ii
i ih u
∂

= =
∂

re T
K

,  

where the scale factors   i
i

h
u
∂

=
∂

rK .  

The displacement vector  can then be written as rK 332211 ˆˆˆ eeer uuu ++=K ,  where 
the unit vectors  form an orthonormal basis for  ú3. iê

( )
( )⎩

⎨
⎧

=
≠

==⋅
ji
ji

ijji 1
0

ˆˆ δee  

[δ ij is the “Kronecker delta”.] 
 
The differential displacement vector  dr  is  (by the Chain Rule)  

1 2 3 1 1 1 2 2 2 3
1 2 3

ˆ ˆdu du du h du h du h du
u u u
∂ ∂ ∂

= + + = + +
∂ ∂ ∂

r r rdr e e e
K K KK

3 3ˆ

2

 

and the differential arc length  ds  is  
( ) ( ) ( )2 22

1 1 2 2 3 3ds h du h du h du= = + +dr drK Ki  
 
The element of volume  dV  is    

    ( )
( ) 321

321
321321 ,,

,, dududu
uuu
zyxdududuhhhdV

∂
∂

==  

    321

333

222

111

dududu

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=  

  
 

Gradient operator  31 2

1 1 2 2 3 3

ˆˆ ˆ
h u h u h u

∂ ∂ ∂
= + +

∂ ∂ ∂
ee eK

∇   

Gradient   31 2

1 1 2 2 3 3

ˆˆ ˆV V VV
h u h u h u

∂ ∂ ∂
= + +

∂ ∂ ∂
ee eK

∇   

 

Divergence  ( ) ( ) ( )2 3 1 3 1 2 1 2 3

1 2 3 1 2 3

1 h  h f h  h f h  h f
h h h  u u u

∂ ∂ ∂⎛ ⎞
• = + +⎜ ⎟∂ ∂ ∂⎝ ⎠

F
K K
∇  
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Curl   

1 1 2 2 3 3

1 2 3 1 2 3

1 1 2 2 3 3

ˆ ˆ ˆ
1

h h h

h h h  u u u
h f h f h f

∂ ∂ ∂
× =

∂ ∂ ∂

e e e

F
K K
∇  

 

Laplacian 2 2 3 3 1 1 2

1 2 3 1 1 1 2 2 2 3 3 3

1 h h h h h hV VV
h h h  u h u u h u u h u

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂
∇ = + +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

V  

 
 
 
Cartesian:  hx  =  hy  =  hz  =  1 . 
 
Cylindrical polar: 1 ,zh h hρ φ ρ= = = . 
 
Spherical polar: 1, , sinrh h r h rθ φ θ= = = . 
 
 
The familiar expressions then follow for the Cartesian coordinate system. 
 
 
 
 
In cylindrical polar coordinates, naming the three basis vectors as we have:  ˆ ˆˆ , , ,kρ φ

ˆ ˆˆ 0 , 0,z zρ ρ= + + =r kK ρ φ  
The relationship to the Cartesian coordinate system is  

 cos , sin ,x y z zρ φ ρ φ= = =  2 2 2 , tan yx y
x

ρ φ⇒ = + =  

One scale factor is 
2 2 2

x yh z
ρ ρ ρ ρρ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂
+ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝

∂
= =

∂ ⎠

rK  

( ) ( ) ( )
2 2

cos sin zρ φ ρ φ
ρ ρ

⎛ ⎞ ⎛ ⎞ ⎛∂ ∂
= + +⎜ ⎟ ⎜ ⎟ ⎜∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝

2

ρ
⎞∂
⎟
⎠

 

2 2cos sin 0 1φ φ= + + =  
 
 
In a similar way, we can confirm that and 1zh hφ ρ= = . 
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In cylindrical polar coordinates,  
 
 zh h h d d dz zV dd d dρ φ ρ φ ρ ρ φ==  
 
 
   ( ) ( ) ( ) ( ) ( ) (2 22 2 2 2 2

zh d h d h dz d zd d ds ρ φρ φ ρ ρ φ+ + = += + )
 

 
ˆ ˆˆ

zρ ρ φ
∂ ∂

= + +
∂ ∂

k
K φρ∇

∂
∂

 

 

 
ˆ ˆˆ V V

z
V

ρ ρ φ
∂ ∂

+ +
∂

=
∂ ∂

k
K φρ∇

V∂  

 

