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5.01 Transforms

In some situations, a difficult problem can be transformed into an easier problem, whose
solution can be transformed back into the solution of the original problem. For example,
an integrating factor can sometimes be found to transform a non-exact first order first
degree ordinary differential equation into an exact ODE:

Mon-exact Tz I.E. Exact
Fdx + Qdv =10 IPdre +7Qdvy =10
?
solution sol'n of exact
wix,vi= ¢ u:jjp,:fx Etc.

One type of first order ODE [not considered in this semester] is the Bernoulli ODE,

y' + Py = Ry", which, upon a transformation of the dependent variable, becomes a
linear ODE:

Eernoull Linear
¥+ Py = Ry¥ yl—u w' + (1-w) Fw=F
o W= 1—u
Solution Solution of Linear
A w = E_';E(JE;ER dx + C)
1—u

An initial value problem is an ordinary differential equation together with sufficient
initial conditions to determine all of the arbitrary constants of integration. A Laplace
transform will convert an initial value problem into a much easier algebra problem. The
solution of the original problem is then the inverse Laplace transform of the solution to
the algebra problem.

Tnitial Value Laplace Algebra
Froblem Tratnsform Froblem
7
Solution Inverse Solution of
of ITWE Lapl Tr. Algebra Problem
Uses of Laplace transforms include:
1) the solution of some ordinary differential equations
2) the solution of some integro-differential equations, such as

y(t) = g(t) + .(.jh(t—x)y(x)dx .
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5.02 Some Laplace Transforms

If f(?) is
® definedon >0,

®  piece-wise continuous on ¢>0
(that is, only a finite number of finite discontinuities) and

B of exponential order

[1fO]| <k ¢ for all #> 0 and for some positive constants k and a |,
then

F(s) = lim e~ f(¢)dt exists and

m—» o

the Laplace transform of f'(¢) is

Fl) = [ s = £{7(0)

Example 5.2.1

Find #{1}.

F(s) = Te_”ldt - {e_StI = Lo~

0

lea | —
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Example 5.2.2

Find #{t} .

F(s) = J-e_St tdt

0

Integration by parts:
D 1
t e—st
+

1 _ l e_St
s
1 _

0 + —e€ st
s

Linearity Property of Laplace Transforms

LA{af(@) + bg()} (where a, b are constants):

S ey 8

e (af () + be(0)de = af ™ f(e)dr + b[e g (e)dr

= al{f()} + b {g®)}, (provided all of the integrals exist).

[Thus the Laplace transform of a linear combination of functions is the linear
combination of the separate Laplace transforms.]
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Example 5.2.3

Find 7/ {2-3}.

P23} = 24{1) - 34{1) = 2(%) _ 3@

S )
{23} = 2238
S

Example 5.2.4
Find ¥ {{}.
F(s) = J.e_” " dt

0

D |

tn e—st

+
e 1 s
INTEGRATE s
= F(S) = {tn (—ée_”ﬂo + g}[e—”tn_ldt
= f{ " } = (0-0) + ﬁf{ "1 } — arecurrence relation
s
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Example 5.2.5

Find 7 {t*+2:°-37.

Aetv2e =3} = At 220 =321
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5.03 Laplace Transforms of Derivatives

L{f(0)} = fe—sf f()de = [ f (1)) - f—s ¢ ' f(t)dt (integration by parts)

Therefore

70 =+ 0] - 70)].

(provided f is continuous at ¢ = 0).

Therefore

L)) = sS2Lf () = s £(0) = £/(0) ],

(provided f and f' are continuous at ¢ = 0).

Continuing this pattern, we can deduce the Laplace transform for any higher derivative of

VAGE

or

This result allows us to find the Laplace transform of an entire initial value problem.
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Example 5.3.1
Find the Laplace transform of the initial value problem
yiry=t, 0)=1, y(0)=0

and hence find the complete solution.

