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8. Partial Differential Equations

Partial differential equations (PDEs) are equations involving functions of more than one
variable and their partial derivatives with respect to those variables.

Most (but not all) physical models in engineering that result in partial differential
equations are of at most second order and are often linear. (Some problems such as
elastic stresses and bending moments of a beam can be of fourth order). In this course
we shall have time to look at only a small subset of second order linear partial differential
equations.

Sections in this Chapter:

8.01 Major Classifications of Common PDEs

8.02 The Wave Equation — Vibrating Finite String
8.03 The Wave Equation — Vibrating Infinite String
8.04 d’Alembert Solution

8.05 The Maximum-Minimum Principle

8.06 The Heat Equation
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8.01 Major Classifications of Common PDEs

A general second order linear partial differential equation in two Cartesian variables can
be written as

o ou o%u ou ou
A ' —_— B y C y = f y Yo T Ty T
(x y)ax2 * Blx y)axay +clx y)8y2 (X I ox 8yj

Three main types arise, based on the value of D = B?—4AC (a discriminant):
Hyperbolic, wherever (X, y) is such that D > 0;

Parabolic, wherever (x, y) is such that D = 0;

Elliptic, wherever (x, y) is such that D < 0.

Among the most important partial differential equations in engineering are:

2

. u
The wave equation: g? = ¢*Va

2 2
or its one-dimensional special case ZTIZJ = ¢’ % [which is hyperbolic everywhere]
X

(where u is the displacement and c is the speed of the wave);

The heat (or diffusion) equation: ,upg—l: = KV + VK«Vu

a one-dimensional special case of which is
u_ K
ot up ox

(where u is the temperature, x is the specific heat of the medium, p is the density and K is

the thermal conductivity);

[which is parabolic everywhere]

The potential (or Laplace’s) equation: Vu =0
: .. du  du o
a special case of which is o + v = 0 [which is elliptic everywhere]
X y

The complete solution of a PDE requires additional information, in the form of initial
conditions (values of the dependent variable and its first partial derivatives at t=0),
boundary conditions (values of the dependent variable on the boundary of the domain) or
some combination of these conditions.
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8.02 TheWaveEquation —Vibrating Finite String

The wave equation is

2
8—2 = ¢’V
ot
If u(x, t) isthe vertical displacement of a point at location x on avibrating string at timet,
then the governing PDE is

ou , 0°U
- = CcF—
ot? ox?

If u(x, vy, t) is the vertical displacement of a point at location (X, y) on a vibrating
membrane at time t, then the governing PDE is

2 2 2
a—L;:czvzu =c° a—lj+ al;
ot O0X oy
or, in plane polar coordinates (r, ¢), (appropriate for a circular drum),

o%u ,(6°u 1ou 1 &%
2 Ozt oAt i
ot or ror r°oo
For spherically symmetric wavesin R?, the wave equation is
o’u ¢ o ,ou ,(0°u  20ou
w2 2Aa " A T Azt A
ot reor or or ror
The latter two cases lead to solutions involving Bessel functions.

Example 8.02.1

An dastic string of length L is fixed at both ends (x = 0 and x = L). The string is
displaced into theform y = f (x) andisreleased fromrest. Find the displacement y(x, t)
at al locations on the string (0 < x < L) and at all subsequent times (t > 0).

The boundary value problem for the displacement function y(x, t) is.

2 2
6_2/:(:28_)2/ for0O<x<L and t>0
ot oX
Both ends fixed for al time: y(0,t) = y(L,t) = 0 for t>0
Initial configuration of string: y(x,0) = f(x) for O0<x<L
String released from rest: ¥ =0 for 0 < x<L

ot (X, 0)
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Example 8.02.1 (continued)

Separation of Variables (or Fourier Method)
Attempt a solution of the form y(x, t) = X(x) T(t)

Substitute y(x, t) = X(x) T(t) into the PDE:

0? 0? dT d?Xx
E(X(X)T(t)) = CZW(X(X)T('[)) = X ol c? e T

11d°7T 1 d?X

ST d? X dd

The left hand side of this equation is a function of tonly. Atany instant t it must have
the same value at all values of x. Therefore the right hand side, which is a function of x
only, must at any one instant have that same value at all values of x.

By a similar argument, the right hand side of this equation is a function of x only. At
any location x it must have the same value at all times t. Therefore the left hand side,
which is a function of t only, must at any one location have that same value at all times t.

Thus both sides of this differential equation must be the same absolute constant, which
we shall represent for now by —k.

1 d*X d?X

~ 7 = K = 2
X dx dx
The general solution of this simple second order ODE is a combination of two
exponential functions of x if k <0, is a linear function of x if k =0 and is a combination
of sine and cosine functions of x if k > 0.

+ kX =0

It is not possible for both ends of the string to be fixed for all time in the first two cases
(unless we admit the trivial solution y(x,t)=0, a string that never moves from its
equilibrium position). Therefore k>0. Replace k by 1 2 (guaranteed positive for all
real 4 except 4=0).

We now have the pair of ODEs

2 2
dX+/12X:0 and aT

NG dt?

+ A%¢T =0

The general solutions are
X (x) = Acos(Ax) + Bsin(Ax) and T(t) = Ccos(Act) + Dsin(Act)
respectively, where A, B, C and D are arbitrary constants.
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Example 8.02.1 (continued)

Consider the boundary conditions:
y(0,t) = X(0)T(t) =0 vt>0
For a non-trivial solution, this requires X (0)=0 = A=0.

y(Lt) = X(L)T(t) =0 vt=0 = X(L)=0

= Bsin(iL)=0 = 4, :”T”, (nez)

We now have a solution only for a discrete set of eigenvalues A,, with corresponding
eigenfunctions

Xp(x) = sm[ntxj, (n=123..)
Consider the initial condition:

ay = X(X)T'(0)=0 ¥x = T'(0)=0

Plxo)
T'(t) =
Therefore our complete solution for y(x, t) is now some linear combination of

Yo (1) = Xp(X)Th(t) = Cnsin(ntxjcos(n?tj, (n=123..)

