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7.03 Half-Range Fourier Series

A Fourier series for f (x), valid on [0, L], may be constructed by extension of the domain
to [-L, L].

An odd extension leads to a Fourier sine series:
-z

where

An even extension leads to a Fourier cosine series:
-

y=+f-x) y=f(x)

where

=—If cos( jdx (n=0,1,23,...)

and there is automatic continuity of the Fourier cosine seriesatx =0and at x = + L.
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Example 7.03.1

Find the Fourier sine series and the Fourier cosine series for f (x) =x on [0, 1].

f (xX) = x happens to be an odd function of x for any domain centred on x =0. The odd
extension of f(x) tothe interval [-1, 1] is f(x) itself.

Evaluating the Fourier sine coefficients, D i
1 .
b, = EI xsin| 22X dx, (n=123,...) = x Sin 2ITX
1Jo 1 \\+
X ' 2 n+l 1 \\ — Cos HATY
b, = 2| ——cos(nzx) + >sin(nzx)| = —x(-1) “ BT
nz (n;z') nxz —
. . ’ S N _sinasx
Therefore the Fourier sine series for f (x) = x on [0, 1] (whichis | 0 )t

also the Fourier series for f(x) =x on[-1,1])is

sin(nzx
_ZZ 1y ﬂ)

or

2( . sin2zx sin3zx sindrx
f(x) = Z|sinzx — + — + ...
V4 2 3 4

This function happens to be continuous and differentiable at x=0, but is clearly
discontinuous at the endpoints of the interval (x = +1).

Fifth order partial sum of the Fourier sine series for f (x) =x on [0, 1]

o
a
- a L }x
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Example 7.03.1 (continued)

The even extension of f (x) to the interval [-1, 1] is f(x) =|Xx]|.

Evaluating the Fourier cosine coefficients,

1 D I
a, = EJ. xcos(n” ]dx (n=123,..) B B
1Jo 1 x COsRTX
1 AN
= a, = Z{LSin(nﬂx) + ! 5 cos(nﬂx)} 1 +\ sin moTT
nz (n”) 0 . 2T
o -
2((—1) - 1) 0 "\ cosamx
e oy
2 1 1
and aO:IJ‘Oxdx:[XZJO:l
Evaluating the first few terms,
=1 -2 a4 -0 - 4 0
ao—aa1—7[27 2 = 133—9ﬂ2' 4 T 257{2!36 )
1 (n=0)
4
or a, = —% n=135,...
= )
0 (n=2,4,6,...)

Therefore the Fourier cosine series for f (x) =x on [0, 1] (which is also the Fourier series

for f(x)=|x]| on[-1,1])is
o c0s((2k —1) X
f(x) = ‘izz ”)
s 2k 1

|\>||—\

or

1 cos 3 X cosb5rx CcoS 77X
f(x) =< - —|coszx + + + + ...
2 T 9 25 49
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Example 7.03.1 (continued)

Third order partial sum of the Fourier cosine series for f (x) =x on [0, 1]

Note how rapid the convergence is for the cosine series compared to the sine series.

y = S,(x) for cosine series and y =S (x) for sine series for f(x) =x on [0, 1]

F

»~
1..

]
- =N
=
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7.04  Frequency Spectrum

The Fourier series may be combined into a single cosine series.
Let p be the fundamental period. If the function f (x) is not periodic at all on [-L, L],
then the fundamental period of the extension of f (X) to the entire real line is p=2L.

T

L
The Fourier series for f (x) on [-L, L] is, from page 7.07,

Define the fundamental frequency o = 27 _
P

© 0

S ™) (22 - 3 4 3

n=1 n=1

(a, cos(nwx) + by sin(nwx))

f(x)cos(nil_x) dx = %.[L f (x)cos(nwx)dx, (n=0,1,23,...)

and
1" . [ nxX
=1 f (x)sin| — = = x)sin(nex)dx, (n=123,...)
-L
b
Let the phase angle &, be such that tano, = ——,
a, c
. b a . _‘bn
sothat sing, = —— and cOSS, = +-1 AN
n Cn il

where the amplitude is ¢, =

Jai+b? .

Also, in the trigonometric identity
replace A by newx and B by o, .

cos AcosB — sin AsinB = cos(A+B),

Then

a, cos(nwx) + b, sin(nwx) = (c,coss, )cos(nwx) — (c,sindg, )sin(nwx)
= ¢, cos(nwx+4,), Wwhere 2?7; = % . lc, = (&, +b?| and |tans, = -0

Therefore the phase angle or harmonic form of the Fourier series is

f(x) =

S
2

o0
ch cos(Nwx+6,)
n=1
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Example 7.04.1

Plot the frequency spectrum for the standard square wave,

f(x) = {—1 (-1<x<0)

+1 (0<x<+1)

From Example 7.02.3, the Fourier series for the standard square wave is

f(x) = %2[% sin nnx] = %i(ZKl_lsin(Zk—l)nxj

k=1

The fundamental frequency is w=r .
The absence of cosine terms = a,=0 WVn = ¢,=b, and 5,=-F Vn.
The harmonic form of the Fourier series is therefore

f(x) = Zi[ﬂ cos(nyrx—%)} = ii(Zkl—l cos((2k—1);;x—%)}

T n=1 n Ti=1

The amplitudes are therefore

4
— dd
N (nodd)
0 (neven)
AC”
1..
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Example 7.04.2

Plot the frequency spectrum for the periodic extension of
f(x) =|x], —l<x<1

f(x)iseven = b,=0Vn = &=0Vn and ¢c,= |a,| Vn>0.

1t 1 1
C, = |a| = ij_1|x|dx = ZJ-Oxdx = [XZJO =1
Forn>0,
1 1 1
a, = 1.[ | x|cos(nzx)dx = ZJ‘ xcos (nzx) dx
-1 0

Z{X sin(nzx) cos(n;zx)}1 2((_1)n _1)

nz (n7z)2 -

. (mz)2

Therefore

f(x) = - zZﬂcos(nﬂx)
1

(nz)

n=1
4 4 4
= - — —C0STX — —C0S37X — > COS5TX — ...
V4 o 251
(which converges very rapidly, as this third partial sum demonstrates)
Y
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Example 7.04.2 (continued)

The harmonic amplitudes are

1 1
el = = =0
- (n=0) > (n=0)
C, = 2(1_(_1)n) = 0 (neven,n>2)
—_— (n € N) 4 (n Odd)
(nﬂ) (n”)z
The frequencies therefore diminish rapidly:
ACM
0.4
0.z
- 1 - * »
a 1 2 3 4 b &
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