Let Y(s) = £{ () }, then

LLy" + pt =5°Y = sp0) = y'(0) + Y

Therefore the Laplace transform of the initial value problem is

(s2+1)1/—s—o=si2

which is an algebra problem for Y(s), (the Laplace transform of the complete solution).
Solving the algebra problem:

Y(s)— I(S+Lj— a + 1 o +L_ 1
st +1 s? st +1 sz(s2+1) sT+1 s° sT+1

In section 5.04 we shall see how to find the inverse Laplace transforms

fl{ zs 1} = cost and fl{ 21 1} = sint
T+ st +

The complete solution to the initial value problem is therefore

V() = cost + t — sint
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5.04 First Shifting Theorem;
Transforms of Exponential, Cosine and Sine Functions

Fetr()) = [ttt (eydr = [ £(e)

The first shifting theorem then follows:

If f{f(t)}:F(s), then f{eatf(t)}:F(S—a)

Example 5.4.1

Find 7 {t7e>} .

= 7 { re’ } =F (S —5) = 6 [using the first shift theorem]

(s-5)

Example 5.4.2

Find 7 {e}.

S{1) = F(s) =+
s
= ;f{e‘"xl} = F(s—a) = ! [using the first shift theorem]

”
|
IS
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Example 5.4.3
Find / {coswt} .
eja)t+e—ja)t
coswt = ———
2
at 1
But f{e } =
s—a
1 i - 2
Heosor) = 2| ——+ —— | < SRR B
2\s—jo s+ jo 2 ST —jw 2(s+a))
Therefore
s
L{cosawt} =
feoson} =
Example 5.4.4
Find Z {sinwt}.
eja)t_e—ja)t
sinot = -
2j
at 1
But f{e } =
s—a
T 1 1 1 l (s+jo — s+ jo 1 2jw
S{sinor} = — — - — | = — 3 3 =5l 2 2
2j\ls—jo s+ jo 2j ST —jo 2j\s"+w
Therefore
@
Lisinwt !}t =
{sinor} = —2
It then follows that
1 in @t
fl{ 2S Z}ZCOSQ)t and x—l{ . 2}= Sin @
s +w s +w 0]
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Example 5.4.5

Find Z {sinwt} directly, from the definition of a Laplace transform.

F(s) = £{sinowt} = je_” sin wt dt
0
D I
_St .
e s wt
+
_ Ccos wt
g5t
-
_ - sin wt
+ste ! t— -
INTEGRATE )]

—St
= F(s) = { 62 (wcosor + ssina)t)} - S—F(s)
)

Example 5.4.6

Find Z {sinwt} ,using { cos wt }.

. COoS Wt
sinot = — . Let t) =
dt\ - j f( )

1) =ss{r0)} - £(0)
= J{sinot} = :5{ cosa’t} _ (COSOJ

d (cos wt

—w —w
s s N 1 _—s2+(s2+a>2)_ &
0 sS+0° o a)(s2+a)2) a)(s2+a)2)
. )
Qf{sma)t} = = 5
s+
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Example 5.4.7

Find 4 {¢“sinowr)}.

L{sinot} = @

sS+ o’
Using the first shift theorem, we have, immediately,

f{e‘”sinwt} = @

(s—a)2+a)

Similarly,

Ss—a
f{eatcosa)t} = m

Example 5.4.8

Find 7 {tanwt} .

tan w? is not of exponential order.
[Also, it has infinitely many infinite discontinuities. |
Therefore

/ { tan wt } does not exist.

Example 5.4.9
Find Z {sinhat} .

at —at
) —e
sinhat =

= ;f{sinhat}=l[ L1 j:l[s+a—s+aj= 5
2 2 S

2 2
S —a

Similarly, /{coshat} =




ENGI 2422 Laplace Transforms — First Shift Theorem Page 5-12

Summary so far:

Definition:

o0

L0} = [

0

Linearity:

sf{af(t) + bg(t)} = aéf{f(t)} + bsf{g(t)} (a, b= constants)
Polynomial functions:

iy n! Sy
A= = {_”}_(n—l)!

First Shift Theorem:

f{f(t)}:F(S) = f{eatf(t)}:F(s—a) and if_]{ ! }:eat

S—a

Trigonometric Functions:

1) B U sin wt

f{ msma)t} = = Y/
(s—a) + o’

f{e cosa)t}=(S_a)—2+a)2 = 1 {(s—a)—era)z}:e cos wt

Hyperbolic Functions:

at sinh bt
b

f{emsinhbt} = ﬁ = f_l
S—a —

S—a

f{ e coshbt} = = ¢ cosh bt

(s—a)2 -b’

Derivatives
10 = s (o)) -
) =5 als <r}—sf 0) - 10

etc.