—CAcsin(Act) + DAccos(Act) = T'(0)=DAc=0 = D=0

There is one condition remaining to be satisfied.
The initial configuration of the string is:  y(x, 0) =f(x) for 0 <x<L.

= y(x0) = chsin(nLij = (%)

This is precisely the Fourier sine series expansion of f (x) on [0, L] !
From Fourier series theory (Chapter 7), the coefficients C,, are

o2l

Therefore our complete solution is

() - %Z“’:[ R (u)sm(mT“jdu}m(nLijcos(ntct)
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Example 8.02.1 (continued)

This solution is valid for any initial displacement function f (x) that is continuous with a

piece-wise continuous derivative on [0, L] with f(0) =f (L) =0.

If the initial displacement is itself sinusoidal (f (x) = asin[nLLXJ for some neNJ,

then the complete solution is a single term from the infinite series,

y(xt) = asin(nﬂxjcos(nmtj.
L L

Example 8.02.2

Suppose that the initial configuration is triangular: R
I
x  (0=x=iL) 2]
y(x0) = f(x) = 1
L-x ($L<x<L)
.. .. = Lol
Then the Fourlersme coefficients are 0 I L x
2
:—I sm( ujdu
L/2 L
= 3'[ usin| 22 |du + Ej (L—u)sin U gy
LJo L LJLn L
D I D I
u . sin 278 2y sin 272
+ \\-I-
1 N Loggeamu | -1 N L owm
N T L . HIT L
- -
0 (L)zsm@ 0 S i)sm@
M L T L
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Example 8.02.2 (continued)
_ (n27|T-)2 {[_(%{jcos(%[j + sin(nTﬂD - (0-0)
+ (-0+0) - (—[%)cos(%} —~ sin(%rj

- (n47|r—)2 sin(%rj But sin(n%j _ ] 0 (neven)
sin(@J = (-, (keN)

Therefore sum over the odd integer values of n only (n = 2k - 1).

aL ksl
Co = —————(-1)"

(2k-1)7)

k+1
)

J(t) = %i((;kl_l)z 3‘”((2k‘L1)”X]cos[(2k_—L1)WJ

k=1

See the web page "www.engr.mun.ca/~ggeorge/9420/demos/ex8022._html" for
an animation of this solution.



http://www.engr.mun.ca/~ggeorge/9420/demos/ex8022.html�
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Example 8.02.2 (continued)

Some snapshots of the solution are shown here:

ct=0 ct=0.25
0.6 0.61
0.41 0.4
¥ y
0.2 0.2
0 0z 0.4 06 07 1 g 0.2 0.4 06 06 1
X H
021 02
0.4 0.4]
06! 06!
ot = 060
=050
0.61
0.6
0.4
0.4 y
¥ 0.2
0.2
g 0.2 0.4 06 08 ]
u 02 04 0B 08 1 - g
¥ 0.2
021
0.4
0.4
0.6
06!
= These graphs were generated from the Fourier
0.6 series, truncated after the fifth non-zero term.
0.4
¥
0.2
0 02 0.4 0B 03 ]
X
021
0.4

06"
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Example 8.02.3

An elastic string of length L is fixed at both ends (x =0 and x = L). The string is initially
in its equilibrium state [y(x, 0) =0 for all x] and is released with the initial velocity

Z—{ = g(x). Find the displacement y(x, t) at all locations on the string (0 < x <L)
(x.0)

and at all subsequent times (t > 0).

The boundary value problem for the displacement function y(x, t) is:
o’y _ 2 0%
- = Cc"—=
ot? ox?
Both ends fixed for all time: y(0,t) = y(L,t) =0 for t>0

forO<x<L and t>0

Initial configuration of string: y(x,0) = 0 for 0<x<L

oy

String released with initial velocity: — = g(x) for 0 < x<L
tixg
As before, attempt a solution by the method of the separation of variables.

Substitute y(x, t) = X(x) T(t) into the PDE:

0° 0° d’T d?X
ZXHTO) = ¢ Z(X(IT(Y)) = X = T
Again, each side must be a negative constant.

1 dT  1d%X Y

T dt2 X dx?

We now have the pair of ODEs
2 2
d>2(+iZX:O and dI
dx dt
The general solutions are
X (x) = Acos(Ax) + Bsin(Ax) and T(t) = Ccos(Act) + Dsin(Act)
respectively, where A, B, C and D are arbitrary constants.

