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ENGI 2422 Engineering Mathematics 2
Possibilities for your Formula Sheets
You may select items from this document for placement on your formula sheets.
However, designing your own formula sheet can be a valuable revision exercise in itself.

1. Fundamentals
Equation of a plane, through point P , (where a = position vector of P), with non-zero

normal vector p = (A, B, C):
fen=2a-n or Ax + By +Cz+D =0

Equation of a line, through point P (xo, yo, zo), (Where a = position vector of P), parallel
to non-zero vector V.= (v, v,, v;):
X~ X — Y =)o — Z— 2,
M1 Va V3
If v1=0, then separate out the equation x = xo.

If v,=0, then separate out the equation y = y,.
If v3=0, then separate out the equation z = z,.

r=a+1tv or

The unit tangent, unit principal normal and binormal vectors at any point on a curve
given by r=r(z) are

VAL A

dt | dt
The arc length s along the curve can be found from

ds ( dsz (dy jz dzjz dr
—_ = - + A + - — | —
dt dt dt dt dt

The curvature « is

and B = TxN

dT
ds

dT
dt

K:‘N‘: =

;‘E
dr

Conic Sections

2 2
x—z + z—z = 1: ellipse, major axis = 2a, minor axis =2b, b = ayl—-e*, 0<e<1,
a
foci at (zae, 0). (b = a isacircle)
2 2
x—z - % = 1: hyperbola, vertices at (+2a, 0), asymptotes y =+ bx/a, e>1,
a
foci at (zae, 0).
y? = dax: parabola, vertex at (0, 0), focus at («, 0), e = 1.
x2 2 x2 2
— + ;;_2 = Oisapointat (0,0); — - % = 0 isthe line pair y ==+ bx/a.
a a
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Quadric Surfaces

2 2 2
x_2 + ;;—2 + Z—2 = 1: ellipsoid (special cases are spheroid and sphere)
a C
X2y 22
— + b—2 -— =1L hyperboloid of one sheet, aligned along z axis
a C
X2y 22
— - b_2 -— =1L hyperboloid of two sheets, aligned along x axis
a C
z x2 y2
—= ot elliptic paraboloid
c a b
z X2 yz
—= =5 hyperbolic paraboloid
c a b
x’ y2 z° . . . x’ y2 z° .
—+ =+ —=0: Asingle point at the origin. — + =+ — =-1: Nothin
a> b gep J a> b J
xz y2 ZZ
— + Pl =0: Elliptic cone, aligned along the z axis;
a C
[asymptote to both types of hyperboloid].
2 2
x—2 + )b/—z =1: Elliptic cylinder, aligned along the z axis.
a
x2 y2
priniey =1: Hyperbolic cylinder, aligned along the z axis.
a
)C2
% =— Parabolic cylinder, vertex line on the z axis.
a
x’ y2 - . x’ y2 ) .
?er—z:o. Line (the z axis) ?+b—2:—1. Nothing
xZ yZ xZ
praai = 0: Plane pair (intersecting along the z axis) —; =1: Parallel Plane Pair
a a
x2 x2
pl =0: Single Plane (the y-z coordinate plane) pl = —1: Nothing

Surfaces of Revolution

y = f(x) rotated around y = c.
Equation of surface generated is (y—c)” + z* = (f(x) - c)2

f(x) - c‘ 1+ (f’(x))2 dx .

Area of curved surface is 4 = 27sz
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Trigonometric identities

e’’ = cos@ + jsin@
o 4 ‘
CoSx = —— = cosh jx
2
: e’ —e .
sinx=———=—jsinh jx
2j

tan x = sin x / cos x
secx=1/cosx
cscx=1/sinx
cotx=1/tanx
cos (—x) = +cosx
sin (—x) = —sinx
tan (—x) = —tanx