When trying to find the inverse Laplace transform of a rational function F (s), one
usually attempts to break the function up into its partial fractions, with real linear and
quadratic denominators, so that one may read the inverses from the table on this page.
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5.05 Applications to Initial Value Problems

Example 5.5.1

Solve the initial value problem
yr= Syt A ey =0, p0)=1, y(0)=0

Let Y(s) = £{y(0)} .
Sy = st N~ sy0) — y(O0) = 5T Hs) — s
L{y'y=sYs) = w0) = s Xs) — 1
Taking the Laplace transform of the entire initial value problem:
L{y" =5+ 6y}=2L{0} =

(s°=5s+6)Y = s+5=0

_ s—5 _ s—5
s —55+6 (S—2)(S—3)

=t (cover-up rule)
3 2
Y(s) = _
= (S) s=2 s-3
But s{e) = —
s—a

y(t) = 3% —2¢

Check 1:

3t

— 6" = oy =126 - 186"

= Y -5+ 6y = (12-30+18) " + (-18+30-12)¢” =0 V

and  p(0)=3-2=1 v and y(0)=6-6=0 v
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Example 5.5.1 (continued)

Check 2:

Solution by Chapter 4 method:
y' =5+ 6y =0

AE: 22 =51+6=0

= (A-2)(1-3)=0 = Ai=2,3.

CF: yc=Aé' + Beé
P.S.: yp = 0
GS. = CF.

VY ()= 24" + 3Be
ILC: y0)=4+B=1 = B=1-4
y(0) =24+3B=24+3(1-4) =0
:>3:(3—2)A = A4=3
= B=1-3=-2
Therefore the complete solution is

W) =3 -2V
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Example 5.5.2

Solve the initial value problem

YAy 1By =26e ", w0)=5, ¥(0)=-29
Let ¥(s) = L{ ()} .
Sy = 52 ¥(s) — s10) — y(0) = s> ¥(s) — 55 +29
LAy =s5Ys) = n0) = s¥s) -5

26

x{26e‘4’} ==

Taking the Laplace transform of the entire initial value problem:
Sy + 4y + 13y} = £{26 e } =

26
s+4

(s2+4s+13)Y—ss+29—20=

26 557 +11s-10
s+4 s+4

=N (s2+4s+13)y=5s—9+

552 +11s =10

= Y(o) - (s+4)(s" +4s+13)

Recall the three standard inverse Laplace transforms:
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Example 5.5.2 (continued)

We need to express Y(s) in partial fractions and to complete the square in the quadratic
denominator.

55 +11s—10 a b(s+2) + ¢(3)

Y(s) = =

+
(s+4)(s*+4s+13)  s+4  (s+2) + 3

This rearrangement allows us to see immediately that the solution is
y(t) = {Y(s)} =ae™ + be?cos3t + ce sin3t

We need to find the values of the numerators a, b and c:

Cover-up rule for a:

B ((—4)2+4(—4)+13) 13

= 55 +411s-10 = 2(s7 +4s+13) + b(s+2)(s+4) + 3c(s+4)

5(-4) +11(-4)-10 26 5

s = -2 20-22-10 = 2(4—-8+13) + 0 + 3¢(2)
= -12-18 = 6¢c = 6c=-30 = c¢=-5
s = 0: —10 = 2(13) + 8b + 12(-5)

= 8 = -10-26+60 =24 = b =3
Therefore

y(1) = 27 4 e_2t(3 cos3t — 5sin3t)
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Example 5.5.2 (by a Chapter 4 method)
y"+ 4"+ 13y = 26 e_4t, y(0)=35, y'(0)=-29

AE: A2 +42+13 =0

CF.. yc= e (4 cos 3¢t + B sin 31)

PS.: Try yp=4d e [method of undetermined coefficients]
" ' _ —4¢ _ —4¢

v’ + 4y’ + 13yp = de " (16-16+13) = 26¢

= d=2

GS: y=yc+ = ¢ (Adcos3t + Bsin3t) +2¢ "

= ' = ¢ (-34sin3t + 3Bcos3t —2A4 cos 3t — 2Bsin3f) — 8¢

IC: 30) =A+2=5 = A=3

1(0) = 0+38-2(3)-0-8 = =29 = 3B=-15 = B = -5

Complete solution:

y(t) = 20 + e_2t(3 cos3t — 5sin3¢)
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5.06 Laplace Transform of an Integral

t

Let f(t) = Ig(z')dz', then

f0) =
g(t) = /(1) and

L) = s () - T =
| fatoyae | - Lotsto)

