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2. Surface Integrals

This chapter introduces the theorems of Green, Gauss and Stokes. Two different
methods of integrating a function of two variables over a curved surface are developed.

The sections in this chapter are:

2.1 Line Integrals

2.2  Green’s Theorem

2.3  Path Independence

2.4  Surface Integrals - Projection Method

2.5  Surface Integrals - Surface Method

2.6 Theorems of Gauss and Stokes; Potential Functions
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2.1 Line Integrals

Two applications of line integrals are treated here: the evaluation of work done on a
particle as it travels along a curve in the presence of a [vector field] force; and the
evaluation of the location of the centre of mass of a wire.

Work done:

The work done by a force F in moving an elementary distance Ar along a curve C is
approximately the product of the component of the force in the direction of Ar and the
distance | Ar | travelled:

AW =~ FeAT = Fcos6|Ar|

Integrating along the curve C vyields the total work done by the force F in moving along
the curve C:

W = [Fedr
C

b dx dy dz
= f.dx+ f, dy+ f,dz) = f.—+ f,—=+ f,— |dt
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Example 2.1.1

Find the work done by F = (—y, X, z> in moving around the curve C (defined in
parametric formby x=cost, y=sint, z=0, 0<t<2r).

F = (-y,xz)|, = (-sint, cost,0)

ar _ i<cost,sint,0> = (-sint, cost, 0)
dt dt
= Ifc:j: = sint+cos’t+0 =1

2”_ ar 27
:>W='[ Fe—dt = 1dt = 27
o dt 0 =

v, F
r
t=0
-
.
=2
) l—:.dr
Note that F, = FeV = d—?t = 1 everywhere on the curve C, so that
'«

W = 1xC = 2z (the length of the path around the circle).

Alsonotethat F = (~y,x,z) = curlF = 2k everywhere in R®.

The lesser curvature of the circular lines of force further away from the z axis is balanced
exactly by the increased transverse force, so that curl F is the same in all of R®.

We shall see later (Stokes’ theorem, page 2.40) that the work done is also the normal
component of the curl integrated over the area enclosed by the closed curve C. In this
case

W = (VxFh)A = (2kk)z(1) = 27
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Example 2.1.1 (continued)

Example 2.1.2

Find the work done by F = (x, Y, z) in moving around the curve C (defined in

parametric formby x=cost, y=sint, z=0, 0<t<2x).

F = (xyz)|, = (costsint,0) = r

ar _ i<cost,sint,0> = (-sint, cost, 0)
dt dt
_ dr . .
= F.dt = —costsint + sintcost + 0 = 0

2
= W = 00dt=0

In this case, the force is orthogonal to the direction of motion at all times and no work is

done.
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If the initial and terminal points of a curve C are identical and the curve meets itself
nowhere else, then the curve is said to be a simple closed curve.

Notation:
When C is a simple closed curve, write Jlfodf as cj)lfodr.
Cc C

F is a conservative vector field if and only if Cj}ﬁ-d? = 0 for all simple closed curves
c
C in the domain.

Be careful of where the endpoints are and of the order in which they appear (the

. I o_ ar
orientation of the curve). The identity F-d dt = - F-d dt leads to the result
tp O o O
(ngf-dr = —{[}I‘:-df v simple closed curves C
o o

Another Application of Line Integrals: The Mass of a Wire

Let C be asegment (to <t<t;) of wire of line density o (x,y,z). Then

element of

t
ds 1 ds
mass Ao - m= ds:I —dt = —dt
[ Pt P
C 0
First moments about the coordinate planes:

b
AM = T Am = pT As = I\7I:J‘ pT’Edt

t

M ,  Where

m

dsz (dyjz (dzj2
=+ 2]+ = .
dt dt dt

The location (T’) of the centre of mass of the wire is <T’> =

3!

_ b t =
M:I prdt, m:I pEdt and %: E
t, dt dt dt




ENGI 5432 2.1 Line Integrals Page 2.06

Example 2.1.3

Find the mass and centre of mass of a wire C (described in parametric form by
x=cost, y=sint, z=t, —-z<t<ux) of linedensity p=7°.