 
( ) ( ) ( )1 11 11

1 1
zff f

z
ρ φρ ρ

ρ ρ φ

⎛ ⎞∂ ×
• =

∂ × ∂ ×
⎜ ⎟+ +
⎜ ⎟× × ∂ ∂ ∂⎝ ⎠

F
K K
∇  

 

 1 zff f f
z

ρ ρ φ

ρ ρ ρ φ
∂∂ ∂

= + + +
∂ ∂ ∂

 

 
 

 

ˆ ˆˆ
1

1 1

z

z
f f fρ φ

ρ

ρ ρ φ
ρ

∂ ∂ ∂
× × ∂ ∂

=
∂

×

k

F
K K

ρ φ

∇  

 
 
 

 2 1 1 1 1 1
1 1

V V
z

V V
z

ρ ρ
ρ ρ ρ φ ρ φ
⎛ ⎞⎛ ⎞ ⎛ ⎞∂ × ∂ ∂ × ∂ ∂ × ∂⎛ ⎞+ +⎜ ⎟⎜ ⎟⎜ ⎟ ⎜∇ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

=
⎝ ⎠ ⎝ ⎠⎝ ⎠

 

  
2 2

2 2 2

1 1V V V
zρ ρ ρ ρ φ

∂ ∂ ∂ ∂
= + + +
∂ ∂ ∂

2

2

V
∂

 

 
 
 
All of the above are undefined on the z-axis (ρ = 0), where there is a coordinate 
singularity.   However, by taking the limit as 0ρ → , we may obtain well-defined values 
for some or all of the above expressions. 
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Example 1.7.1    
 
Given that the gradient operator in a general curvilinear coordinate system is  
 

1 2 3

1 1 2 2 3 3

ˆ ˆ ˆ
h u h u h u

⎛ ⎞∂ ∂
= + +⎜ ∂ ∂ ∂⎝ ⎠

e e eK
∇

∂
⎟

ê

 ,  why isn’t the divergence of  

1 1 2 2 3 3ˆ ˆF F F= + +F e e
K

 equal, in general, to 1 2 3

1 1 2 2 3 3

1 1 1 ?F F F
h u h u h u

⎛ ⎞∂ ∂ ∂
+ +⎜ ⎟∂ ∂ ∂⎝ ⎠

 

 
 
The quick answer is that the differential operators operate not just on the components 

, but also on the basis vectors .   In most orthonormal coordinate 
systems, these basis vectors are not constant.   The divergence therefore contains 
additional terms. 

1 2, ,F F F3 1 2 3ˆ ˆ ˆ, ,e e e

 

( )1 2 3
1 1 2 2 3 3

1 1 2 2 3 3

F F F
h u h u h u

⎛ ⎞∂ ∂ ∂
+ + • + +⎜ ⎟∂ ∂ ∂⎝ ⎠

e e e e e e =  

 

1 1 1 1 1 2 1 1
1

1 1 1 1 2 2

F F F
h u h u h u

⎛ ⎞• ∂ ∂ • ∂
+ • +⎜ ⎟∂ ∂ ∂⎝ ⎠

e e e e ee 3 11 1 1
2

2 2 3 3

F F
h u h u

⎛ ⎞ •∂ ∂
+ • +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

e eee 1 1
3

3 3

F
h u

⎛ ⎞∂
+ •⎜ ⎟⎜ ⎟∂⎝ ⎠

ee +  

1 2 2

1 1

F
h u
• ∂

∂
e e 3 22 2 2 2 2 2 2 2

1 2
1 1 2 2 2 2 3 3

F F F F
h u h u h u h u

⎛ ⎞ ⎛ ⎞ •∂ • ∂ ∂ ∂
+ • + + • +⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠

e ee e e ee e 2 2
3

3 3

F
h u

⎛ ⎞∂
+ •⎜ ⎟⎜ ⎟∂⎝ ⎠

ee +

1 3 3

1 1

F
h u
• ∂

∂
e e 3 3 2 3 3

1
1 1 2 2

F F
h u h u

⎛ ⎞∂ • ∂
+ • +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

e e ee 3 3 3 3 3 3 3
2 3

2 2 3 3 3 3

F F F
h u h u h u

⎛ ⎞ ⎛ ⎞∂ • ∂ ∂
+ • + + •⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠⎝ ⎠

e e e ee e   =

 

   