[Division in the s domain corresponds to integration in the ¢ domain.
If the initial conditions are all zero, then
Multiplication in the s domain corresponds to differentiation in the # domain. |

Also

Example 5.6.1

Find the function f(f) whose Laplace transform is F (s) =

e 1 _ sin wt
s+t )

= f(t)zf‘l{i s } jx {

t
B 1[ COS&)Z’:I 1 — cosmt
0

10)
1 1 — coswt
VA =
{s(sz+a)2)} ®*

sinwr
dr = I dr
, @

w
Therefore
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Example 5.6.1 (Alternative solution, using partial fractions)

N 3 B ),

s(s2+a)2) s s+ w

= 0= {4} - {2 )

= %(1 — cosa)t)

2

Example 5.6.2

Find the function f(#) whose Laplace transform is F (s) =

o=l [

t ) t
1 — coswr 1 Sin w7
5 w w w 0

Therefore

52 (s2+a)2)

_ 1 1 .
D{ l{m} = ;(a)t - Slna)t)

Alternative method, using partial fractions:

N v B )

Sz (s2+a)2) s s2+a>2
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5.07 Heaviside Function; Second Shift Theorem

The Heaviside function H(¢ — a) (also known as the unit step function u(z — a) ) is

defined by

H
0 (t < a)
—-a) = >0
H(t a) {1 (tZa) (a ) @
The Laplace transform of the —
Heaviside function is: 0 :; £
F(s) = Qf{H(l—a)} = Ie_StH(t a)dt
0
a o0
= je‘”oczt + je‘”ldz
0 a
—st 1%
=0+ {e } - —1(0 )
-s |, K
Therefore
—as
D%{ H(t —a) } .
If

then

f(t) = g(r) + h(t)—ggt) H(t—a)

X
ON  OFF

[The function A(¢) is “switched on” and g(#) is “switched off” at time ¢ = a.]
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Example 5.7.1 (This is part of a question on Problem Set 9)

Express the function
2x (x < 2)

Fx) = { 4 (x22)

in a single line definition.

Answer: fx) =2x + 4A-2x) Hx—2)

The Second Shift Theorem

The result of shifting the graph y = f(¢) (defined only for # > 0) « units to the right, is
the graph y = f(¢t—a) H(t — a):

J2)
S JSli-a) Ht-a)

0 a

The Laplace transform of the shifted function of ¢ is:

0

f{H(r—a)f(t—a)} = Ie_StH(t—a)f(t—a)dt

Let u =t—a = du = dt and

f{H(t—a)f(t—a)} = Ie_s(”m)f(u)du = e_asze_suf(u)du

The second shift theorem (for a > 0) is

C{H(— @) ()] = "1/ ()]
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ENGI 2422

Another way to express the second shift theorem is:

f’l{F(s)} = f(r) = f’l{e_aSF(s)} = H(t-a)f(t—a)

Example 5.7.2
Find Y{H(t—4)(t—4)}.

FLHE—-H) (-4 =™ 7(F) (by the second shift theorem)

Example 5.7.3

-5

Find the function whose Laplace transform is —; 3
s+

—5s

x-l{ 1 }: sin2t -, x-‘{ ¢ }: %sin2(t—5)H(t—5)

s*+4
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Example 5.7.4

In the RC circuit shown here, there is no
charge on the capacitor and no current
flowing at the time 7= 0.

The input voltage Ei, is a constant FE, B o
during the time ¢ <¢<t, and is zero at all
other times.

l

De— —>
=

Find the output voltage E,, for this circuit.