Let c=cost, s=sint. [The shape of the wire is
one revolution of a helix,
r={cst)y = % = (-s,¢,1) aligned along the z axis,
centre the origin.]
= J(=s) +c*+1? =2
o = 72 — 2
T 3 v
:m:jpds:j —dt—x/_J. {t}
c 3],
2 3
= mn = 5\/572'

4
M:I r—dt—x/_j tctst>dt

%)

X component:

Integration by parts. D I

t2cd 52 [
I c t— )s+2tc} N,
.

2t “ &
ool _ T2 4 -

= _[_,,t cdt = [(t 2)s+2tc}_” N
= (0-27) - (0+27) = —4x e
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Example 2.1.3 (continued)

y component:

For all integrable functions f (t) and for all constants a note that

0 if f (t) is an ODD function

a
f(t)dt = a
JL1o 2 f(t)dt if f (t)is an EVEN function
t?sint is an odd function

- _[ t2sdt = 0

Z component:

t3 is also an odd function
T

= j t3dt = 0
7T

Therefore M = —47421

M 3 ~ 6 -
F)= = = —° 4720 = ——i
<> m 2232 z 2

The centre of mass is therefore at (—% 0, O)
T
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2.2 Green’s Theorem

Some definitions:

Acurve C on R’ (defined in parametric form by F(t) = x(t)i + y(t)], as<t<hb)is
closed iff  (x(a), y(a)) = (x(b), y(b)) .

The curve issimple iff P(t,)=F(t,) forallty, t;suchthat a< t1< ;< b;
(that is, the curve neither touches nor intersects itself, except possibly at the end points).

Example 2.2.1
Two simple curves:
open closed
F ¥

2

x / x
T

Two non-simple curves:
open closed

AR
C =
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Orientation of closed curves:

A closed curve C has a positive orientation iff a point r(t) moves around C in an
anticlockwise sense as the value of the parameter t increases.

Example 2.2.2
: : hY hY
¢ mcreasing i=mg ANDi=4H
t=a AND i =5
D D
\)x \_/ x
} creasing
Positive orientation Negative orientation

Let D be the finite region of R? bounded by C. When a particle moves along a curve
with positive orientation, D is always to the left of the particle.

For a simple closed curve C enclosing a finite region D of R? and for any vector function
F= <f1, f2> that is differentiable everywhere on C and everywhere in D,

Green’s theorem is valid:
(J(,r:.dr = J-‘[ of, _of dA
< ox oy
D

The region D is entirely in the xy-plane, so that the unit normal vector everywhere on D is
k. Let the differential vector dA =dA k, then Green’s theorem can also be written as

i,.ﬁ-dr _ g(Vxﬁ)-R dA — g(curl F)-dA

Green’s theorem is valid if there are no singularities in D.
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Example 2.2.3

ﬁ:<§,o>;
C

Green’s theorem is valid for curve C; but not for curve C,.
There is a singularity at the origin, which curve C, encloses.

Example 2.2.4

For F = (x+y,x—y) and C as shown, evaluate @ﬁ-d?.
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Example 2.2.4 (continued)

F=(x+y x-yY)

Everywhere on the line segment from P to Q, y =2 —x (and the parameter t is just X)

= F=(x2-x) = % =(1,-1) and F = (2,2x-2)

= (0-0) - (8-4) = 4

Everywhere on the line segment fromQ toR, y=2+x

dar

= F=<x,2+x> = o

= (L1) and F = (2x+2,-2)

— J'ﬁ.dr = '[_2((2x+2)—2)dx = 0_22de = [XZ}:

Everywhere on the line segment fromR to P, y=0

S r=(x0) = S-0) ad F=(xx)

2

= FJI;IE.df = Ji(x+0)dx = jixdx = [X?IZ

[
Ie

= SEIE-d? = —-4+4+40
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Example 2.2.4 (continued)

OR use Green’s theorem!

