ENGI 9420 Engineering Analysis
Assignment 4 Solutions

2012 Fall
[Eigenvalues; stability analysis; Chapter 4]

(@)

For the matrix [20]

Find the eigenvalues.

OR,

The eigenvalues 4, 4, are the solutions to the equation det(A —Al) = 0

-9-14 3
-8 1-1

= A2+81-9+24=0 = A°+81+15=0 = (1+5)(4+3)=0

using the formulae on page 4.30 of the Lecture Notes,

D = (a-d) +4bc = 100-96 = 4

a+d+J/D  -8+2

2 2
Therefore the eigenvalues are

=

‘:o = (-9-7)(1-2) - 3(-8) = 0

ﬂ(:

= -5o0r -3

A =-5-3

(b)

Find the unit eigenvectors associated with each eigenvalue.

For each eigenvalue A, the associated eigenvector X is any non-trivial solution to
(A-21)x =0

|

S

Let X:[

=
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1 (b) (continued)

OR,

OR,

A=-5
L -9+5 3 a 0
Ax=0 = . =
-8 1+5|| p 0
—4a+34=0
= and = ﬁz%a
-8a+64=0

using the formulae on page 4.30 of the Lecture Notes,
{a} i # RE=—ap Zm
B c _g 4

. 3| . : .
Therefore any non-zero multiple of 4 is an eigenvector for the eigenvalue 1 =-5.

Lﬂ — P4 =25 =5

Therefore a unit eigenvector for the eigenvalue 1 =-5 is

=R
AR=0 = {_9_;3 1f3ﬂﬁ{g}

—6a+36=0

and = f=2a
—8a+4p5=0
using the formulae on page 4.30 of the Lecture Notes,

[a} a—d++/D —9-1+2 =_4{1}

B c _g 2

U

1
Therefore any non-zero multiple of [ 5 } is an eigenvector for the eigenvalue 4 =-3.
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1 (b) (continued)

=N12+22 =\

;|

Therefore a unit eigenvector for the eigenvalue A4 =-3

X, c

5|

|

(©)

Construct the 2x2 matrix X whose columns are the unit eigenvectors found in part (b)
and evaluate the product X*AX .

(%2
% s

1[3
-5/,

= |X] =2is(6£—4£) 25

)
245

25

o _ adiX _ 25@_1{2\/3 —JE}:

~detX  2x5

(or, equivalently, X" ==

1[ 10 -5
2{—4\6 3«/5}

10
= X'AX = 1{

2| -45

1[50 25
_E[lzﬁ —9J§H
5 0]

= X'AX = {
-3

5| -4 3

515
3 5 1
4 2@}5{

=A

).

|

-50

0

5

2

|

3 5
4 245

0
-30

25 -5

4

|

which is a diagonal matrix whose diagonal entries are the eigenvalues. Therefore

X'AX = A =[

-5
0

0
-3

}

[If one elects to write the eigenvectors in the opposite order, then the columns of the

matrices X, X' and A will all be in the opposite order.]
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1 (d) Use part (a) to determine the nature and stability of the critical point of the linear system

dx dy
— + 9x =3y, — + 8 =
dt y dt y

The linear system is also [ X } = A{ X }
y y

From part (a), the eigenvalues of the matrix A are negative and distinct.
Therefore the critical point is a

stable node.

(€)

Sketch the orbits near the critical point; and

3 1
Sample eigenvectors are [ 4} for A=-5 and { 5 } for A=-3

The larger eigenvalue (/1=—3) governs behaviour near the origin, while the other
eigenvalue governs behaviour asymptotically (far away from the origin).

: 1| . .
The eigenvector {2} is therefore parallel to the tangent at the origin to nearly all

trajectories, while the eigenvector [ 4} is parallel to nearly all trajectories at infinity.

Therefore y=2x is the tangent at the origin and y =4x/3 is the asymptote.
All trajectories terminate at the origin, because the critical point is stable.
The sketch of the phase portrait then follows.