+ A%¢T =0
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Example 8.02.3 (continued)

Consider the boundary conditions:
y(0,t) = X(0)T(t) =0 vt>0
For a non-trivial solution, this requires X (0)=0 = A=0.

y(Lt) = X(L)T(t) =0 vt=0 = X(L)=0

= Bsin(iL)=0 = 4, :”T”, (nez)

We now have a solution only for a discrete set of eigenvalues A,, with corresponding
eigenfunctions

Xp(x) = sin[nLLXj, (n=123..)

and
X

Y (X1) = Xo ()T (1) = sin(n%an (t), (n=123,..)
So far, the solution has been identical to Example 8.02.1.
Consider the initial condition y(x,0) = 0:
y(x,0)0=0 = X(x)T(0)=0 vx = T(0)=0
The initial value problem for T(t) is now
T" + 2%°T =0, T(0)=0, where A =”T”
the solution to which is
T.(t) = G, sin(””_L“j, (neN)
Our eigenfunctions for y are now

Yo (X 1) = X (X)Th(t) = Cnsin(ntxjsin(n?tj, (neN)
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Example 8.02.3 (continued)

Differentiate term by term and impose the initial velocity condition:
0 nzc) . (nzX
o, - Zole (e -
ot (x0) L

which is just the Fourier sine series expansion for the function g(x).
The coefficients of the expansion are

% - _j sm(n”ujdu

which leads to the complete solutlon

y(x,t) = %Z%U:g(u)sm(mTu)duJSin(nLLX]Sin(nT_Ctj

This solution is valid for any initial velocity function g(x) that is continuous with a
piece-wise continuous derivative on [0, L] with g(0) =g(L) =0.

The solutions for Examples 8.02.1 and 8.02.3 may be superposed.

Let yl(x,t) be the solution for initial displacement f (x) and zero initial velocity.
Let yz(x,t) be the solution for zero initial displacement and initial velocity g(x).

Then y(x,t)=y,(xt)+Y,(xt) satisfies the wave equation

(the sum of any two solutions of a linear homogeneous PDE is also a solution),
and satisfies the boundary conditions y(0,t) = y(L,t) = O:

y(x,0) = ¥, (x,0)+y,(x,0) = f(x)+0

which satisfies the condition for initial displacement f (x).
Y (%,0) = ¥y (%,0)+ Y, (x,0) = 0+ g(x),

which satisfies the condition for initial velocity g(x).

Therefore the sum of the two solutions is the complete solution for initial displacement
f (x) and initial velocity g(x):

y(x.t) = %2(]: f (U)Sin(%)du}sin(ntxjcos(ntﬁ}

=1

+ %: %“tg(u)sm(nt jdu}sm(ntstin(m—f{j

1
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Example 8.02.4

An elastic string of length 1 m is fixed at both ends (x = 0 and x = 1). The string is
initially in the shape of an arc of a parabola [y(x, 0) = x — x* for 0 < x < 1] and is released

with the initial velocity 9y

Hixg
isc=5ms™. Find the displacement y(x, t) at all locations on the string (0 < x < 1) and
at all subsequent times (t > 0).

=x-x* (0<x<1). Itisknown that the wave speed

In the formula for the complete solution of the wave equation,

y(xt) = %2“: f (u)sin(%}du}in(ntxjcos(n?t)

=1
2 N 1( " . (nzu . (nzX) . (nzct

+— )y = J. g(u)sm(—jdu sm(—}sm( j
ﬂcnzln[ 0 L L L

weknowthat L=1, c=5 and f(x) = g(x) = x-x*> forO<x<1.

Both integrals inside the summations are the same:

1
J’ (u—uﬁsin(?jdu = D Fi
i 1 —u’ it MATL
1 N
- _ +
(u=Du __2 5 [cosnzu + 1 2l;sinnﬂu 1-2y - CosRu
Nz (n;z') (n;z') 0 . nr
—9 ™ —sin.?z.ﬂ'zu
. (2T
“o-—2 |0 +o| - [|o-—2 |+0 .
(I’VZ) (nzr) 0 COs ML
()
, 0 (neven)
= 1-(-1)") =4 4 Let (odd n) = 2k -1
(n;r)3 (n;z)3 n odd)

The complete solution is

8N 1
xt) = —= ————sin(2k -1)zx| cos5(2k -1) zt +
yn) = 25 D (e [ (26-1)
A Maple file for this solution is available at

"www .engr .mun.ca/~ggeorge/9420/demos/ex8024 .mws".

sin5(2k—1)7th
5(2k-1)x



http://www.engr.mun.ca/~ggeorge/9420/demos/ex8024.mws�
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8.03 The Wave Equation — Vibrating Infinite String

Example 8.03.1

An elastic string of infinite length is displaced into the form y = f (x) and is released
from rest. Find the displacement y(x, t) at all locations on the string x € R and at all
subsequent times (t > 0).

The boundary value problem for the displacement function y(x, t) is:

2 2
a—gzcza—g for —o < x <o and t>0
ot oX
Initial configuration of string: y(x,0) = f(x) for xeR
String released from rest: 9] =0 for xeR

We no longer have the additional boundary conditions of fixed endpoints.
However, it is reasonable to insist upon a bounded solution.

Separation of Variables (or Fourier Method)

Attempt a solution of the form y(x, t) = X(x) T(t)
Again we find the linked pair of ordinary differential equations

X"+ @*X =0 and T" + 0%c®T =0

If w=0then X(x) = ax+b. However, for a bounded solution, we require a=0.
For other values of w, X(X) = a cos wx + b sin wx , which is bounded for all x and all w.
The @ =0 case is a special case of this solution.

We have a continuum of eigenvalues « with corresponding eigenfunctions
Xp(X) = a,c0s(@X) + by, sin(wx)
It then follows that T

»(t) = ¢, cosmct +d, sinct

Imposing the initial condition of zero velocity,

M X(T(0) = X(X)dywe =0 WxeR = d,
at (X,O)
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Example 8.03.1 (continued)

Therefore we have, for any real , a solution of the wave equation and the initial velocity
condition,

Yo (Xt) = X4 (X)T,(t) = (a,c0s(@x) + b, sin(ax))cos(act)
[where c,, has been absorbed into the other arbitrary constants a, and b, .]