2 0]
det| ox oy | =
fl f2

everywhere on D

”(ax jdA HOdA_o

By Green’s theorem it then follows that

(ﬁlfod? -0

C
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Example 2.2.5
Find the work done by the force F = <xy, y2> in one circuit of the unit square.

¥
1 —
i
¢ o p
] = 1 %
By Green’s theorem,
W = gglf.dr = J:[ a_f2_a_f1 dA
A ox oy
D
of, of 0 0
9 _%h _ _(yz)——(xy) - 0-x
ox oy oX oy

The region of integration is the square 0 <x<1, 0<y<1

= W = vU—di = j:j:(—x)dydx
—I:X(Jolldyj dx = —I:x[y]; dx —J.le(l—o) dx

2 1
H _ 1ot

2|, 2 2

Therefore

The alternative method (using line integration instead of Green’s theorem) would involve
four line integrals, each with different integrands!
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2.3 Path Independence

Gradient Vector Fields:

If F=Vg,then F = <%%>
oxX oy

of, 8f

— = O
ox = dyx — Py

(provided that the second partial derivatives are all continuous).

It therefore follows, for any closed curve C and twice differentiable potential function ¢

that
<]5v

Path Independence

If F=Vg¢ (or F=—V4), then 4 isa potential function for F.
Let the path C travel from point P, to point P;:

'[F-dr = JV¢-dr - £(8¢dX+Zdy+ dzj jd¢

[chaln ruIe]

= [#] = 4(R)-¢(R)

which is independent of the path C between the two points.

Therefore (Work donej _ ( difference in ¢ ]

by Vg between endpoints of C

- qgw-dr = ¢(P)-¢(P) = 0

[work done = potential difference]
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Domain

A region Q of R? is a domain if and only if

1) For all points P, in Q, there exists a circle, centre P, all of whose interior points
are inside Q; and

2) For all points P, and P; in Q, there exists a piecewise smooth curve C, entirely in
Q, from P, to P;.

Example 2.3.1 Are these domains?
{xy)y>0} {xy) x>0}
F F
NS
& O'\O
X 4 X
TES (and sinply connected) o
¥
’ oy gt ‘. \
Ty
I f
- |
\ Y4
|
YES (but not simply connected) NO

If a domain is not specified, then, by default, it is assumed to be all of R?.
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When a vector field F is defined on a simply connected domain Q, these statements are
all equivalent (that is, all of them are true or all of them are false):

= F=Vg¢ forsome scalar field ¢ that is differentiable everywhere in Q;
= F isconservative;

.[ F.dr is path-independent (has the same value no matter which path within
C

Q is chosen between the two endpoints, for any two endpoints in Q);
. J.F:-df = Peng — Psiare (fOr any two endpoints in Q);
Cc

Fe.dr = 0 for all closed curves C lying entirely in Q;

o

C

o,
0X
= VxF = 0 everywhere in Q (so that the vector field F is irrotational).

There must be no singularities anywhere in the domain Q in order for the above set of
equivalencies to be valid.

_oh everywhere in €2; and
ay

Example 2.3.2

Evaluate j((2x+ y)dx + (x+3y*) dy) where C is any piecewise-smooth curve from

C
(0, 0) to (1, 2).

F = <2x+ Y, x+3y2> is continuous everywhere in Q =R?

of,
OX

of,

:1:—
ay

= F isconservativeand F = V¢

o o

= = =2x+y and —= = x+3y?
. y 5 y

A potential function that has the correct first partial derivativesis ¢ = x*+xy + y*

- jﬁ-dr _ { p }(H) = (1+2+8) — (0+0+0)

00)

Therefore
j((2x+ y)dx + (x+3y2)dy) = 1
] =
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Example 2.3.3 (A Counterexample)

Evaluate (ﬁlf-df, where F = < y 2_X 2> and C is the unit circle, centre at the
X +y
C

X* +y°

origin.