%
%

=N

-

y=3x y=2




ENGI 9420 Assignment 4 Solutions Page 5 of 17

1 (f) Find the general solution of the linear system.

From the general form for a general solution,
t Aot Lt Aot
(x(t), y(t)) = (clocle/11 +c,a,e 2, cfet +c,p,e? )

we have immediately

(x(t), y(t)) = (\’Scle_‘r’t +c,e S ace™™ + Zcze_st)

Check (not essential):

((t), y(t)) = (—1501e_St ~3c,et, —20ce™ - GCZe_?’t)

But

—9x+3y = (—27+12)ce™ + (-9+6)c,e” = x(t)

—8X+y = (—24+4)c1e_5t + (-8+ 2)c2e_3t = y(t)

Therefore our general solution does satisfy the linear system of ODEs.

2. In a system with two or more states, (for example, the energy levels of the electron shells
in an atom), probabilities can be assigned for a transition from one state to another. The
simplest example is a two-state model, with states ‘A’ and ‘B’. In any time step, there is
a probability a that an object in state A will stay in state A (and therefore the
complementary probability (1 — a) that the object will move to state B). There is a
probability b that an object in state B will stay in state B (and therefore the
complementary probability (1 — b) that the object will move to state A). Both a and b
are numbers strictly between 0 and 1.  These probabilities can be expressed in a
transition matrix M (also known as a Markov matrix): [20]

from state A E
to state & a 1-& ]
M =
to state B l-a &

Note how each column of M has entries that add up to 1 exactly, no matter what choices

are made for a and b.

Let the state vector X,, represent the proportion of objects that are in each state at time

step n:

s - @, | proportion in state A at time »
" A, | proportion in state B at time »

Again, the entries in the columnaddupto 1:  a,+ /4, =1 (X, isaMarkov vector).
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(@)

(continued)

The proportion of objects in each state in the next time step is related to the present
proportions by

1-b
Xn+l = M Xn = an+1 = a . an
P 1-a b ||/

As the system evolves through a long sequence of time steps, the system settles down to a
steady state

=[5 ] =z = 5] =[5
X = suchthat MXx = X = = .
s Vi 1-a b B

Show that one of the eigenvalues of the transition matrix M is A =1, no matter what the
values of the transition probabilities a and b may be.

Direct Method:

?:j ;:3‘ = (a-4)(b-1)-(1-a)(1-b)

= A*—(a+b)1 tab — 1+(a+b) —ab
= A*—(a+b)A+(a+b-1)
IM-21|=0 = (1-1)(A-(a+b-1))=0 =

IM=21| =

A=1 or A=a+b-1

(for any choice of a and b).

Method using formulae on Page 4.30 of the Lecture Notes:

D = ((a—d)2+4bc) = (a—b)* +4(1-b)(1-a)
= a’-2ab+b?* + 4—4a—-4b+4ab
= (a+b)2—4(a+b)+4 = (a+b—2)2
P (a+d)i\/5 _ a+b+(a+b-2) _ 1 or (a+b-1)

2 2
Also note that the steady-state solution is an eigenvector for the eigenvalue 1 =1.
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2 (b) Show that there is exactly one eigenvector of M for the eigenvalue A =1, whose entries
add up to 1 (a Markov eigenvector) and express it in terms of a and b .

a-1 1-b o 0
wwoann - [T ERI@T 0T L e - oy
=[5 a)
Jij l1-a
where Kk is any non-zero number.

OR, using the formulae on page 4.30:

{a} ) k" (a—d)-/D ]  [a-b-a-b+2 ) k{l_b}

2 =kl 2

. 1-a l1-a

But a Markov eigenvector requires a+f =1

1
= k((1-b)+(1-a)) =1 = k:m only.

Therefore the unique Markov eigenvector for the eigenvalue A1 =1 is

) EE)

(which is the steady-state solution).

In order to verify that this is the steady-state solution, [not required], show that

M{;} : {;} | 1-Db 1-b
I A e Y
_ 1 _a(l—b)+(1—b)(1—a)}

(1-a)+(1-b)| (1-a)(1-b)+b(1-a)

1 b

:(1
(1—a)+(1—b)!