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+
∂
∂

3

1
3

3

1

2

1
2

2

1

1

1
1

1

1

1

1

1

1
uh

F
uh

F
uh

F
u
F

h
eeeeee  

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•
3

2
3

3

2

2

2
2

2

2

2

2

21

2
1

1

2 1
uh

F
uh

F
u
F

huh
F eeeeee

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

•
3

3
3

3

3

3

3

32

3
2

2

3

1

3
1

1

3 1
uh

F
u
F

huh
F

uh
F eeeeee  

 
or Cartesian coordinates, all derivatives of any basis vector are zero, which leaves the F

familiar Cartesian expression for the divergence.   But for most non-Cartesian coordinate 
systems, at least some of these partial derivatives are not zero.    More complicated 
expressions for the divergence therefore arise. 
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Example 1.7.1   (continued) 
 
For cylindrical polar coordinates, we have 

ˆ1 ˆ
1 1

F Fρ ρ

ρ ρ
∂ ∂

+ •
∂ ∂

ρρ
ˆ ˆˆ ˆ

1
F F

z
ρ ρ

ρ φ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂

+ • + •⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠
kρ ρφ +  

ˆ
ˆ

1
Fφ

ρ
⎛ ⎞∂
⎜ ⎟⎜ ⎟∂⎝ ⎠

i φρ
ˆ ˆ1 ˆ ˆ

1
F F F

z
φ φ φ

ρ φ ρ φ
⎛ ⎞ ⎛ ⎞∂ ∂ ∂

+ + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠
ki iφ φφ +

ˆ
ˆ

1
zF

ρ
⎛ ⎞∂

•⎜ ⎟
∂⎝ ⎠

kρ
ˆˆzF

ρ φ
⎛ ⎞∂

+ •⎜ ⎟
∂⎝ ⎠

kφ
ˆ1 ˆ

1 1
z zF F

z z
∂ ∂

+ + •
∂ ∂

kk
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠

  

 
But none of the basis vectors varies with  ρ  or  z * and the basis vector    is absolutely 
constant.   Therefore the divergence becomes  

k̂

 

( )ˆ1 ˆ0 0
1

F Fρ ρ

ρ ρ φ
∂⎛ ⎞ ⎛ ⎞∂

+ + • + +⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

ρφ  

( )
ˆ1 ˆ0

F Fφ φ

ρ φ ρ φ
∂ ∂

+ +
∂ ∂

i φφ ( )0
⎛ ⎞
⎜ ⎟ + +
⎜ ⎟
⎝ ⎠

( ) ( ) 10 0 0
1

zF
z

∂⎛ ⎞+ + +⎜ ⎟∂⎝ ⎠
  

But 
ˆ ˆˆ ˆ ˆ ˆF F Fρ ρ ρ

φ ρ φ ρ
⎛ ⎞ ⎛ ⎞∂ ∂

= ⇒ • = • =⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

ρ ρφ φ φ φ
ρ

     

and  ( )
ˆ ˆˆ ˆˆ ˆ 0

F Fφ φ

φ ρ φ ρ
⎛ ⎞ ⎛ ⎞∂ ∂

= − ⇒ • = • − =⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ⎝ ⎠⎝ ⎠

φ φρ φ φ ρ  

 
So we recover the cylindrical polar form for the divergence,  
 

1div zF F F F
z

ρ ρ φ

ρ ρ ρ φ
∂ ∂ ∂

= + + +
∂ ∂ ∂

F
K

 

 
 
* As shown here, the basis vectors  ρ̂   and  φ̂   
 clearly vary with φ  but do not change with ρ . 
 
 
 k  is an absolute constant. 
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In spherical polar coordinates, naming the three basis vectors as ˆ ˆˆ, , ,r θ φ we have:  
ˆ ˆˆ 0 0 , 0, 0r r= + + =r rK θ φ  

The relationship to the Cartesian coordinate system is  
sin cos , sin sin , cosx r y r z rθ φ θ φ= = = θ . 

 
One of the scale factors is 

2 2
x yh z

θ

2

θ θ θθ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂

+ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝

∂
= =

∂ ⎠

rK  

( ) ( ) ( )
2 2

sin cos sin sin cosr rθ φ θ φ θ
θ θ θ

⎛ ⎞ ⎛ ⎞ ⎛∂ ∂ ∂
= + +⎜ ⎟ ⎜ ⎟ ⎜∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝

2

r
⎞
⎟
⎠

)

 

( ) ( ) (2 2cos cos cos sin sinr r r 2θ φ θ φ θ= + + −  

( )2 2 2 2 2 2cos cos sin sin cos sinr rθ φ φ θ θ θ= + + = + r=  

 
In a similar way, we can confirm that 1 and sinrh h rφ θ= = . 
 