F is continuous everywhere except (0, 0)

= Q is not simply connected. [Q is all of R? except (0, 0).]

a_fz B XZ_yZ

X (x4 y2)2

= A everywhere in Q

We cannot use Green’s theorem, because F is not continuous everywhere inside C

(there is a singularity at the origin).
Let c=cost and s=sint then

r={(cs) (0<st<2r) = 1 =(-s,c)

= S —C

F = <C2+52,CZ+SZ> = <S’_C>

- gz,lf-dr - I:ﬂ(—sz—cz)dt = | dt= —[t]j"

Therefore

Note: qglf-d? # 0, but
C

everywhere on Q, F=V¢, where ¢ = Arctan (5] + k
y

The problem is that the arbitrary constant k is ill-defined.
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Example 2.3.3 (continued)

Let us explore the case when k = 0.

Contour map of ¢ = Arctan (ij + 0
y

¢=10 -
';?f'=—‘;—r /'35':3
T
g=-2 E
=-3Z ';3,:_3_;??
2
';E:':_B;]_FT .;E:':—S—?T
4
$=-m

We encounter a conflict in the value of the potential function ¢ .

Solution: Change the domain Q to the simply connected domain
q - R* except the
non-negative x axis

then the potential function ¢ can be well-defined, but no curve in Q" can enclose the
origin.
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2.4 Surface Integrals - Projection Method

Surfaces in R®

In R® a surface can be represented by a vector parametric equation
F=x(uv)i+y(uv)j+z(uv)k
where u, v are parameters.

Example 2.4.1

The unit sphere, centre O, can be represented by
r(6,¢4) = (sindcosg, sindsing, coso)
0<f0<7z and 0<¢g<2r
T T

declination azimuth

If every vertical line (parallel to the z-axis) in R® meets the surface no more than once,
then the surface can also be parameterized as

r(xy)=(xy f(xy) oras z=f(xy)
Example 2.4.2

z=\4-x"-y*,  {(xy)[x*+y’<4} isahemisphere, centre O.

A simple surface does not cross itself.
If the following condition is true:

{r(u,v,) =7(u,v,) = (u,v,) = (u,V,) forall pairs of points in the domain}
then the surface is simple.

The converse of this statement is not true.

This condition is sufficient, but it is not necessary for a surface to be simple.

The condition may fail on a simple surface at coordinate singularities. For example, one
of the angular parameters of the polar coordinate systems is undefined everywhere on the
z-axis, so that spherical polar (2, 0, 0) and (2, 0, z) both represent the same Cartesian
point (0, 0, 2). Yet a sphere remains simple at its z-intercepts.
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Tangent and Normal Vectors to Surfaces

A surface S is represented by r(u, v). Examine the neighbourhood of a point P, at
r(uo, Vo). Hold parameter v constant at v, (its value at P,) and allow the other parameter
u to vary. This generates a slice through the two-dimensional surface, namely a one-

dimensional curve C, containing P, and represented by a vector parametric equation
r= ?(u, vo) with only one freely-varying parameter (u).

e Ty C,: r(u,v,)

0!

R
Cy

If, instead, u is held constant at u, and v is allowed to vary, we obtain a different slice
containing P, the curve C, : F(u,, V).

On each curve a unique tangent vector can be defined.

At all points along C,, a tangent vector is defined by T, = ai(?(u,vo)).
u

[Note that this is not necessarily a unit tangent vector.]

0 /.
P, - a_(r(UO,VO)) '

At P, the tangent vector becomes T,
u

Similarly, along the other curve C,, the tangent vector at P is T,

0 /.
. = a—v(r(uo,vo)).

If the two tangent vectors are not parallel and neither of these tangent vectors is the zero
vector, then they define the orientation of tangent plane to the surface at P,.
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: = = or _or
A normal vector to the tangent plane is N =T,xT, = —x—
ou ov (o o)
i ]k
Xy @ _alv2) azx) axy)
ou éu ou o(u,v) " a(u,v) " o(u,v) © V)'
x oy a
L aV a\/ aV (UO,VO)
ox oy
u ou
where (x.y) is the Jacobian det :
(u,v) ox oy
ov oV
Cartesian parameters
With u=x, v=y, z=f(xYy),thecomponents of the normal vector
N = N,i+N,j+Ngk are:
o & G
N - o) ox | of N dzx) fox T o
1~ - - T AL 2 - - T A
o(xy) ;9 OX oxy) | 4 oy
oy oy
o( X, 10
N, = 2Y) -1
a(x.y) 01
= a normal vector to the surface z = (X, y) at (Xo, Yo, Zo) IS
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If the normal vector N is continuous and non-zero over all of the surface S, then the
surface is said to be smooth.