Initial conditions:

q(0) = i0) =0 {Note: %=i:|

o E, (,<t<t,)
m) 0 (otherwise)

Il

= En = Eo(H(t—1) — Hit-1))

Equating voltage drops around the circuit with Ej, :

Ri+1-E
C

mn

= Rq +L - B (H(t-1) - H(t-1,))

q
C

Let QO(s) = £{q(t)}. Taking the Laplace transform of this initial value problem:

1 e—tls e—tzs
R -0)+ =0 =E —~
(sQ - 0) + -0 [ — - = ]
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Example 5.7.4 (continued)

Using the cover-up rule for the partial fractions:

1 1 j(c+ -KC

1N 1
Rs(s+1j ’I( s s + ——

RC RC

S E, _ _-t(RC)
=7 {S(RS + é)} EOC(I ¢ )

Therefore, using the second shift theorem,

| Ee™* B _ {t4)/(RC) ~
s {—S( 1)}_Eoc(l e’ ! )H(r 1)

RS+€

-t

E, 6 =E-1- e_[;_g] H(t-t) - |1 - e_[RC] H(t—t,)

Graph of the output voltage against time:

& Eongt

o4

o]

' >
0 t t t
1 2

The capacitor charges from 0 at time #; then discharges from time #, onwards.
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Example 5.7.5

Find the complete solution of the initial value problem

(VS MO IO R CORT

Let Y(s) = £{0(t) }

F() = tH(t—3) = (t—3)H(t—3) + 3 H(t—3)
= L)} = ey {t+3}  [second shift theorem]

L{y"+4yy = L{f ()}
—3s —3s
Y 44y = & 43¢

2
S S

_ 3s+1
y _ 3s
= (S) e [SZ(S2+4)J
3s+1 a

b cs + d(2)
But YR L T S
s(s +4) Ky S s +4

= 3s+1 = as(s®+4) + b(s*+4) + ¢s’ + 2ds?

Matching coefficients of s”:

s 1 =0+4b+0+0 = b= 1/4
5! 3=4a+0+0+0 = a=3/4
s?: 0=0+1/4+0+2d = d=-1/8
st 0=3/4+0+c+0 = c = -3/4

A1) A
SZ(S2+4) 4\ s 4\ s* 4\ s* +4 8\ s?+4
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Example 5.7.5 (continued)

= 4 J s+l 3 + lt - écosZt - lsin2t
s*(s7+4) 4 4 4 8

One version of the second shift theorem states
SUF(s)) = f(1) = e F(s)) = f(t-a)H (1-a)

Therefore

or equivalently
0 (0<1<3)
»(1) = {%(y ~ 6cos2(1-3) — sin2(1-3))  (123)

[Note: an alternative to partial fractions is:

gl ekt o)

Quoting standard inverses, we obtain immediately
1 3s+1 1 — cos2t 2t — sin2¢ 3 —3cos2t 2t — sin2t
A R vornn Sl ] e el s 3 - +
57 (s7+4) 2 2 4 8

‘y

4 1
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5.08 The Dirac Delta Function

&)

1 (a<t<a+e¢) 1
Let f(t) =3¢ =1 S
0 (otherwise)
Area under B Area of
graph - rectangle
[r(na = Lee =1 s
0 ¢ 0 L d+E t
— 5 =

Also

Define the Dirac delta function to be

5(t—a) = lim f (1)

P
then
1 e—as —(a+e&)s
IR ol

Therefore (for a > 0)

f{é’(r—a)} =¥

and ;5{5(t)} =1.

Also, for a > 0, the total area under the graph is 1 (even in the limit as € = 0"), so

T&(f—a)dt =1
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For g(¢) = any function that is continuous everywhere on [0, o),

ate

g()5(t-a)dt = tim = [ g(¢)ds

e>0" g
a

O ey 8

= lim g(¢,) , where a<t <a+e  [mean value theorem]

£—>0"

= g(a)

Therefore

g(t)&(t—a)dt = g(a)

O —y ]

(which is the sifting property of the Dirac delta function).

[/ 0)5(-a)as - {fga) (Sf< cc;a:j;)

c

Example 5.8.1

A damped mass-spring system, (with damping constant = ¢ = 3m and spring modulus =
k=2m, where m is the mass), is at rest in its equilibrium position, until an impulse of
1 Ns is applied at time =1 s. Find the response y(¢).

ODE: y'+ 3y +2y=0(—-1)
I.C. »'(0) = y(0) =0

One can anticipate some features of the response. The forcing function is zero until
t=1. Thus there is nothing to disturb the system until that instant. We can deduce that
y(£) =0 during ¢ <1. The mass-spring system is set into motion abruptly by the arrival
of the impulse at the instant # = 1, but the forcing term is again zero thereafter. The
damping force will asymptotically restore the system to its equilibrium state. The only
question remaining is whether the system is under-damped or not (see the diagram on the
next page).
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Example 5.8.1 (continued)

Anticipated response:

peaty
Z/LU‘-.DERDAJ}{PED
OVERDAMPED
AMMM
T N\ s
-
l‘\‘\-.n--
‘r“'

The auxiliary equationis A% + 31 +2 = 0. The discriminant is
D=B>-4C=3>-42=9-8>0

= system is over-damped.