The superposition of solutions now leads to an integral, not a discrete sum.
y(x,t) = J: Yo (xt)do = jgo(awcos(a)x) + by, sin(@x))cos(wct) de
Imposing the remaining condition,
y(x,0) = J.go(aa,cos(a)x) + b, sin(wx))de = f(X)

But this is just the Fourier integral representation of f (x) on (—o, o).
Therefore a, and b, are justthe Fourier integral coefficients

= —_[_OO Jcos(wu)du and b, = —J._OO )sin(wu)du

The complete solution is

y(x,t) = J':Klji f (u)cos(mu)dujcos(wx)

T
+ (ljw f(u)sin(a)u)dujsin(a)x)}cos(a)ct)da)
JT & —0
which, after re-iteration (interchanging the order of integration) is
y(x.t) = —I I (cos(wu)cos(wx) + sin(wu)sin(wx)) f (u)cos(wct) dw du
l [e o]
= y(xt) = — _Oof(u)jo cos(a)(u—x))cos(a)ct)da)du

R (u)j:(cos(a)(u—XJrct)) + cos(a)(u—x—ct))) de du

27 J-
_ 1 wf(u)[sin(a)(u—xmt))+sin(a)(u—x—ct))}woodu
27 ) u—Xx+ct u—x-—ct "0
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8.04 d’Alembert Solution

One form of the solution to Example 8.03.1,

y(x.t) = 1 j‘wf(u){sin(a)(u—xwt)) N sin(a)(u—x—ct))] - i
- w=0

E u—x+ct u—x-—ct

suggests that, in general, one might seek solutions to the wave equation of the form

y(xt) - f(x+ct); f(x—ct)

-z
Let r=x+ct and s=x-ct, then y(r,s)=wand r/ \

=
oy oyer oyos 1., , /\ /\
" 3rox T Bsox E«f (r)+0)x1 + (0+f (s))xl), N 1N

2
2y _ i[@_yJ _ i[ﬁ_y]ﬂ . i[ﬂjﬁ = Lty = 17(s)x),
OX OX\ OX or{ ox | ox 0s\ OX ) OX 2
oy oyor o0y 0s 1, ., ,
E = aa + EE = E((f (r)+0)XC + (O+f (S))X(—C)),

o’y o (doy)or of(oylos 1
ZJ _ 2|2 |2 il il A P f!l _ f” _
ot Gr[atjat ’ 83(6t o = 5 (cf(nxe = et(s)x(e)).
oy 10 _ 1., , 1 2cn ]
W_C_ZWZE(f (r)+ f (S))_Z_CZ(CZf (r)+02f (S)):O,
f(x+ct) + f(x—ct)
2
twice differentiable functions f (u). This is part of the d’Alembert solution.

Therefore y(x,t) = is a solution to the wave equation for all

This d’ Alembert solution satisfies the initial displacement condition:
f(x+0)+ f(x-0
() = L0 100 gy

cf'(x+ct) — cf'(x—ct
Also gy(x,t) = ( ) ( )| -
0 t=0 2 |t: 0 2
The d’Alembert solution therefore satisfies both initial conditions.




ENGI 9420 8.04 - d’Alembert Solution Page 8.16

A more general d’Alembert solution to the wave equation for an infinitely long string is

f(x+ct) + f(x—ct 1 [ xtct
y(x,t) = ( ) ( ) J’X_Ct g(u)du

+_
2 2C

This satisfies the wave equation

2 2
6_3/2028_32/ for —o < x <o and t>0
ot 0X
and
Initial configuration of string: y(x,0) = f(x) for xeR
and
. . oy
Initial speed of string: = =g(x) for xeR
at (X,O)

for any twice differentiable functions f (x) and g(x).

Physically, this represents two identical waves, moving with speed c in opposite
directions along the string.

X+ct

Proof that y(x,t) = ZLCJ‘ g(u)du satisfies both initial conditions:
X—ct

1

1 X+Ct X
y(x,t) = Z_CJ.x—ct g(u)du = y(x0) = 2—ij g(u)du =0

Using a Leibnitz differentiation of the integral:

% = Zic(g(x+ct)-%(x+ct) - g(x—ct)-%(x—ct) + I

x—ct

g(x+ct) + g(x—ct)
2

= 2ic(c:g(x+ct) +cg(x-ct) + 0) =

%y

_ g(x+0) + g(x-0) _
ot - = 9(x)

2

t=0
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Example 8.04.1

An elastic string of infinite length is displaced into the form y = cos 7 x/2 on [-1, 1]
only (and y = 0 elsewhere) and is released from rest. Find the displacement y(x, t) at all
locations on the string x e R and at all subsequent times (t > 0).

For this solution to the wave equation we have initial conditions

y(%,0) = f(x) = cos(%xj (-1<x<1)

0 (otherwise)

and

oy

=2 (x,0) = -0

Y (x.0) = g(x)
The d’Alembert solution is

— X+ct B
y(x.t) = f(x+ct)42r f (x—ct) N %J- (u)du = f(X+Ct);— f(x—ct) L0
x—ct
cos z(x+ct) (-1-ct<x<l-ct)
where f(x+ct) = 2
0 (otherwise)

2
0 (otherwise)

cos M (-1+ct<x<l+ct)
and f(x—ct) =

We therefore obtain two waves, each of the form of a single half-period of a cosine
function, moving apart from a superposed state at x = 0 at speed ¢ in opposite directions.