Example 2.4.3

A sphere is smooth.

A cube is piecewise smooth (six smooth faces)

A cone is not smooth (N is undefined at the apex)

Surface Integrals (Projection Method)

This method is suitable mostly for surfaces which can be expressed easily in the
Cartesian form z =1 (x, y).

The plane region D is the projection of the surface S : f (r) = ¢ onto a plane (usually the
xy-plane) in a 1:1 manner.

T pd
The plane containing D has a constant unit normal A.

N is any non-zero normal vector to the surface S.
N

A

-~
n
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- L[ds _'L'[‘L'i'ﬁ A
and
[[atryes - ”g(r)‘mﬁ dA

For z=1(x,y) and D = aregion of the xy-plane,

N = —Q,—ﬂ,l and A =k
ox oy
= |NeAi| =1 and

Jores :‘[)Jg(f)\/(

0z

J(:

ox y

2
j+1 dA

which is the projection method of integration of g(x, y, z) over the surface z =f (x, y) .

Advantage:

Region D can be geometrically simple (often a rectangle in R?).

Disadvantage: Finding a suitable D (and/or a suitable 1:1 projection) can be difficult.

You may have to split the surface into pieces (such as splitting a sphere into two
hemispheres) in order to obtain separate 1:1 projections.
the surface is vertical (such as a vertical cylinder onto the xy plane).

The projection fails if part of
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Example 2.4.4
Evaluate J. J. z dS , where the surface S is the section of the cone z2 = x* + y* in the first
S

octant, betweenz =2 and z = 4.

ds = \/K%T{%fu dA = \/()Z‘—Z}(Z—Zjﬂ dA = (éju dA = V2 dA

Use the polar form for dA:

N

g dA = rdrdé, 2<r<4, Oges%
) r = x2+y? =
2 D 712 o4

y = ”z ds = I j r/2 rdrdé

F : 0o J2
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Example 2.4.4 (continued)

= szs = ﬁjoﬁlzlda',[:rz ir - \/5{ , T/z{r_;r

2872
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25 Surface Integrals - Surface Method

When a surface S is defined in a vector parametric form r = r(u, v), one can lay a
coordinate grid (u, v) down on the surface S.
A normal vector everywhere on Sis N = ﬂxﬂ .

ou ov

N

ds = \dé\ = [N|dudv

8r or
_X_

ou ov

du dv

[Jotryes - j far
Advantage:

¢ only one integral to evaluate

Disadvantage:
e it is often difficult to find optimal parameters (u, v).

The total flux of a vector field F through a surface S is

D = ﬂFds_ IFNds_”F- ZXEdudv

or
ou

(which involves the scalar triple product Fe

or
XE)
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Example 2.5.1: (same as Example 2.4.4, but using the surface method).

Evaluate J. J. z dS , where the surface S is the section of the cone z2 = x* + y* in the first
S

octant, betweenz=2and z = 4.

5] ‘ Choose a convenient parametric net:
u=r=x+y? =z
and
v=2~06
then

r = (rcosé,rsind,r)

(2§rs4, oses%)

o _ (cosd,sin6,1)
or

and or _ <—r sin®, r cos o, 0>
06

i j K
= N =+| cos§ sind 1|=+(-rcosd,—rsind,r)
0

—rsin@ rcosé

U
=
I

IN| = rcos?@+sin® 0 +1 = 12

N ”z ds = Hz Ndrdo = Ioﬁlzj:r\/ﬁrdr d@ (as before)
S S

. szds _ ZSf;ﬁ
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Just as we used line integrals to find the mass and centre of mass of [one dimensional]

wires, so we can use surface integrals to find the mass and centre of mass of [two
dimensional] sheets.