cos’x +sin’x = 1
sec’x = 1+ tan’x
csc?x = 1+ cot’x

i(COSx) = —sinx

X
—(smx) = CoSx

dx

i(tan x) = sec’ x

dx

d—(ser) = secx tanx
X

d—(CSCx) = —CSCx COtx
X

E(cotx) = —csc’x

cos (4+B) = cos 4 cos B —sin A sin B
COS 2x = €0S°x — Sin’x

= 2cos’x—1 = 1-2sin%
sin (A+B) =sin A cos B + cos 4 sin B
sin 2x = 2 sin x COS x

Hyperbolic f" identities

e* = coshx + sinhx

e +e "
coshx =

=COS jx

X —-X

sinhx = & = — jsin jx
tanh x = sinh x / cosh x
sechx =1/coshx
cschx=1/sinhx
cothx=1/tanhx

cosh (—x) = +coshx

sinh (—x) = —sinhx

tanh (—x) = —tanhx

cosh®x — sinh% =

sech’x = —tanh2

csch’x = coth’x — 1
i(coshx) = +sinhx

dx

i(sinhx) = coshx

dx

d 2
—(tanhx) = sech’x

dx

d

—(sech x) = —sech x tanh x
dx

d

——(csch x) = —csch x cothx
dx

d 2
——(cothx) = —csch?x

dx

cosh (4+B) = cosh 4 cosh B + sinh 4 sinh B
cosh 2x = cosh?x + sinh’x

= 2cosh’x—1 = 1+ 2sinh’
sinh (4+B) = sinh 4 cosh B + cosh 4 sinh B
sinh 2x = 2 sinh x cosh x
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Trigonometric identities (cont’d) Some Integrals
tan 4 + tan B n+l
tan(4+B)= ————— Y iC (n=-1)
l1-tanA4 tan B J.u"du _ Jn+1
tan2x=2Lnf |n|u|+C (n=-1)
l1-tan“x
cos? x = 1T C0S2X Ia“du =2 4C (a#1,a>0)
2 Ina
sin®x = # Ie“du =e" +C
sin 4 cos B = (sin(4+B) +sin(4-B)) / 2 .[f((x)) dx = In|f(x)|+C
Cos A sinB = (sin(4+B) — sin(4—B)) / 2 Jlx
cos A cos B = (cos(4+B) + cos(4-B)) / 2 Itaﬂu du = In|secu|+C
sin4sinB = (cos(A—];) —505(A;B)é/2 JCOtu du = In|sinu|+C
: : . P+ -
sinP+sin@ = 2sin 5 05 .[SECM du = In|secu +tanu|+C
sinP—sinQ = 2C05P+QsinP;Q ICSCudu = In|cscu — cotu|+ C
du U
CoOsP + cosQ = 2cosP+QcosP2Q I (2 _2 3N (;)+C
- du . 4fu
COSP —cosQ = —ZsinP;QsinPZQ J‘ﬁ = sinh l[;}+C
a +u
Let z=tan (x/2), then 2 = nlu+Va? +u2 e
. 2t -
sinx=——, COSx = ,
1+1¢2 1+1¢2 J. Zdu > = ltan‘l[£]+c
2t a”+u a a
tanx=1_t2 du 1 - y
J.az_uz = Ztan ; +C
= iIn ura +C,
2a u—a

+C
2 a 2

2
I\/az —uldu = %\/az —u® +%Sinl(£j+C
a

2 2
f\/az +uldu = e +u? +%sinh‘l(zj+c = %\/az +u? +%In‘u+\/a2+u2
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Integration by parts: Ju-ﬂdx = [u-v] - g
dx dx
[or tabular format]

Some forms that can be obtained from integration by parts:

J.Inu du = u(lnu — 1)+ C
au

je““sinbudu: Ze ~(asinbu —bcosbu)+C
a‘+b

au
'[e"”cosbudu: e (acosbu+bsinbu)+C

a +b
Jsin’” ucos"udu = (—sin’”’l ucos" u + (m —1)jsinm’2 u cos" u du)
mii-n (m,n>1)
= (Jrsin"’+l ucos" u + (n —1)J'sin’" u Cos" u du)
m+n

Any other anti-derivatives that are required in a question but that cannot be obtained from
the identities above will be supplied either directly or by means of a hint in the question.