See the web page "www.engr.mun.ca/~ggeorge/9420/demos/ex8041.html" for
an animation of this solution.



http://www.engr.mun.ca/~ggeorge/9420/demos/ex8041.html�
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Example 8.04.1 (continued)

Some snapshots of the solution are shown here:

ct=0.0 ct=05
\ b
3 2 1 2 3 3 2 4 1 2 3
X X
ct=07 ct =085
11 1]
0.5 0.5
3 2 1 2 3 3 1 2 3
® ®
ct=1.0 ct=20
14 1]
0.5 0.5
0.6 06
¥ ¥
0.4 0.4
0% 0.2
3 2 HAY 1 2 3 3 2 ERE 1 p) 3

X X
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A more general case of a d’Alembert solution arises for the homogeneous PDE with
constant coefficients
2 2 2
Aa u LB o°u C o°u

> + > =20
oX ox oy oy

The characteristic (or auxiliary) equation for this PDE is

AA> +BA+C =0
This leads to the complementary function (which is also the general solution for this
homogeneous PDE)

u(x,y) = fi(y+ax) + f,(y+4,x),

where

—B++D

A
! 2A

_-B-VD and 4, =
2A

and D = B®-4AC
and f, f, are arbitrary twice-differentiable functions of their arguments.
A, and A, are the roots (or eigenvalues) of the characteristic equation.

In the event of equal roots, the solution changes to
u(x,y) = fi(y+4x) + h(x,y) f,(y+1x)
where h(x, y) is any non-trivial linear function of x and/or y (except y + Ax).

The wave equation is a special case with y=t, A=1,B=0, C=-1/c?and A = + 1/c.
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Example 8.04.2
2 2 2
0U 30U 04
0X OXoy oy
u(x, 0) = —x°
u(x,0) = 0

@) Classify the partial differential equation.

(b) Find the value of u at (x,y) = (0, 1).

@ Compare this PDE to the standard form

2 2 2
alj + B ou + 61; =0
0X oXoy oy
A=1, B=-3, C=2 = D=9-4x2=1>0
Therefore the PDE is hyperbolic everywhere.

) 4= +3§I1 ~lor2 Cho e
= uxy) = fy+x + gy+2x (x|+,v)
= Wxy) =f'ly+x + gly+2x x+y
Boundary conditions: x/ \}
U 0) = £09 + g@x) = ¢ @
and
Uy(x 0) = f'(x) + g'(2x) = 0 2
a ! !

6_(1) = f'(x) + 2¢'(2x) = —2x (3)
X

B -0@ = g@ =-2x = gK =~

= g(x) = -3xX+k = g(y+2x) = —%(y+2x)2+k
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Example 8.04.2 (continued)

Also (1) = f(x) = ¢ - g(@x) = -x* + %(2x)*-k = x¥*-k
= fly+x = (y+x° -k

Therefore u(x,y) = f(y +x) + g(y + 2x)
= (y+x)° -k —(y+2x?/2 + k

= %(Zyz+4xy+2X2—y2—4Xy—4X2) = %(yz_zxz)

The complete solution is therefore u(x,y) = %(y2 -2x%)

= u(0,1) = %(12—02) = %

[It is easy (though tedious) to confirm that u(x,y) = %(y2 —~2x7) satisfies the partial

. : . d« o%u o°u . i .
differential equation —- — 3 + 2— = 0 together with both initial conditions
oX ox oy oy

u(x,0) = —x* and uy(x, 0) = 0.]

[Also note that the arbitrary constants of integration for f and g cancelled each other
out. This cancellation happens generally for this d’ Alembert method of solution.]
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Example 8.04.3

Find the complete solution to
o°u o°u o’u

6— -5 +— =14,
oX oxXoy 0y
ux,0) = 2x+1,

uy(x, 0) = 4 —6x.

This PDE is non-homogeneous.
For the particular solution, we require a function such that the combination of second

partial derivatives resolves to the constant 14. It is reasonable to try a quadratic function
of x and y as our particular solution.

Try U, = ax’+bxy+cy’

A = 2ax+by and Wy = bx+ 2cy
oX oy

2 2 2
0 UZP =2a, O =b and 0 u; = 2c
oX oxoy oy
2 2 2
= g2 50U O g5n g5pioc =14

ox? oxoy oy’
We have one condition on three constants, two of which are therefore a free choice.
Choose b=0 and c=a,then 14a=14 = c=a=1
Therefore a particular solution is u, = x* +y?

[But we could have chosen, for example, a=b =0 and ¢ =7 instead — u, =7y?]

Complementary function:
A=6, B=-5, C=1 = D=25-4x6=1>0

Therefore the PDE is hyperbolic everywhere.

12 3 2
The complementary function is
Ue(X,y) = f(y+%x) + g(y+%x)
and the general solution is
u(xy) = f(y+%x) + g(y+%x) + x2+y?
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Example 8.04.3 (continued)

u(xy) = f(y+%x) + g(y+%x) + X2 +y?
ou

= ay f'(y+%x) + g’(y+%x) + 2y

Imposing the two boundary conditions:

u(x,0) = f(%x) + g(%x) + x% = 2x+1
and

D) = g($x) =2x+1-x" - f($x) = 2x+1-x" + 9("_2

u(xy) = f(Y"‘%X) + g(y+%x) + x2+y?

= u(xy) = —9(y+%x)2 +k + 4(y+%x) +1-k + x2+y?
[again the arbitrary constants cancel - they can be omitted safely.]

= —9y?—6xy—x* + 4y + 2x + 1L+ x> +y?

Therefore the complete solution is

u(x,y) =1+ 2x + 4y—6xy —8y?

1)

()

(3)

;)
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Example 8.04.3 - Alternative Treatment of the Particular Solution

Find the complete solution to
o°u o°u o’u

6— -5 +— =14,
oX oxXoy 0y
ux,0) = 2x+1,

uy(x, 0) = 4 —6x.

This PDE is non-homogeneous.