Example 2.5.2

Find the centre of mass of the part of the unit sphere (of constant surface density) that lies
in the first octant.

z Cartesian equation of the sphere:
1.2 ) s s
1 X“+y +z° =1, x>0, y>0, z>0
08
0.6

0.4

The radius of the sphereis r=1.

For the parametric net, use the two angular
3 coordinates of the spherical polar coordinate

0.2 5 system (r, 6, ¢).

0 0.2 04 0§ x X = siné cos¢g 0<@O<Z
40608 1773 y = sin@dsing e
0<¢p<Z

Z = cosd

2—; = (cos @ cos ¢, cos @ sin g, —sin O)

and 2—; = (—sin@sing,sind cos g, 0)
i i k
= N = +| cos@cosg cosdsing —sin@

—sin@dsing sin@ cos¢ 0
=+ <sin2 0 cos ¢, sin @sin ¢, sin @ cos¢9(cos2 ¢ +sin® ¢)>

= +sin @ (sin@ cos g, sinO'sing, cosP) = +sinGt

The outward normal is clearly N = +sin@r

= N :‘N‘ = |sin@||t| = sing
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Example 2.5.2 (continued)

Mass: m = ”pdS = ‘Up‘N‘dew
S S

7l2 o 7l2
pj j sin@ do dg
0 0

7l2

72 72 zl2
= p| sinodo-[ “dg = p[-coso];” [g];

p(0+1)(%-0)

OR

Note that the mass of a complete spherical shell of radius r and constant density o is

4pr _ pr

4zr®p . Therefore the mass of one eighth of a shell of radius 1 is 5

By symmetry, the three Cartesian coordinates of the centre of mass are all equal:
X=y=7.

Taking moments about the xy plane:

M = Hz,ods = p"‘oﬁlzjoﬁlz(cose)sined9d¢
S

7l2

72
|

z2] l2 c0s 26
- = 2ede-j dé = p|—
pIo 2" 0 ¢’{ 4}0 71
_ p(hlj.(z_ jzlﬂz_m
4" 4)\ 2 2 2
M 1
= 7=—>==
m 2

—~
|
<l
N|
N—
Il
—~~
N
N~
N
N—
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Example 2.5.3

Find the flux of the field F = (x, Yy, — z> across that part of x + 2y + z=8 that lies in

the first octant.

2
N =(121)
Range of parameter values:

In the xy plane:

4"\

The Cartesian coordinates x, y will
serve as parameters for the surface:

r=(xy,8-x-2y)
or

— =¢(1,0,-1

0 <’O’ >

X
or
and — = (0,1,-2

[
= N=+[1 0
0 1

k
-1 = (12,1
-2

Choose N to point “outwards”.

= 0<x<8 and 0<y<4

x+2y+0=2%1

But the area is a triangle, not a rectangle, so these inequalities do not provide the correct

limits for the inner integral.
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Example 2.5.3 (continued)

Net flux = @ = U'ﬁ.dé - UFN ds = jsj'(ﬁ-lil [NJda) = “ﬁN
(where dA = dx dy)

FoN = (X, y,—(8-x=2y))(L, 2,1) = X+2y -8+ X+2y = 2(X+2y-4)

z
4082
= @ :I I y2(x+2y—4)dxdy

ey
4 x=9—2y 0J0
&
4 X2 8-2y
= J- {—+2xy—4x} dy
ol 2

0 g‘“\.x

o4 2
_ ) [[%u(szy)yqszy)} _ (0+0+0)}dy
J 0
o4
= 2| (32-16y+2y® +16y -4y’ -32+8y)dy
J 0
o4 3 4
64
_ 4| (ay-y?)dy = 4|2y2 - L (32——}—0—0
| (ay=y?)ay {y 3}0 [ - |-(0-9)
Therefore the net flux is
o - 128
3

The iteration could be taken in the other order:
8 o 4-x/2
D = J.o.[o 2(x+2y—4)dy dx

8
4™ = I [xy+xy —4y]4 X2 dx




ENGI 5432 2.5 Surface Integrals - Surface Method Page 2.32

Example 2.5.4

Use the parametric grid (0,¢), such that the displacement vector to any point on the
ellipsoid is
r = (asindcosg, bsingsing, ccosd)

This grid is a generalisation of the spherical polar coordinate grid and covers the entire
surface of the ellipsoid for 0<@ <7z, 0<¢<2r.