   
 ( ) 21 sin sinr r dr d d dd r drV dθ θ φ θ θ φ× × ==  
  
  ( ) ( ) ( )2 2 2 2 2 2 22 2 21 sindr r d r d dr r d rs dd sinθ θ φ θ θ φ+ = += + +  
 
 

 
ˆ ˆˆ

1 sr r r inθ θ φ
∂ ∂

+ +
∂

=
∂ ∂

rK θ φ
∇

∂   

 

 
ˆ ˆ

ˆ
sin

V V
r r r

V V
θ θ φ

∂ ∂
+ +

∂ ∂
=

∂
∂

r
K θ φ
∇   

 

 ( ) ( ) ( )1sin 1sin1
1 sin

r r fr fr r f
r r  r

φθθθ
θ θ

⎛ ∂ ×∂ ×∂ ×
⎜ + +
⎜× × ∂ ∂ ∂

=
⎝

•F
K K
∇

φ

⎞
⎟
⎟
⎠

 

 
( ) ( )2

2

sin1 sin
sin

rr f ff
r r

r  r
φθθ

θ
θ θ φ

⎛ ⎞∂ ∂∂
⎜ ⎟= +
⎜ ⎟∂ ∂⎝ ⎠

+
∂

 

 2 1 cot 1
sin

r
r

fff f f
r r r r r  

φθ
θ

θ
θ θ φ

∂∂∂
= + + + +

∂ ∂ ∂
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 2

ˆ ˆˆ sin
1

sin
sinr

r r

r  r
f r f r fθ φ

θ

θ θ φ
θ

∂ ∂ ∂
∂

×
∂ ∂

=

r

F
K K

θ φ

∇  

 
 

 
2

2
2

1 sin sin
sin 1 sin

V r V r V r V
r r r r r

θ θ
θ θ θ φ
⎛ ⎛ ⎞ ⎛∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞+ +⎜ ⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂

∇
∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠⎝

=
θ φ

⎞⎞
⎟
⎠

 

 2
2

1 1sin sin
sin sin

V Vr
r r r

θ θ
θ θ θ θ
⎛ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞= + +⎜ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠⎝

V
φ φ

⎞
⎟
⎠

 

 
2 2

2 2 2 2 2 2

2 1 cot 1
sin

V V V V
r r r r r r

θ 2

2

V
θ θ θ

∂ ∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂ ∂ ∂φ
 

 
 
All of the above are undefined on the z-axis (sin θ = 0), where there is a coordinate 
singularity.   However, by taking the limit as sin 0θ → , we may obtain well-defined 
values for some or all of the above expressions. 
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Example 1.7.2   
 
A vector field has the equation, in cylindrical polar coordinates (ρ, φ, z),  

ˆ ˆn n
k k

ρρ ρ
= =F e

K
ρ  

Find the divergence of F and the value of n for which the divergence vanishes for all 
0ρ > . 

 
 
In cylindrical polar coordinates,  
 

1div
F F Fρ ρ φ

ρ ρ ρ φ
∂ ∂

= + +
∂ ∂

F
K

zF
z

∂
+

∂
 

 
, 0n

zF k F Fρ φρ−= = =  
 

( )1 1div 0 0 1
n

n nkkn k nρρ ρ
ρ

−
− − − −⇒ = − + + + = −F

K
 

 
and clearly div 0 when 1n= =F

K
. 

 
 

ˆk
ρ

=F
K

ρ  is therefore a source-free field everywhere except on the z axis. 
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Example 1.7.3  
 
In spherical polar coordinates,  

( ) ( ) ( ) ( )ˆ ˆˆ, , cot 2 ,r f f g rθ φ φ θ φ θ= − +F r
K

θ φ , 
where  f (φ)  is any differentiable function of φ  only  
and  g (r, θ)  is any differentiable function of r andθ  only.  
 
Find the divergence of F. 
 