Solution, using Laplace transforms:
yr+ 3yt 2y =0@-1)
y'(0) = »(0) =0

Let Y(s) = £{(¢) }

= s+ 3Y+2r=¢ "
e’ _ e’
T +35+2 (s+1)(s+2)

1 1
But ! = (_l+2 ) + (_2+l) = o [cover—up mle]

(S+1)(s+2) s+1 s+2 s+1 s+2

= Y(s) =
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Example 5.8.1 (continued)

From the first shift theorem: 551{ ! } = ¢t

The second shift theorem states:

Sf_l{F(s)} = f(1) = éf_]{e_asF(s)} = f(t—a)H(t-a)

Therefore

or, equivalently,

Y
0.2+
0 G 7 ”,
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5.09 Periodic Functions

If the constant p>0 and f (¢ + p) = f(¢f) forall >0, then
f(?) is a periodic function of ¢, with period p.

Example of a periodic function (with one finite discontinuity in each period):

Fi

N AN \ N .
Ry -y Ry N
P 2p ip

Define a new set of functions g,,(¢), each of which captures only a single period of f (¢):

gn(t) _ {f(t) (np<t<(n+1)p)

0 (otherwise)

Then f(z) = g:‘)gn (7)

Let G,(s) = f{gﬂ (t)} = Ie_Stgn (¢)dt

0
(n+1)p
=0+ [ eg(t)dt+0= [ ef(r)ar
np

Let F(s) = £{f()} ,then

- Ge::f(f)de (g(e—”’ )”jlo— l_elosp xGy (s)
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Therefore, for a periodic function f(¢) with fundamental period p,

LLf(t)} = ﬁ'fe_”f(t)dt

Example 5.9.1

Use the formula above to verify the Laplace transform of f(¢) = sin oz .

2
p=——
0]
1 27/ @
= F(S) = PRy J. €_StSil’1(0tdt
1 —e 0
= ... [after two integrations by parts and algebraic manipulation] ... =
g Yy P g p
—st X 2rlw
~ 1 —e ! (ssinwt + wcoswr)
- 1 — e—2ﬂs/a) JERR 0
275w ol|ll — e @
~ 1 —e (0+w) + 1(0+w) |
-l '+ o B ﬁl/_ﬁmﬁj(sz+a)2)
Therefore
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Example 5.9.2 The Square Wave

F
4] s — — - ==
1]
& 2o 3 4t S B H
-1 O —— O —— e ——

The square wave is periodic, with fundamental period p =2a .

In the “zeroth” period (0 <7< 2a),
+1 (0<t<a)

/(1) = &) = {—1 (a<t<2a)

The Laplace transform F(s) of the square wave f'(¢) then follows.

0

1 e_St a e_St 2a
- 1 —2as _ +
— e S 0 +S p

Fs) - ﬁ{fe_”(ﬂ)dt N j[ae_”(—l)dt]

1
;.(l—e_as)(l-i-e_as) T s l+e ™

- )
et—e’ 11—

B 1+e

But tanhx = 5
X

e’ +e

Set 2x = as, then

F(s) = ltanh(%j

N
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Example 5.9.3 The Saw-tooth Wave
S
|
d
a
d
ad
0 4
&t 2t 3 !
The saw-tooth wave is periodic, with fundamental period p=a .
In the “zeroth” period (0 <7< a),
bt
10 =g =2
The Laplace transform F(s) of the saw-tooth wave f'(¢) then follows.
1 ¢ (bt
F(s) = ——— || = |ar
) = = [ (2]
Let [ = [etdt
0
Integration by parts:
D I
t et
+
1 . l e—st
s
1 st
0 +S—2€ §
—e st T e (as+1) + 1(0+1
B P S IR BT
s s
0
1 - +1)e % l—€" —as e %
= F(S): l—as2 (asz )e :é aS@_
l —e s al s*(1-—¢= sz(l—e as)
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Example 5.9.4

Find the function f(r) whose Laplace transform is F'(s) = iztanh (%j
s
(where a is a constant).
1 as
Let G(s) = —tanh| — |,
S 2
then g(f) = £ '{ G(s)} = the square wave, of period p = 2a.
1 t
= E(s)) = xl{—c(s)} = [e(r)dr
S 0
This integral can be developed graphically:
g(T)
+] s L — L — - ==
0
o et Ja 4 Sa fier T
-1 O  —  —"
¢
Jrg(*.r) T
]
a
; W
F
0 !
toa 2 Ja 4a Sa i T

Therefore f(f) = triangular wave, period 24, amplitude a.

