ENGI 9420 Engineering Analysis
Assignment 5 Solutions

2012 Fall
[Stability analysis, gradient operators; Chapters 4 and 5]

Use Liénard’s theorem to determine the stability of the solutions of the equation

2
d—;(+ x2—1%+x5:0
dt 3/ dt

[Note that the associated linear system has a zero eigenvalue,
which is an indeterminate form.]

[10]

Compare the given ODE to the standard Liénard ODE:

d?x dx
W‘F f(X)E‘Fg(X):O

Checking all the conditions of Liénard’s theorem:
f(x) = x? —% is even
g(x) = x*> isodd and g(x)>0 Vx>0

0= [(e-da- X x 2

F(x) =0 = x(x’-1) =0 = exactly one positive root: x = +1

0<x<l = F(x)<0; x>1 = F(x)>0 andincreasing
All of the conditions of Liénard’s theorem are satisfied.

2
Therefore % + (xz—%)% + x°> =0 does have a limit cycle

and it follows that there is an unstable focus at the origin.

Supportlng evidence is provided by this Maple plot:
> with(DEtools):

> phaseportrait([diff(x(t),t) = y(t),
diff(y(t),t) = -x(O)"5 - (x(H"2 - 1/3)*y(D)], [x(), y(D1,
t=0..30, [[x(0)=0.6, y(0)=011,
x=-1.2..1.2, y=-1..1, stepsize=.01, colour=blue,
linecolour=red);

> phaseportrait([diff(x(t),t) = y(tv),
diff(y(),t) = -x(O"5 - x(H"2 - 1/73)*y(D], [x(B), y(D],
t=0..30, [[x(0)=1.2, y(0)=011,
x=-1.2..1.2, y=-1.2..1, stepsize=.01, colour=blue,
linecolour=maroon);
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1. (continued)
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2. Find all limit cycles of the system of differential equations [10]
dx 3 2 dy 3 2
— = X=X —XYy°, —=y-y —yX
at y at y-y -y

Hints: Compute %(x2 + yz); a limit cycle must be the orbit of a periodic solution that

passes through no critical points of the system and encloses a critical point.]

Critical points exist where x=y=0
= x(l—xz—yz) = y(l—xz—yz) =0
= (x=0 or x*+y’=1) and (y=0 or X’ +y’=1)

An isolated critical point exists at the origin and the entire circle, radius 1, centre the
origin, is also a set of singularities.

Along any trajectory, the rate of change of (distance)? from the origin with respect to t is

d/ o> o dx dy
—( x = 2X— + 2y—
() = 2+ vy

_ sz(l_ W2 yz) N 2y2(1— W2 yz)

2(x2 + yz)(l - (x2 + yz))




ENGI 9420 Assignment 5 Solutions Page 3 of 16

2. (continued)
d, , d, ,
—(r ) >0 for r<1 and —(r ) <0 for r>1
dt dt

Therefore all orbits inside the unit
circle move out towards it, all orbits
outside the unit circle move in towards
it and the orbit passing through any
point on the unit circle remains
stationary at that point, one unit away
from the origin, forever. The
derivatives of both x and y are zero
at every point on the unit circle.

Because every point on the unit circle
is itself a singularity, there is no limit
cycle for this system, even though all
trajectories terminate on the unit circle
(except for the unstable equilibrium
point at the origin).

This Maple plot supports this
conclusion.

Additional note:

i(tan@) = i(lj _ i(lj% _ YX—ZyXX

dt dt\ x dx\ x ) dt X

But yx—yx = (xy=xy>-x°y) — (xy=x*y-xy*) = 0

= %(tan 0) =0 = tand=constant = @ =constant

Therefore the angle @ never changes and all non-trivial trajectories are purely radial.
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Use the Poincaré-Bendixon theorem to prove the existence of a non-trivial
periodic solution of the differential equation [10]
d?z dz dz )
— + (22—1)— + 2(—} +2=0
dt dt dt
Let x=z and y:d—Z
dt
Then the ODE is equivalentto x=y , y=-Xx + (1 - xz)y - 2y3
Finding critical points: x=y=0 = (x,y) = (0,0) only.
dx dy 2 2.2 4
r’ = x*+y? X— =2 = (x —X - Xy -2
ry = ot Y = 09) (v P -y -2yt

dr
= r— =
t

(1— (x2 + 2y2))y2
Therefore the distance of any trajectory from the origin is increasing inside the ellipse

X2 + 2y2 = 1, decreasing outside that ellipse and instantaneously not changing on that
ellipse.