For the particular solution, we require a function such that the combination of second
partial derivatives resolves to the constant 14. It is reasonable to try a quadratic function
of x and y as our particular solution.

Try U, = ax’+bxy+cy’

N = 2ax+by and N = bx + 2cy
oX oy

2 2
au;:Za, Oy _ b and :
ox X 0y oy
2 2 2
= 6% 50U O 15 ghyoc =14
oX oxoy oy

\We have one condition on three constants, two of which are therefore a free choice.

Let us leave the free choice unresolved for now.

Complementary function:

12 3 2
The complementary function is
ug(xy) = fy+3x) + g(y+3x)
and the general solution is
u(xy) = f(y+%x) + g(y+%x) + ax? +bxy +cy?
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Example 8.04.3 (continued)

u(xy) = f(y+%x) + g(y+%x) + ax® +bxy +cy?
= 2—3 = t'(y+1x) + g'(y+3x) + bx+2cy

Imposing the two boundary conditions:

u(x,0) = f(%x) + g(%x) + ax’+0+0 = 2x+1
and

uy (x,0) = f’(%x) + g’(%x) +bx+0 = 4-6x
%(A) = %f’(%x) + —g'(%x) + 2ax =

(B) - 2x(C) = %f’(%x)+(b—4a)x =4-6x—4

= f'(3x) = 3(4a-b-6)x = 9(4a-b-6)(3x) =
9(4a-b-6) ,

= (X)) = Sk

A) = g(%x) =2x+1-ax® — f(%x) = 2x+1-ax® —

= g(x) =2(2x) +1 - (w
But

u(xy) = f(y+%x) + g(y+%x) + ax? +bxy+cy?
9(4a—-b-6)

+1x) +k
2 (y 3)

= u(xy) =

+ 2(b+6—6a)(y+%x)2 + 4(y+%x) +1-k + ax?+bxy+cy?
[again the arbitrary constants cancel - they can be omitted safely.]

_ 9(4a-b-6)

- —(y2+%xy+%x2) + 2(b+6-6a)(y’ +xy+%x°)

2
+ 4y +2x+1 + ax® +bxy+cy?

(A)

(B)

(©)

4 (4a-b-6)

2

f'(x) = 9(4a—b—6)x

-

j(Zx)2 —k = 2(b+6-6a)x’ +4x+1-k




ENGI 9420 8.04 - d’Alembert Solution Page 8.26

Example 8.04.3 (continued)

_ 9(4a‘b‘6)+4(b+6‘6a)+chyZ + (3(4a—b—6)+2(b+6—6a) + b)xy

2
(4a-b-6)+(b+6-6a)+2a
2

12a—-5b+2c-30

- : ]yz — 6xy + 0x* + 4y +2x+1

sz + 4y +2x+1

12a-5b+2c-30 14-30
2 2

But 12a-5b+2c = 14 -8

Therefore the complete solution is

u(x,y) =1+ 2x + 4y—6xy —8y*

and note how the values of the two free parameters have no effect whatsoever on the
solution.

In practice, assign values to the free parameters in the particular solution only after one of
the two arbitrary functions from the complementary function has been determined - if
possible, make that function zero. In the example above, when we found

f'(x) = 9(4a-b-6)Xx,

choose a=0 and b=-6 = f'(x)=0

and, from 12a—5b+ 2c = 14, we also have c=-8.

A) = g(%x) =2x+1-ax® — f(%x) = 2x+1-0-0 = g(x) =4x+1
The general solution then becomes

u(xy) = f(y+%x) + g(y+%x) + ax? +bxy+cy?

u(x,y) =0 + 4(y+%x)+1 + 0+6xy-8y° =

u(x,y) =1+ 2x + 4y—6xy —8y*

as before, but much faster!




ENGI 9420 8.04 - d’Alembert Solution

Page 8.27

Example 8.04.4

Find the complete solution to
o°u o%u o°u
>+ 2 + -
oX oxXaoy oy
u=0 on x=0,
u=x* on y=1.

:01

A=1, B=2, C=1 = D=4-4x1=0

Therefore the PDE is parabolic everywhere.

-2+
2_T\m:—lor—l

ﬂ:

The complementary function (and general solution) is
u(x,y) = f(y—x)+h(xy)g(y-x)

where h(x, y) is any convenient non-trivial linear function of (X, y) except a multiple of

(y—x). Choosing, arbitrarily, h(x, y) = X,
u(x,y) = f(y-x)+xg(y-x)

Imposing the boundary conditions:

u@,y) =0 = f(y)+0 =20

Therefore the function f is identically zero, for any argument including (y — x).

We now have u(x,y) = xg(y—x).
ux,1) = x¥* = xgl-x)=x¥ = gl-x) =x

Therefore
ux,y) = xgly—-x) = x(1-(y-x)

The complete solution is

u(x,y) = x(x—y+1)

= gx) = 1-x




ENGI 9420 8.04 - d’Alembert Solution Page 8.28

Example 8.04.4 - Alternative Treatment of the Complementary Function

Find the complete solution to
o°u o%u o°u
>+ 2 + -
00X oXoy oYy
u=0 on x=0,
u=x on y=1.

:01

A=1, B=2, C=1 => D=4-4x1=0
2+ 40
2
The complementary function (and general solution) is
u(xy) = f(y-x) + h(xy)g(y-x)
where h(x, y) is any convenient non-trivial linear function of (X, y) except a multiple of
(y—X). The most general choice possible is h(x, y) =ax+ by, with the restriction

a=Ab.