00

Also: f(t) =1+ 22(—1)" (t—na)H(t—na)

n=1
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5.10 The Derivative of a Laplace Transform

Example 5.10.1

Find F(s) = £ {tcos wt }.
Method via an ODE:

Let f(f) = tcoswt

Then f'(f) = coswt —wt sin wt

and ["() = -wsinot — (0 sin ot + ©’tcos wf) = 2w sin wt — o f(f)
Also f(0)=0
fl(0)=1-0=1

Taking the Laplace transform of this initial value problem,

$F(s) - 0-1 = —20)( e 2) — w'F(s)

S+ o
20° sS+0f - 200 -0’
= (S2+a)2)F(S) =1 e st + @ T P
Therefore
2 2
L{tcosmt} = s;coz
(s2+a)2)
F(s) = 2{f(1)} = je‘”f(t)dt = F'(s) = di[je‘”f(t)dtJ
0 S 0

Using Leibnitz differentiation of an integral [section 1.9]:

0

F'(s) =0 -0+ f%(e_”f(t))dt = [e (-t £ (1)) dr
Therefore

%f{f(z)} = (Y] = |2 F ()} = e {F ()
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Example 5.10.1 (again)

Find F(s) = £ {tcos wt }.

Method via the derivative of a transform:

Let g(f) = cos wt
= G(s) = L{g(t)} = o

s* + o’

R ;zf{tg(t)}z—dGz—i( s j

ds ds\ s* + w*

_ —(1(S2+a)2) — S(2S + 0)) ~ % — »?

2 - 2
(s2 +a)2) (s2+a)2)

Example 5.10.2

Find F(s) = £ {tsinwt }.

i) = {stsmon) =42 )

Therefore
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5.11 Convolution

It {f(0} = Fs)
and  L{g(®)} = G(s)
then the convolution of f(¢) and g(¢) is denoted by (f* g)(¢), is defined by

(f*g)(t) = | f(7)g(t1=7)de

O Ly

and the Laplace transform of the convolution of two functions is the product of the
separate Laplace transforms:

{(f*2)(1)} = F(5)G(s)

An equivalent identity is

SF(s)G(s)) = £ {F(s) 27 {G(s))

Convolution is commutative:

gxf = jf(t—r)g(r)dz’ = Jf(r)g(t—z')dr = f*g

Example 5.11.1

Find the inverse Laplace transform of R(s) = % .
(o)
Let F(s)=—~ = f(t)= 4" {F(s)l =1
s
B 1 R _ sinwt
wd G = = ele) = ()] -
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Example 5.11.1 (continued)

Integration by parts:

D I

sin ot
t—7
w
+

CcOS T

—1 - )

w
0 _sin ?T

w

1 7=t
= r(t) = {—3((t—r)a)cosa)r + sina)r)}
w =0
B —(0 + sinwt) + (ot + 0)
0)3
Therefore
P 1 ot — sinwt
P (s + ) o
Note:

This inverse transform can also be found using partial fractions or the division of another
Laplace transform by s. Both of these alternatives are in example 5.6.2 [on page 5.19].
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Example 5.11.2

1

Find /™ -
st + a)z)

The alternative methods that were available in example 5.11.1 are not available here.
The only obvious way to proceed is via convolution.