-
( _

1-b+

H)}

o]
(=2

Ea+1—a)}

1

(1

O

1
(1-a)+(1-b)

)
)
)
)
)

QD
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2 (c) Show that there is no Markov eigenvector of M for the other eigenvalue.
a-a-b+1 1-b
(M—(a+b-1)1)% = |
1-a b-a-b+1|| p
1-b 1-Db a 0
l-a 1-a || p 0
1
(so that the eigenvectors are k { } , Where k is any non-zero number).
OR, using the formulae on page 4.30:
a]_, (a-d)++/D N a—b+2+b—2 a1
Bl 2 “NY " 1-a
C l1-a
But a Markov eigenvector requires «+ f =1, which is inconsistent with «+ = 0.
Therefore the eigenvalue A =a+b-1 has no Markov eigenvector.
(d) In the particular case where an object in state A has a 40% chance of staying in state A,

but an object in state B has an 80% chance of staying in state B, find the steady-state
proportions of objects in each state.

M:[ a 1—b}: % %

l1-a b % %

From part (b) above, the Markov eigenvector for 1 =1 is
AR e e kAR ARt B
Bl (1-a)+(1-b)[1-a] 3[+1f % 4 % 4] 3

Therefore

HEK

In the steady state, 25% of all objects will be in state A and the other 75% will be in
state B.
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3. For the non-linear system [15]
%:3x+y+7, d—y:2x2+3y+3
dt dt

i. determine the critical point(s);

I.  find the linear system associated with each critical point;

iii.  determine the nature and stability of the critical point(s);

iv. sketch the orbits near the critical point(s); and

v. sketch the orbits on a diagram that includes all critical point(s).

At any critical points,

XY 4 y =-3x-7 and 2x*+3y+3 =10
dt dt

= 2x*+3(-3x-7)+3 =0 = 2x*-9x-18 =0
= (2x+3)(x-6) =0 = x:—% or +6

= (xy)=(-3,-3) or (6,-25)
Near each critical point, the equivalent linear system is

_ op oP
[z | 690602 e
ox oy ()

Near the critical point (-3/2, -5/2), the linear system is

NE M

. = _ 5

y 6 3){y+3

Using the formulae on page 4.30,

D = (a—d)" +4bc = 0+ 4(1)(-6) = —24

a+d) + vD + -
PR )2 ‘/_=6—2 24 _ 346
The eigenvalues are a complex conjugate pair with a
positive real part

= the critical point is an unstable focus.

Just above and to the right of the focus,
(Where X+3>0 and y+%>0),

x>0, so that x is increasing.
The orbits therefore spiral clockwise out from the focus.
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3. (continued)
Near the critical point (6, —25), the linear system is
X) (3 1) x-6
y) (24 3)ly+25
D = (a—d)” +4bc = 0+ 4(1)(24) = 96

(a+d) /D 6+ /9
A= = =3+ 2./6
2 N 2 'J%} 6 J
The eigenvalues are a real pair with opposite signs.
= the critical point is an [unstable] saddle point.

The eigenvector that is parallel to a line with negative
slope (—ZJE ) is associated with the negative

eigenvalue (/1 =3- 2\/5).
Therefore the asymptote with negative slope is asymptotic to the incoming trajectories.

This Maple plot illustrates the behaviour of orbits in the non-linear system:
> with(DEtools):
> phaseportrait([diff(x(t),t) = 3*x(t) + y(bv) + 7,
diff(y(D),t) = 3*y(t) + 2*x(t)"2 + 3], [x(D), y(D1],
t=-4..7, [[x(0)=6, y(0)=-24], [x(0)=4.5, y(0)=-29],
[x(0)=6, y(0)=-27], [x(0)=6.5, y(0)=-25],
[x(0)=-2, y(0)=-20], [x(0)=6, y(0)=-5]11,
x=-3..7, y=-30..0, stepsize=.01, colour=blue,
linecolour=[red,gold,green,navy,gold, red],
title="Phase portrait for non-linear system’);

R\Ef“*
ﬂwf/f§i\ 7
— ] } Y ’
e f:1§_ } ll"l. s
ST ] R s
SN } WY 7
AN
ALY )} /
Hff/%ﬁffffff .
S SPY S LN A
PO SN NN NN Wy
clS SV S INT
The Maple file is available at this link. ji???ﬁ?ﬁ??????ﬁﬁﬁ; /
f/ﬁ/ff?!ﬁﬁﬁf!ffffﬁwl
Y VYNNI N NI
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4.