 

( ) ( ) ( )cot , 2 , ,rF f F f F g rθ φφ θ φ= = − = θ  
 
For spherical polar coordinates, 

( ) ( )2

2

sin1 sin
sin

rr F FF
r r

r  r
φθθ

θ
θ θ φ

⎛ ⎞∂ ∂∂
⎜ ⎟= +
⎜ ⎟∂ ∂⎝ ⎠

F
K K
i +

∂
∇  

 
( )( ) ( )( ) ( )2

2

cot 2sin ,1 sin
sin

r f f g r
r r

r  r
φ θ θ φ θ

θ
θ θ

⎛ ∂ ∂ − ∂
⎜= +
⎜ ∂ ∂⎝

F
K K
i

φ

⎞
⎟+
⎟∂ ⎠

∇  

 
( ) ( ) ( ) ( )2

2

cot 2 sin
0

sin
rf f

r r r  
φ θ φ θ

θ θ

∂ ∂
= −

∂ ∂
+  

 
( ) ( )2 cot 2 cot

0
f f

r r 
φ θ φ θ

= − =  

 
everywhere (except possibly on the z axis, where sin 0r θ = ). 
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Example 1.7.4  
 

(( )ˆ ˆFind curl sinθ + )θ φ , where  θ, φ  are the two angular coordinates in the standard 

spherical polar coordinate system. 
 
 

2 2

2

ˆ ˆ ˆˆ ˆsin sin
1 1

sin sin
sin 0 sin sinr

r r r r

r  r r  r
f r f r f r rθ φ

ˆθ θ

θ θ φ θ θ φ
θ θ θ

∂ ∂ ∂ ∂ ∂ ∂
× = =

∂ ∂ ∂ ∂ ∂ ∂

r r

F
K K

θ φ θ

∇

φ

 

 

( ) ( ) ( )( 2
2

1 ˆ ˆˆ2 sin cos 0 0 sin sin sin 0
sin

r r r
r

θ θ θ θ θ
θ

= − + − +r )−θ φ  

 

( )1 ˆ ˆˆ2 cos sin sin
r

θ θ θ∴ = − +F r
K K

θ φ∇×  
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Central Force Law  
 
If a potential function V(x, y, z), (due solely to a point source at the origin) depends only 
on the distance r from the origin, then the functional form of the potential can be 
deduced.   Using spherical polar coordinates: 
 
V (r, θ, φ)  =   f (r) 

2
2 2

2 2

1 2d df d f dV r
r dr dr dr r dr

⎛ ⎞⇒ ∇ = = +⎜ ⎟
⎝ ⎠

f  

But, in any regions not containing any sources of the vector field, the divergence of the 
vector field  (and therefore the Laplacian of the associated potential function V) 
must be zero.   Therefore, for all r ≠ 0, 

V=F
K K

∇

 
2

2

2 0d f df
dr r dr

+ =
 

 
Solve this ODE by reduction of order: 
 

2Let then 0df dyy y
dr dr r

= + =  

 

( )22 ln 2ln lndy dr y r C Br
y r

−⇒ = − ⇒ = − + =∫ ∫  
 

2df y Br
dr

−⇒ = =
 

 
1

1
Brf A

−

⇒ = +
−  

 

( ), , BV r A
r

θ φ∴ = −
 

OR   (a much faster solution!) 
 

( )2 2 2
2

10 0d dV dVV r r B
r dr dr dr

⎛ ⎞∇ = ⇒ = ⇒ = ≠⎜ ⎟
⎝ ⎠

0r
 

 

2

dV B BV A
dr r r

⇒ = ⇒ = −
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 END OF CHAPTER 1 

Gravity is an example of a central force law, for which the potential function must be of 

the form  ( ), , BV r A
r

θ φ = − .   The zero point for the potential is usually set at infinity: 

lim lim 0
r r

BV A A
r→∞ →∞

⎛ ⎞= − =⎜ ⎟
⎝ ⎠

=  

The force per unit mass due to gravity from a point mass M  at the origin is  
 

2
ˆGMV

r
= − = −F r

K K
∇  

 
But, in spherical polar coordinates,  
 

2

ˆ ˆ
ˆ ˆ

sin
V V V dVV
r r r dr rθ θ φ

∂ ∂ ∂
= + + = =

∂ ∂ ∂
r r

K θ φ
∇ ˆ Br  

 

2 2

GM B B GM
r r

⇒ − = − ⇒ =  

 
Therefore the gravitational potential function is  
 

( ) GMV r
r

= −  

 
The electrostatic potential function is similar, with a different constant of proportionality. 
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