Leibnitz diff’n of an integral:

d y=g(x)
—j Hx,y) dy =
dx Jy-r(x)

y=g(x)
H(x,g(x»-;l—f - H(x,f<x))%+ j (iH(x,y) jdy

y=f(x) X
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2. Partial Differentiation

Chainrule: If y=f(x1,x2, ...,x,) and x; = gits, ta, ..., 1) then
oy _ z@y ox;, 0y dx N 0y 0x, et dy 0x,

ot, “Sox ot, ox 0t, 9x, ot ox, ot,
and
dy = Za—ydxi = a—ydxl + a—ydx2 4+t a—ydxn

T OX, ox, ox, ox,
Gradient:

InR?, V:fi+]i+l2i and Vf = i,i,@
ox oy oz ox 0y Oz

Rate of change of f in the direction of a at point P is the directional derivative
D,f|, = Vf-a

»
Jacobian (implicit method):
Conversion from { x1, x2, ..., x, } t0 { uy, uo, ..., u, } defined implicitly by » equations

i (x1, X2, o0y Xy U1, U, ..., uy) = 0.
Find all » differentials df;, then construct the matrix equation

dx, du,
d di

A1 = Bl™2 | The Jacobianis de_tB.
: : det 4
dx, du,

Jacobian (explicit method):

oy Ox . Ox
ou, Ou, ou,
ox, 0x, ox,
Jacobian = 0(x, %, %,) = ABS|det| 5., Bu.  ou
(”1’”2""’”;1) - S !
ox, 0x, 0=,
| Ou,  Ou, ou, |
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Max-Min:

Check all points:

- on the domain boundary;
- where £ is undefined;

- where V£ is undefined;
- where Vf' =0.

Second derivative test (at points where V/ = 0):

fxx fxy
fyx fyy

D>0 and f,,>0 = local minimum
D>0 and f,, <0 = local maximum

D<0 = saddle point
D =0: test fails.

D =

Lagrange Multipliers:

Identify function f(x1, x2, ..., x,,) to be maximized or minimized.

Identify constraint(s) g(xi, x2, ..., x,) = k.
Solve the system of equations
Vf=AVg and g = k.

Solution with smallest (largest) value of f is the minimum (maximum).
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3. First Order ODEs
M(x,y) dx+ N(x,y)dy = 0

Separable if M(x, y)zf(x)-g(y) and N(x, y):u(x)-v(y)

= 4+ P(x)-y = R(x); solution y:e‘h(je”R dx + C), where h:J'P dx

Bernoulli: [not in this semester]

d :
Y o Pe)y = Ry
X

1-u

reduce to linear < + (1-u)-P(x)-w = R(x) using w==
dx 1-u
xactit 27— 9N solution u(x, y)=c where u=jM dx=jN dy
oy ox

Integrating Factor:
Use I(x) totry to make P(x,y)dx + QO(x, y)dy = 0 exact:

- InI(x) = Il oP 0914 (invalid if the integrand is dependent on y).
O\0y Ox

or

Use I(y) totry to make P(x,y)dx + QO(x, y)dy = 0 exact:

— In I = I {———j dy (invalid if the integrand is dependent on x).

Reduction of order (missing y term):

To solve ay + P(x )dy R(x),
dx® dx
dy d?y dp
Replace — b and replace by ——
P dx y P dx? y dx
Reduction of order (missing x term):
dzy dy
To solve + P— + = R,
PR
dy d’y dp
Replace — b and replace b -
p I y p p 0 y p dy
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4. Second Order Linear ODEs

d2y
dx?

¢ WL+ o)y = RE)

[P and O both constant]:
Auxiliary equation:

Solve A*+PA1 +Q =0 A1 =21,4,

Complementary function:

Real distinct roots (over-damped):
Aqx Ayx
y. = Ae = +Be
Real repeated roots (critically damped):
V. = (A+Bx)e/1x
Complex conjugate pair of roots (4 = a + bj) (under-damped):
y, = eax(Aejbx + Be_jbx)

= ¢*(Ccosbx + Dsinbx)

Particular solution by undetermined coefficients:
If R(x) = & ,thentry yp=c¢ &
If R(x) = (a polynomial of degree n),
then try yp = (a polynomial of degree »), with all (n + 1) coefficients to be determined.
If R(x) = (a multiple of cos kx and/or sin kx),
then try yp = ¢ C0S kx + d sin kx
But: if part (or all) of yp is included in the C.F., then multiply yp by x.