For the non-linear system [15]

determine the critical point(s);

find the linear system associated with each critical point;
determine the nature and stability of the critical point(s);
sketch the orbits near the critical point(s); and

sketch the orbits on a diagram that includes all critical point(s).

This second order ODE is an undamped Duffing equation.
The non-linear system for this second order ODE is

o_, dy__, . X

dt dt 3

At any critical points,

dx _dy _ X _
o0 = y=0and x(—l+?]—0 = (xy)=(0,0) or (i«/§,0)

Near the critical point (0, 0), the equivalent linear system is

RS
D = (a-d)’ +4bc = 0+4(1)(-1) = -4
(a+d) + VD 04 _

=]
2 2

The eigenvalues are a pure imaginary pair

= the critical point of the linear system is a centre
= the critical point of the non-linear system is one of a centre, a stable focus

or an unstable focus.

There is no damping term (first derivative) in the

original second order ODE, 4
making it likely that this critical point is a centre.

1 =

From the linear system,
y=0 = x>0 = x isincreasing

= orbits go clockwise around the centre.
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4. (continued)

Near the critical points (J_r\/§ 0) , the equivalent linear system is

opP opP
()‘(j: ox  ay XT3
y 0Q 9Q y

ox oy (iﬁ,o)
X

:( 0 1} ( ;\/§j _ (o 1](X$\/§J ¥y

_1+X2 0 (i\/é,O] y 2 0 y ; )

D = (a-d) +4bc = 0+4(1)(2) = +8 '
ﬂ»=(a+d2i’JD==O:zV§=:iJ2 | o | :

The eigenvalues are a real distinct pair of opposite signs

= the critical points are saddle points.

From the linear system, it is clear that x is increasing when y > 0.

The trajectories must therefore approach the saddle point with negative slope.

As confirmation, a Maple plot for the phase portrait of this non-linear system is

> with(DEtools):

> phaseportrait([diff(x(t),t) = y(t), diff(y(t),t) = -x(t) + x()"3/3],
[x(t). y()]. t=-8..8, [[x(0)=-1.72, y(0)=0], [x(0)=0, y(0)=0.6],
[x(0)=-1.74, y(0)=0], [x(0)=1.74, y(0)=0],
[x(0)=-1.74, y(0)=1], [x(0)=1.74, y(0)=-1],
[x(0)=-2.3, y(0)=0], [x(0)=2.3, y(0)=01],
x=-2.5..2.5, y=-2..2, stepsize=.01, colour=blue,
linecolour=[red, green, gold, gold, navy, navy, navy, navy]);

N w#ffff—*g-—m—ammm-w—aﬂf Py
i, " e T i e e e P

A e
B Y
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@

A mutual force of attraction is exerted between parallel current carrying wires.

The infinite wire carries current |.  The =
finitewire of length L carriescurrent i in a |
a
.

the same direction and is restrained by a
spring.  According to the Biot-Savart law,
the mutual force of attraction is |

2liL 2liL _—

(separation)  a-x
where x =0 isthe position at which the T
spring force is zero. The mass of the finite — \N\AA— L
wireis m and the restoring constant of the
spring is k. The equation of motion of the
restrained wireis —

X+£(X—Lj =0 wheae b=
m a—Xx

2liL

For each of thecases b<a®/4,b=2a%/4 and b>a?/4,
Locate and classify the singularities (using dx/dt = y).