A= =-1lor -1

u(xy) = f(y—x) + (ax+by)-g(y—x)
= u(0,y)= f(y)+by-g(y)=0 = f(y)=—by-g(y) (A)
[note: choosing b=0 — f (y) =0, as happened on the previous page] and
u(x1) = f(1-x) + (ax+b)-g(1-x) = x*
Using (A),
u(x1) = -b(1-x)-g(1-x) + (ax+b)-g(1-x) = x°

(7«t§+bx+ax;«t§)-g(1—x):x2 = (a+b)x-g(1-x) = X

= g(1-x) = —Xb (note that the restriction on h(x, y) ensures that a+b=0).
a+
1-y
j— = B
g(y) a+b ®)
-y
A = f = —by-—
) (y) y a+b

The complete solution becomes

u(xy) = —b(y—x)-%

(/b§+bx+axyb§) a+b M xzy+l

1-(y-x)

+ (ax+by) .

u(xy) = x(x—y+1)
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Example 8.04.4 Extension (continued)

It is easy to confirm that this solution is correct:

u(x,y) = x(x-y+1) =
u(0,y) =0(0-y+1) =0 vy v
and
u(x,1) = x(x-1+1) = x*> VX v
and
u(x,y) = xX*—xy+x = %:Zx—y and g—l;:—x
2 2 2
38—2:2, ou =-1 and al;:0
oX ox oy oy
2 2 2
o, QU U LOU 5 5i0-0 V(X y) v

2 + + 2
oX oxoy 0oy
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Two-dimensional Laplace Equation

oy ol

o T ayr =0

A=C=1, B=0 = D=0-4<0

This PDE is elliptic everywhere.

_0++/-4 .

A =t
> J

The general solution is

u(x,y) = f(y—ix) + g(y+ijx)

where f and g are any twice-differentiable functions.

A function f (x, y) is harmonic if and only if V=0 everywhere inside a domain Q.

Example 8.04.5

Is u = €*siny harmonic on R??

au _ eXsiny and o eXcosy
0X oy
o%u X - o%u . .
F:esmy and > = —e’siny
X
= Vzu—ﬂJraz—u—exsiny—eXsiny—O v(x,Y)
ox* = oy? ’

Therefore yes, u = €*siny is harmonic on R?.
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Example 8.04.6

Find the complete solution u (x, y) to the partial differential equation V?u =0, given the
additional information
ou

u(0,y)=y* and —| =0
OX|4_o
The PDE is
2 2
Vi = a—li+a—u2 =
ox® oy

(which means that the solution u(x, y) is an harmonic function).

= A=C=1, B=0 = D=B?’-4AC=-4<0
The PDE is elliptic everywhere.

AE:. 1*+1=0 = A=%]j

CF: uc(xy)=f(y—ix)+g(y+ix)

The PDE is homogeneous =

PS.: uy(xy)=0

GS.: u(xy)=f(y—ix)+g(y+ix)

= Uy (xy)=—Jf'(y-ix)+ jg'(y+ix)

Using the additional information,

u@y)=f(y)+a(y)=y = g(y)=y-f(y) = g'(y)=38"-1(y)
and

U (0,y) =0=—jf'(y)+ig'(y)=i(-f'(y)+3y* - f'(y))

= 2f'(y)=3y* = 2f(y)=y’ = f(y)=3y°

= g(y)=y' -1y’ =3y

Therefore the complete solution is

a(%y) = Hy- i) + 2+ ix)

= 3y - 30X 300X y= (3% + ¥+ 30T +3(3) v + (1

=y +3j%X%y =

u(xy) =y*-3x%

Note that the solution is completely real, even though the eigenvalues are not real.
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8.05 The Maximum-Minimum Principle

Let QQ be some finite domain on which a function u(x, y) and its second derivatives are

defined. Let Q be the union of the domain with its boundary.
Let m and M be the minimum and maximum values respectively of u on the boundary
of the domain.

If V2u>0 in Q, then u is subharmonic and
u(F)<M or u(r)=M VT in Q

If V2u<0 in Q, then u is superharmonic and
u(f)>m or u(f)=m VT in Q

If V2u=0 in Q, then u is harmonic (both subharmonic and superharmonic) and
u is either constant on Q or m<u<M everywhere on Q.

Example 8.05.1

ViUu=0in Q:x*+y*<1 and u(x,y)=1 onC: x*+y*= 1.
Find u(x,y) on Q.

u is harmonicon Q = ming (u) < (uo(nx';;)j < maxc (u)

But minc(u) = maxc(u) = 1

Therefore u(X,y) = 1 everywhere in Q.
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Example 8.05.2

V2 =0 inthesquare domain Q : -2 <x<+2, -2<y<+2.
On the boundary C, on the left and right edges (x = +2), u(x, y) =4 - y?,
while on the top and bottom edges (y = +2), u(x, y) = x* — 4.

Find bounds on the value of u(x, y) inside the domain Q.

For-2<y<+2, 0< 4—y*<4.

For-2<x<+2, -4< xX*-4<0.

Therefore, on the boundary C of the domain Q, -4 < u(x, y) <+4 so that
m=-4 and M = +4.

u(x, y) is harmonic (because V2u = 0).

