ENGI 4430 Advanced Calculus for Engineering
Faculty of Engineering and Applied Science

Problem Set 7 Questions
[Line integrals, Green’s theorem]

Find the work done when an object is moved along the curve of
intersection C of the circular paraboloid z=x?+y? andtheplane 2x +y=
T
2 from (1,0, 1) to (0, 2, 4) by a force F = [E 1 1} .
X X

(@)

(b)

(©)

Find the work done in travelling in R? once anti-clockwise around the unit

: L _ X—
circle C, centered on the origin, in the presence of the force F = { y} :
X+Yy

using both of the following methods:

by direct evaluation of the line integral ¢ F+dr and
C

by using Green’s theorem and evaluating JJ of, % dA.
s ox oYy

Is the vector field F conservative?

(@)

In class we saw that the line integral @ﬁ-d? has the value 2r,
C

.
where F = { 2—y s X > } and the path C is one anti-clockwise
X“+y" X4y

circuit of the unit circle centered on the origin.

Show that the value of the line integral remains 27z when the vector field is
replaced by

T

Fo| — X . (nez).

(V) ()
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3 (b) Show that the value of _U(?a_fz_z_flj dA (where D isthe circular area
X
£ y
enclosed by C)isnot2z unless n<2.
Hint: transform the area integral into plane polar coordinates, with
X=rcosd y=rsingd and dA=dxdy=rdrdé.
(c) Parts (a) and (b) clearly show that Green’s theorem is not applicable when n>2.
Why should Green’s theorem not be used when 0 <n<2?
4. Find a potential function for the vector
field F=[2xycosz x’cosz —x’ysinz ]T.
Use this potential function to evaluate the line integral _[ F«dr for any piecewise
C
smooth simple curve C from the point (1, 1, —1) to the point (2, 0, 5).
5. A thin wire of line density p=(ax+b)e’ is laid out along a circle, centre the
origin, radius r, inthe x-y plane, (where a and b are any real constants and
r isany positive real constant).

(@) Show that a requirement that all parts of the wire have positive mass leads to the
constraint b>|alr.

(b) Find the mass of the wire (as a function of a,b and r).

2

(c) Show that the centre of mass is at the point (% 0, Oj :

(d) With the requirement of part (a) in place, what are the maximum and minimum
possible distances of the centre of mass from the origin?

(e) The moment of inertia | of a body about an axis of rotation L is defined by
Al =r’Am  (where r is the distance of the element of mass Am from the
axis L). [The moment of inertia is thus a second moment.]

Find the moment of inertia of the thin wire about the z-axis.

(f) The kinetic energy E of a rigid body rotating with angular velocity @ about
the axis L is given by E =% lw?. Find the kinetic energy of the thin wire
when it rotates about the z-axis with an angular velocity .

() The angular momentum (or moment of momentum) of a rigid body rotating with

angular velocity @ abouttheaxis L is la. [Inthe absence of any friction or
externally applied torque, the angular momentum is conserved.] Find the angular
momentum of the thin wire when it rotates about the z-axis with an angular
velocity .
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6. Find the mass and centre of mass of a thin wire that is stretched along a straight
line between the origin and the point (6, 6, 6), given that the line density at
. X+y+z g
X,¥,Z) 1is kgm™.
(y.2) 100 J
7. Find the potential function V (x, y,z) for the vector field
F= x(6xsin 74227 )? + 4ycosz] + (2x3 cosz —2y?sinz —e X’ )R .
8. Find the work done by the force F = xyi + y?] in one circuit of the unit square,
without using Green'’s theorem. [This is the lengthier solution to Example 8.08.]
9. A wire is laid on the plane z = 3 in the shape of the arc of the parabola
y=x%, z=3
between the points (0, 0, 3) and (\/5 2, 3). Its line density is p(X,y,z)=6x.
Use the parametric form (t) = ti+t*j+3k, (0 <t< \/5) to find the exact
mass of the wire.
10.

.
Evaluate gglfodr’, where F = { > y > 2_X 2} and C is the unit circle,
! X“+yT X +y

centre at the origin.  [Note that this is a counter-example, to demonstrate that
potential functions can be ill-defined on non-simply connected domains]
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