The non-linear system for this second order ODE is
. . k( b j k kb
X=y, VYy=-—X-—\|=-—=X+——r
m a-x m m(a—x)
At any critical points,
X=y=0 = y=0 and X:L
a—x
= x(a-x)=b = x*-ax+b=0
a+a —4b

2
If b>a®/4,thenthereareno critical pointsat all.

= X =

If b=a’/4,thenthereisonecritica point, at (a/2, 0).
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5 (a) (continued)

The associated linear system is

op op . 0 1 .
(XJ | ox oy == _ ) ] x=2
oS )Y H[‘“(a x)ZJ B A

ox 0 - a

XY N2 [2,0]

(01 x—%
oo
y
This is a degenerate linear system, whose solution is simply y = dx/dt = constant, (a set

of parallel horizontal lines in the phase plane). The electric and spring forces balance
everywhere in the neighbourhood of the critical point.

If b<a®/4,then there are two critical points, at (x,y) = [ :

The associated linear system is

0 1
mz k[b—(a—x)zj . 2
m (a—X)2 2_4p y
[giaz 0
0 1
2 a
~ |k 4b—(a¢ a2—4b) =3
— 5 0
m y
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5 (a) (continued)
The eigenvalues are a pure imaginary pair at the critical point with the smaller value of x
and a real pair of opposite sign at the other critical point. Also, there is no damping term
(first derivative) in the original second order ODE.

2
= the critical point at (%, OJ is a centre

2 f—
and the critical point at {W, OJ is a saddle point.

(b) Sketch the phase portrait.

b>a’/4
f;???;;jiﬁ%ﬁijf j Note that high values of b correspond to cases
F P TP TS T where the electric force overwhelms the spring,
F P77 77 7 A e 5P forcing the short wire into contact with the infinite
; f; :'; j: ;:’;fj /,)?ﬁ??’f,??? i1 wire regardless of starting position and velocity.
FLLFif Pl 72770
Piiry f,;;;;;j ;;,-;;;?’;;H In these diagrams,

the neutral position of the spring isat x =0,
while the infinite wire is at x = 2.
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5 (b) (continued)

b<a’/4

T T et
P T e
L
A AP e,
LN
PrASSS
prrSGS -
A A A Sy
({5‘!I vl

aERcizar
F\H\t 4 5
VL N
AR o
A >
b N
MM e T T e
P M B e, e e
M S e e
M T e e e e G

A degenerate singularity is halfway between the
neutral position of the spring and the infinitely
long wire. To the left it resembles a centre, but to
the right it resembles a saddle point.

The point at (a/2, 0) is a point of unstable
equilibrium, where the electric and spring forces
balance exactly.  The slightest disturbance in
either direction ultimately sends the finite wire
into contact with the infinite wire at x = a.

When b is small enough (< a%4), the spring can
resist the electric force out as far as the separatrix,
(the trajectory that passes through the saddle
point).

The electric force pulls the point of stable
equilibrium out to the right of x =0, to the point

2
(a - va _4b,OJ.
2
The other singularity (the saddle point) is a point

2
of unstable equilibrium, at [w, OJ
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5 (c) Where it exists, find the equation of the separatrix.
[The separatrix is the orbit that separates closed orbits from open orbits.
It usually passes through at least one singularity.]

The separatrix exists only in the case b<a’/4.

It is the orbit that passes through the saddle point.
For all orbits,

: . k( bj dy k( bj
X:y, y:——x—— = - = —| X + —
m a—x dx my a-—x
= J-ydyzhj-(—xthjdx
m a-—x
2

y k( %2 C k
= = E[_? - bIn(a—x)j + o = y2 =C - H(XZ + 2bIn(a-x))

2 f—
But the separatrix passes through the saddle point at {W, OJ:

2 2 2
= c:=5(—a+ - ‘4bj +2b|n[—a_ :“ﬂ
m

Therefore the equation of the separatrix is

2 2 2
yzzk a + va“ —4b —x2+2blna_ a“—4b
m 2 2(a—x)

i

.

< Return to the index of assignments
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