Therefore, everywhere in Q,
-4 <u(x,y) <+4

Note:
u(x, y) = x> = y? is consistent with the boundary condition and
2 2 2
a—u=2X—0, a—u=0—2y = 8—3:2, 8[.; :_2:_8_3
0X oy oX oy 00X
2 2

= Vu = a—li + 8—% =0

OX oy

Contours of constant values of u are hyperbolas.
A contour map illustrates that —4 < u(x, y) < +4 within the domain is indeed true.

u=0-1 -4 & u=a 10
TN 2 T ]
) \ V..

| L
yx
+4 BRL
+1 /"ﬁ_ +1

u=0-1 -4 u=-4 -1 0
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8.06 The Heat Equation

For a material of constant density p, constant specific heat x and constant thermal
conductivity K, the partial differential equation governing the temperature u at any
location (X, y, z) and any time t is

M _ vy ,  Where K=K

ot up

Example 8.06.1

Heat is conducted along a thin homogeneous bar extending fromx =0tox =L. There is
no heat loss from the sides of the bar. The two ends of the bar are maintained at
temperatures T; (at x =0) and T, (at x =L). The initial temperature throughout the bar at
the cross-section x is f (X).

Find the temperature at any point in the bar at any subsequent time.

The partial differential equation governing the temperature u(x, t) in the bar is

au o°u
ot OX?

together with the boundary conditions
u(0,t)=T, and u(L,t)=T,
and the initial condition
u(x,0) = f(x)

[Note that if an end of the bar is insulated, instead of being maintained at a constant

temperature, then the boundary condition changes to Z—U(O,t) =0or Z—U(L,t) =0.]
X X

Attempt a solution by the method of separation of variables.
u(x, t) = X(x) T(t)

= XT =kx' T = kX ¢

T X
Again, when a function of t only equals a function of x only, both functions must equal
the same absolute constant. Unfortunately, the two boundary conditions cannot both be

satisfied unless T, =T,=0. Therefore we need to treat this more general case as a
perturbation of the simpler (T, =T, =0) case.
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Example 8.06.1 (continued)

Let u(x,t) = v(x,t) + g(x)
Substitute this into the PDE:
a 82 6V azv "
a(v(x,t)w(x)) = km(v(x,t)jtg(x)) = = k(ﬁ + g (X)J

This is the standard heat PDE for v if we choose g such that g"(x) = 0.
g(x) must therefore be a linear function of x.

We want the perturbation function g(x) to be such that
u(0,t)=T, and u(L,t)=T,
and
v(0,t) = v(L,t) =0
Therefore g(x) must be the linear function for which g(0)=T1 and g(L):TZ.
It follows that

g(x) = (Tz—Elex + T,

and we now have the simpler problem

ov 0%
— =k
ot OX
together with the boundary conditions
v(0,t) = v(L,t) =0
and the initial condition
v(x,0) = f(x) - g(x)

Now try separation of variables on v(x, t) :
v(x, t) = X(x) T(t)
1 TV X!! 3 C

= XT'=kX'T = —— =
kT X

But v(0,1) = v(L,t) = 0 = X(0) = X(L) = 0

This requires c to be a negative constant, say —°.
The solution is very similar to that for the wave equation on a finite string with fixed ends

(section 8.02). The eigenvalues are 4 = nT” and the corresponding eigenfunctions are

any non-zero constant multiples of
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Example 8.06.1 (continued)

The ODE for T(t) becomes

whose general solution is

Therefore
2_2
Vp (X,1) = X, (X)Th(t) = ¢y sin(nil_xjexp[—nt—zmj

If the initial temperature distribution f (x) — g(x) is a simple multiple of sin(nil_xj for

2_2
. . - . (nzx n“zkt
some integer n, then the solution for v is just v(x,t) = C, sm(%)exp(—%].

Otherwise, we must attempt a superposition of solutions.

Z Ch sm( jeXp{ t;ktj
such that v(x,0) i i (n;zxj = f(x) - g9(x).

N , . 2
The Fourier sine series coefficientsare ¢, = L
0

so that the complete solution for v(x, t) is

v(xt) = %nil[f:(f (z) - TZ[Tl z - Tjsm(nl_ jdz}sm(nijexp[— nzf;kt]

and the complete solution for u(x, t) is

u(x,t) = v(xt) + (TZ—Elex + T,

Note how this solution can be partitioned into a transient part v(x, t) (which decays to
zero as t increases) and a steady-state part g(x) which is the limiting value that the
temperature distribution approaches.
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Example 8.06.1 (continued)

As a specific example, let k=9, T; =100, T, =200, L=2 and
f (X) = 145x° — 240x + 100 , (for which f (0) = 100, f(2) =200 and f (x) >0 VX).
Then g(x) = L;loox + 100 = 50x + 100

The Fourier sine series coefficients are

2
Ch = J- 0 ((14522—2402+100)—(502+1OO))sin(n—sz dz

= ¢y =145j (22—22)sin(mjdz
0 2
After an integration by parts (details omitted here),
=2
8(z-1
= ¢, = 145 (—22+22)i + 163 cos(nﬂj G Z)Sin(nﬂj
Nz (nr) 2 (n7) 2

n = %((_1)n _1)

2

The complete solution is

X —\— n 2_2
u(xt) = 50x + 100 — 220 [1 (n3l) }sin(n’;‘}exp(_ 9nf t]

3
T- n=1

Some snapshots of the temperature distribution (from the tenth partial sum) from the
Maple file at "www.engr.mun.ca/~ggeorge/9420/demos/ex8061.mws" are shown
on the next page.



http://www.engr.mun.ca/~ggeorge/9420/demos/ex8061.mws�
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Example 8.06.1 (continued)
t = 0.000 t=0.010
200 2001
1501 150
f 100 100
501 50
U0 02040608 1 121416 18 2 Ul " 02040808 1 12 1416 18 2
E i
50 50
t = 0.050 t=0.100
2007 200,
1601 150
f 1001 i 1001
50 50-
0 02040608 1 121416 18 2 Ul 02040608 1 121416 18 2
® S
40 50

The steady state distribution is nearly attained in much less than a second!

END OF CHAPTER 8
END OF ENGI. 9420!
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