Define an annular region R  between the
circles centre the origin and of radii 0.5 and
1.5.

[Any radii smaller than 1/ V2 and larger than
1 respectively will do. We just need to define
an annular region, centre the origin, that
contains the ellipse completely.]

The ellipse where dr/dt = 0 is entirely inside R.

Everywhere on the outer circle r is decreasing.
Everywhere on the inner circle r is increasing.
All trajectories that enter R can never leave R.
There are no singularities inside R.

The inner circle encloses the singularity at the
origin.

Therefore, by the Poincaré-Bendixon theorem,
a non-trivial periodic solution must exist.
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3.

(continued)

The Maple phase portrait does reveal the existence of a limit cycle:
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[The trajectories shown pass through (0.5, 0) and (1, 1).]
There is an unstable focus at the origin.

The limit cycle is not entirely contained within the ellipse.
The Maple file is available at this link.
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4. Show that the system of differential equations [10]
X 3 .2 .2 dy

2 3
— = X" =Xy " =X"+y, — =2X"y+y +2xy+y+1
at y y at y+y y+y
has no non-trivial periodic solution.

P = x3—xy2—x2+y , Q= 2x2y+y3+2xy+y+1
P LR _ (3x2—y2—2x+0)+(2x2+3y2+2x+1+0)
ox oy

= 5x° +2y? +1 > 0 v(xY)
Therefore, by the Bendixon Non-Existence Theorem,
the system has no non-trivial periodic solution.

1f5

Al ]

AT .

Zhi 2y

R AN

RRRZRIEE AL

|:| | L) |

i iiﬁf/fs b

R R [
SL8T '
v
Y
SE0
piiidrrl
R

[The trajectories shown all emanate from an unstable node near (1.15, -0.17).]
The Maple file used to generate the phase portrait above is available at this link.
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5. Show that the system of differential equations [10]
dx 2 3 gy 2 3
— = 9X—Xy° — , — =4y-X"y+X
at y -y at y y

has no non-trivial periodic solution entirely inside the circle x*+y®=9.

P=5x—xy’-y3, Q=4y-x?y+x°
@+@:5—y2+0+4—x2+0:9—(x2+y2)
ox oy
which is positive everywhere inside the circle x*+y*=9.
Therefore, by the Bendixon Non-Existence Theorem, the system has no non-trivial
periodic solution that lies entirely inside that circle.
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A limit cycle does exist, but
outside the circle.

—
———

The Maple file used to generate
the phase portraits above is
available at this link.
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6. For the vector field ﬁ:e_kr?,where r = [xyz]T and k isa positive constant,
(@) Find the curl of F in Cartesian coordinates. [3]
Firstnotethat r?> = x> +y*+2*> = o _oxi040 = X
OX OX r
and, by symmetry, that a_y and a _z
oy r 0z r
ﬁ(e-kr) _ i(e-kr)ﬂ _ ke krX
0X dr 0X r
2
= i(xe_kr) = {1—kije_kr (needed in part (c) below)
O0X r
; 0 ( .—kr Ky —kr O (. —kr kz _kr
and again by symmetry —(e =—-—ct , —1e = ——¢8 ,
J Yoy y ay( ) r 82( ) r
2 2
i(ye‘"r) = 1—ky e k" and i(ze_kr) = 1—ki e k"
oy r 0z r
2 0 —kr [k kr |
I — Xe ——(zv— —Kr
x r(zy yz)e .
curl F =] Gi ye kM| = | —Z(xz-x)e X" |=|0
y r
0
- 0 —kr _k _ —kr
k — ze —(yX—=Xy)e
01 L r( ) |
Therefore
curlE = 0
(b) Find the curl of F while remaining in spherical polar coordinates throughout. [2]
r ai re K"
1 ar 0
Foe*r=re®¢ = curlF = — r¢ — rx0 |=|0
resiné 00
5 0
rsindg — rsindx0
o¢
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6 (b) (continued)

Note that any purely radial vector field is automatically irrotational:

P2
' 0
_ . _ 1 A 0
F=f(r)f = curlF =—= re — 0 |=]|0
resiné 00 0
rsin0¢? 9 0
o¢
It is therefore no surprise that curl F=0.
(c) Work in Cartesian coordinates to find the divergence of F as a function of r. [2]
B 0 —kr 0 —kr 0 —kr
divFk = &(xe ) + a—y(ye ) + E(ze )
2 2 2 2
[1_‘& PP 1_"Lje—kr _ [g_u}-m
r r r r
Therefore
divF = (3—kr)e™ "
(d) Work in spherical polar coordinates to find the divergence of F as a function of r. [3]
divF = —— i(rzsinexre_kr) + i(rsin6?><0) + i(r><0)
resin@\ or 00 o¢p
1.d /5 —kr (3r2_kr3)e_kr

= —(re ): =

r? dr r?

divF = (3- kr)e_"r




Page 10 of 16

ENGI 9420 Assignment 5 Solutions
6 (e) findwhere div F =0 and classify this surface. [2]
divF =0 = 3-kr=0
Therefore div F =0
everywhere on the sphere, centre (0, 0, 0) and radius r = P
[2]

(f) find where the magnitude F of the vector field F attains its maximum value.

F=|F|=e*|r|=re¥, )

which is a function of radius r only.

dF —kr

— = (1-kr)e

o = (L1=kr)

d—F:0 = 1-kr=0 = r:1
dr k

Note that F is a differentiable positive-
valued function of r forall r>0.

_ —kr _ ; ;
r=0 = re" =0 and D| 1 5 3 p c i
lim (re_kr):o
r—oo

Therefore the sole interior critical point must be an absolute maximum.
F attains its absolute maximum value

everywhere on the sphere, centre (0, 0, 0) and radius r = %
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6 (g) showthat V(r) =

—(1+k B
%e_kr is a potential function for the vector field F. [3]

OR

In Cartesian coordinates

V(r)=Me—kr = VV = 0 0 0 ' Me_kr
2 ox 0y oz k*

o [ —(1+Kkr) i d(—(1+kr) _y,)or

| | = | |2

OX k? dr k* ox

_ [_(o+k);2k(1+kr)e_krjé _ re_kr% — e kr

Invoking symmetry,
R T
VV = [xe_kIr ye k! ze_kr} =re ¥ =F

In spherical polar coordinates,
VV:f’ﬁ+léﬂ+ 1 &ﬂ:?d—v+6+ﬁ
or r 060 rsingd  o¢ dr

— 2
- fi[—(Hkr)e‘kr] = —fkiz(k —k(1+kr))e_"Ir = +f‘%e_kr —eXF=F

dr
Therefore V (r) is a potential function for the vector field F.

(h) find the work done to move a particle from the origin to a place where div F = 0. [3]

t
[Note that work done is Iﬁ-df =I ﬁ.‘ir
c

t t

dt ]

OR

Ignoring the hint [!], where a potential function exists, the work done equals the potential
difference between the ends of the path.

W = V(E) _ V(O) — _(1;3)9_3 _ _(1-;0)90
k k k
Therefore
-3
W = 1—k42e
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6 (h) (continued)

W = J —kr;

The existence of a potential field implies that the vector field F is conservative, so that
the work done in moving from one point to another is independent of the path taken.
Take a simple path, along the positive x axis, from the origin to the point (3/k, 0, 0).

t 1
r=1|0 %: 0| = ?-dr:tx1+0+0:t and r=t
0 0
The work done is
3/k L 1ekt)e T J(143)e3 4 (140)e" -3
B _kt ~ (1+kt)e ~ (1+3)e° +(1+0)e _1-4e
W = . te ™ Mdt = T = 2 = 2

(@)

A cylindrical parabolic coordinate system (u, v, w) is defined by

u? —v?
X=UV, = , Z=W

y 2
x oy oz
ou oOu odu

o(x, v,z
Find theJacobianM = abs| det ox oy oz [3]

A(u, v, w) oV oV oV
ox oy oz
OW OwW oJOw

that allows the conversion of a volume differential dV from Cartesian coordinates to
these cylindrical polar coordinates.