Particular solution by variation of parameters:
Let y. = A4y + By, thenfind

0 0
w = y% y? . W= y? = —Y,R, W, = yl, ‘ = + R,
Y V2 R y, Y1
u':Z - u, v':& — v, then
w W

Yp = Uy TV,

General solution:

Yy =yetyp
Initial (or boundary) conditions — complete solution.

or use Laplace transforms.
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5. Some Inverse Laplace Transforms
F (s) f(@)
[, e raar 0!
n-1
3 (n e N) t
s" (n—-1)!
1 1
7s N
eat
S—a
1 (n e N) "L
(s—a)' (n-1)!
e” o(t—a)
e—as
P H(t-a)
1 sin wt
5% +w? @
1 e sin wt
(S — (l)z + coz w
1 e sinh bt
(s— a)z —b? b
(s-a) t
—_— a
(S—ct)z +a)2 e COSwt
(S;Za)z e cosh bt
(s—a) —b

F(s) 1@
1 1—cos wt
2, 2 —
s\s*+w w2
1 ot —sin wt
s2 5% + 0? a)s
1 sin wt — wt cos wt
2
(% +0?) 2 o
;2 tsin wt
(s2 + a)z) 2w
S2 —a)2
y—— t COS wt
(20?)
1 as Square wave,
N tanh(?} period 2a,
amplitude 1

1 n s Triangular wave,
S—Ztan P} period 2a ,
amplitude a
b b Sawtooth wave,
2 e _ period a,
@ S(e 1) amplitude b

{s"F(s) = s f(0)
A OERAD

. d"f

rARICRNARIO}
L r() [ r@as
aF 0

ds




ENGI 2422 Appendix A Formulee Page A-11

First shift theorem: (with F(s) = /{ /() })

The inverse Laplace transform of  F(s—5) is " f(f).

Second shift theorem:

The inverse Laplace transform of ¢ F (s) is f(t—a) H (t—a).

Scaling property (an extension of the first shift theorem):

The inverse Laplace transformof F(as—b) is —e?¢ f (—j :
a a

Periodic function:

If f(¢) isa periodic function of fundamental period 7', then
1

1-¢7

the Laplace transform of f(¢) is

J'OT e £() dt

Sifting property of the Dirac delta function:

f(a) c<a<d
0 a<cora>d

j:’ ) St-aydt = {

Convolution:

If the Laplace transforms of functions f(#) and g (¢) are F(s) and G (s) respectively,
then the inverse Laplace transform of H (s) = F (s) x G (s) is the convolution

ho = (-0 = [, f@ge-dr = [ ft-1)g(c) dr
= (g <O

Also:
J-s F(a)dO' _ J’OO (1_8—”)@61; = J:)O F(s)ds = I;O @dl‘

0
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6. Multiple Integration

If the surface density is ¢ = f(x, y), then the mass is

m = ? [h?)flmy)@qu‘ T LQT)

x=a| y=g(x) y=c\ x=p(y)
where the inner integral must be evaluated first.

f(x, y) dx] dy,

Polar coordinates: (x,y) = (rcosd,rsinfd) and dA = dxdy = rdrdo.

Centre of massis at (x,y), where mx = M, and my = M,

X

) :
m:HadA, M, = IyadA and M, zﬂxadA.
D D

D

Cylindrical polar coordinates:
(x,y,z) = (rcos ¢, rsing,z) and dV = dxdydz = rdrdgd:.

Spherical polar coordinates:

(x, y,2z) = (rsin @ cos ¢, rsin dsin ¢, r cos )
and dV = dvdydz = r’sinddrdodg.

Mass m = jﬂpdV.
V

Additional Formulae for Polar Coordinates (if needed)

(x,y) = (rcos 6, rsin ) = 2 :x2+y2, tang = £
X
& ﬂsin@ + rcosé
dy _ do _ do
dx dx dr

— ——co0s@ — rsing
do

do
/ dr
Arclength L = r%(—j do
. do
1

p
Areasweptoutby r = £(0): 4 = E.[ r*deo

F=00, 6=-0F = v=rf+r00
and & = (7 - r6?)F + (200 +10)B = (7 - r6?)F + G%(ﬁé))é

END OF APPENDIX A
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