R=FG = r=f*g

dr

jsinw(f—r) sinwr
@ ®

= r(1) =

But sindsinB = Y2 (cos(4—B) — cos(4 +B))

= sinw(t—7)sinor = %(cosa)(t—%) - cosa)t)

= r(z‘) =

1 t
cosw(t—27) — coswt)dr
i (s (1=20) — cosan)

T=t

1 |sino(t-27)
20° 2w

- T COSCOl‘:|
7=0

1 —sin wt sin wt
= > — tcoswt — + 0
20 2w 2w

Therefore

o 1 sinwt — @t cos wt
(s2 +o’ )2 20’
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Transfer Function

For a second order linear ordinary differential equation with constant coefficients, when
both initial conditions are zero, the complete solution can be expressed as a convolution.

y' A+ by' +cy = (@) and y0) =y'(0) =0
= (s + bs + ) Y(s) = R(s)
= Y(s) = O(s) R(s), where Q(s) is the transfer function:

1
s*+bs+c

0(s) =

The complete solution is just y(f) = g(?) * (), where ¢(¢) = £~ { 2;} _
s“+bs+c

Example 5.11.3

A unit impulse is delivered at time =1 to an harmonic system (with ¢/m = 4) that is in
equilibrium until that instant. Find the response (7).

y' o+ 4y =6(t-1) ; y(0) = »'(0) =0
(t)

=  (s?+4)Y(s) = R(s)

1
s’ +4

= ¥s) = Q(s)R(s), where QO(s) =

= ¢(t) = +sin2s
t

= (1) = g*r = tsin2tx5(t-1) = %J‘sinZ(t—r)5(r—1)dz'

0

The range of integration includes the infinite Dirac spike at 7= 1 only if #> 1.
Using the sifting property of the Dirac delta function,

(1) = {%sin;(t—l) g:;} _ Lsin2(1-1) H (1)
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Some More Identities involving Convolution

l*y = jlxy(z')dz' = jy(r)dr

= Qf{jy(r)dr} = Llxy} = 2{1}-L{y} = —f{y(t)}

[This is an identity that we saw established in another way in section 5.06.]

(1)) = jf(z‘)5(t—r)dr = f(¢)  [sifting property]
Therefore

oxf = f
and
S(t—a)*f(t) = !f(f—fm(r—a)dr = {f(to_a) (O(Zi:)t)
Therefore

S(t—a)xf(t) = f(t—a)H(t—a)

This leads to an alternate proof of the second shift theorem:

L{f(t—a)H(t-a)} = L{5(t—a)* f(1)}
= £{o(-a)} L{f ()} = 2{f ()}
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Integro-Differential Equations

Example 5.11.4

Find the solution y(¢) of the integro-differential equation

y(t) =1 +1 - 9j(t—x)y(x)dx

y(@) = t*+1 = 9¢* ()
Let  Y(s) = £{ ()} ,then

2 1 1
Y(S):?+;—9'S—2'Y(S)

T +2 a bs+c(3)
T < T T o e
s(s +9) K s +3
Cover-up rule:

0° +2 2

a4 = ————=

(07 +9) 9
s 42 = %(52 +9) + (bs+3c)s
Matching coefficients:

s 1 =29+b = b=7/9

”
[e)
Il

0+3¢c = ¢c=0

2 7s

= Y(s) = 5(— . S2+32j = (1) = (2 + Teos¥)
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Example 5.11.5

Solve the system of simultaneous integral equations
t
4 +12[ (i, -1,)dz =1
0
t t
i, + 2[i, dv = 2[(i,—i,)dr
0 0

Let [,(s) = 2{i(2)}, L(s)=L{i(r)} .

Taking the Laplace transform of the entire system of integral equations,

{ 4s1, +12(1,-1,) = 1 }
0

sl, + 21, — 2(1,-1,) =

4s +12 -12 I, 1
- =
2 st4 || 0

y |

detd = (4s+12)(s +4) — (-2)(-12) = ... =4(s* + Ts+6)
L 1 (s+4 12 1
oL T a6y 2 4s+12 [0

B 1 _s+4}
 4(s+1)(s+6)| 2
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Example 5.11.5 (continued)

R o S 1[(%1‘6‘) . (%i‘f)}

I
b A(s+1)(s+6) 4 s+l s+6

= () = %(3e‘t + 2e_6t)

and I, = — 2 - 1[(11+6) N (éﬂ)}

4(S+1)(s+6) 21 s+1 s+6

= i, (t) = %(e_t — e_6t)

These are the currents in the circuit

4002 600
—AAAN ANAN—
- LF LF__
10V " 120 T e 120 & e
z’l 1'2

with initial conditions i;(0) = 1/4, i»(0) = 0.

END OF CHAPTER 5
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