x oy oz
ou ou ou
0 0 0z vouo
det| & DY 2|y v o :O—O+1(—v2—u2)
Oov OV oV
0 0 1
ox oy oz
oW OwW Ow

Therefore the Jacobian is
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7 (a) (continued)
The element of volume is therefore dV = dx dy dz = (u? +v*)du dv dw
(b) Find the scale factors hy, h,, h, for this cylindrical parabolic coordinate system. [3]
or ox oy oz |
hy = || = || &Y =‘[vu0]T= u? +v?
ou ou ou ou
_ r T
h, = o) _ || ox oy oz =‘[u—v O]T‘: u2 +v?
ov | OV OV oV
N a9T
he = | 25| = || X QY 22 ~|[o01]| -1
oW OW OW OW |
(c) Let the unit vectors of the cylindrical parabolic coordinate system be G, v, w. [3]
Find an expression for the gradient in this cylindrical parabolic coordinate system.
_ a ov v oV W oV 1 . oV ~ oV ~ oV
W-=——+—t——=—|l— +V— | + W—
hy ou h, ov  h, ow u2+v2\ ou ov ow
(except on the w axis)
(d) Find an expression for the Laplacian V2 f in this cylindrical parabolic coordinate system.

[3]

vip - b [ofhhwat] ofhwhyaf) o (huhyot
h,hyhy (Oul hy ou ov{ h, ov ow( hy,, ow
1 o (of o[ of 0 A
5 2——+——+—(+v)—
u“+v<ioul ou ov\ ov ow oW

2 2 2
vep - 1 (8f+af)+6f2

u?+v?lou®?  ov?
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7 (e) Sketch on the same x-y plane any three members of each of the two families [3]
of coordinate curves u = constant and v = constant .
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8. The location of a particle at any time t >0 is given in cylindrical polar coordinates by
p(t)y=2-¢e", g(t)=t z(t)=e".
Find the acceleration a(t) in cylindrical polar coordinates. [5]
For this particle, p(t):+e_t, é(t) =1, z(t):—e_t
dp dg- - dé¢ dg. . dk -
L =""¢g=¢, —=——Tp=—p and —=0
i aw? " w s w PP t
r = pp+zI2 = (2—e_t)p+e_tlz
_ df dp dﬁ t~ t 2 tr
= V=— =L = k=e'p+(2-¢ -e 'k
gt at Pt dt pr(2-¢7)s
. a:d_V:(ie—tjA e—t_f’+(i(z_e—t)j¢+(z_e—t)d_¢_(i —tjA
dt dt d dt dt dt
= (—e t)p+e t¢3+e_t¢3—(2—e t)p+e_tlz =
a(t)=-2p+ 2 tg+etk
OR

One may quote a general form for the acceleration vector in cylindrical polar coordinates
a=(p-pd*)p + (pd+2p9)d + 7k
- a= (—e‘t —(2—e“)1),3 +(0+2e"1)g + ek = —2p+2e'gre kK

[As t— oo the particle spirals out asymptotically to a circular path of radius 2, centre
the origin, in the x-y plane, while the z coordinate decreases asymptotically from 1 to 0.]
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9. The location of a particle at any time t >0 is given in spherical polar coordinates by
r(t)=2 6(t)= % B(t) = t.
(a) Find the velocity \7(t) and speed v(t) in spherical polar coordinates. [4]
For this particle, r(t) =6(t) =0, ¢(t)=1
F=rrf=2r
= \7=ﬂ = ﬂf+ rﬂ = ﬂf+2[d—'963+d—¢sin6’¢3} = 0f + 2(05+1Sin£¢3)
dt dt dt dt dt dt 6
=
\7=1¢? = |v=1
(b) Find the acceleration a(t) in spherical polar coordinates. [3]

A

a:d—v = d—¢ = —d—¢(sin0f+coseé) = —1(3in£f+cos£0} =
dt 6 6

a:-%(n@é)

(©)

Describe the motion of the particle (what sort of path does it follow?) [3]

Z=rcosd = Zcos%:\@: constant = the path lies in one plane, parallel to the x-y

plane. The distance from the z-axis is rsin g = 2sin % =1= constant.

Therefore the particle travels at constant speed around the circle of radius 1, centre
the z-axis, in the plane z = J3.

= Return to the index of assignments
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