One can verify that x=asin@ cos¢, y=bsindsing, z=ccosd does lie on the ellipsoid

XZ yZ 22

—+=5+— =1 forall values of (6,¢):

a- b c

x? y* 72 a®sin@cos’¢ b?sin?@sin’g  c*cos? O
it = + +

a® b? c? a’ b? c?
= sin?@cos® ¢ +sin? @sin’ ¢ + cos’ O = sin20(0032¢+sin2¢)+00329

=sin0+cos’d =1 VO and V¢

The tangent vectors along the coordinate curves ¢ = constant and &= constant are

3—; = {acos@cosqﬁ, bcos @ sin ¢, —csinH} and

;j_; = (-asin@sing, bsing cosg, 0).

The normal vector at every point on the ellipsoid follows:
i j k
— dr _dr

N:@Xd_: acosdcos¢g bcosédsing —csind
¢ —asin@dsing bsiné cosg¢ 0

<bcsin2 0 cosg, acsin®dsing, absin0cosd(cos’ §+sin’ ¢)>

(and this vector points away from the origin).
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Example 2.5.4 (continued)

On the ellipsoid, F = zk = ccos@ k
— F.N = ccos@(absiné cos@) = abcsind cos® 6

The total flux of F through the surface S is therefore

d = gﬂ)lf-dé = J‘OZﬂJ.;IE-N dodg = abcjjﬂI;sinecoszed0d¢
$

Let u=cos 8, then du=-sin @ d@ and =0 = u=+1, =7 = u=-1
1
_ R 2 -1 2 _ 3
= <ﬁ>F-dS = abcj‘ 1d¢~J —u?du = abc[qﬁ] -
s 0 +1 0 3 "

= abc(2z—0)(+1+lj =
3 3

4rabc
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2.5 Surface Integrals - Surface Method

For vector fields F(r),

Line integral: Fedr

O ——y

Surface integral:

jsjﬁ(r).dézjsjﬁ( )N dS = HF Ndudv—+J‘J‘F.ar

x—dud

On a closed surface, take the sign such that N points outward.

Some Common Parametric Nets

1)  Thecircularplate  (x-x,)" + (y—-y,)" < @ inthe plane z = z.
Let the parametersbe r, # where 0 <r <a, 0< #< 2«
X =X +rcosé, y=y,+rsing, z=12
or 0 i j K
N = (%xé}:i cosd sind 0| =+rk
r
—-rsingd rcosd O
2) The circular cylinder (x—xo)2 + (y—yo)2 =a’withz, <z <1z.
Let the parameters be z, & wherez, <z <2z;, 0 < < 27
X =acosd,y =asind, z =1z
or or i j k
N =+ | 0 0 1| = i(—acosef - asin&’])
0z 06 :
—asing acosd 0
Outward normal: N = acos@i + asind j
3)  The frustrum of the circular cone w—w, = a\/(u—u0)2+(v—vo)2 where
w, <w<w, and w,<w,. Letthe parameters here ber, & where
MW cp W% gcgcog
a a
X=U=uU,+rcosf, y=v=yv +rsinfd, z=w=w, +ar
or or i ] K
N=+ LD _ 4] coso  sing a
or 06 .
—rsingd rcos¢é O

+ [(—a r cos 6’)

Outward normal:

arsmH j +rk
“ (- J

N = arcos@i + arsindj — rk

Page 2.34
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4)

5)

6)

The portion of the elliptic paraboloid
z-7, = a’(x-x) +b*(y-y,) with z,<z<z<7,

Let the parameters here be r, & where

Z,—1 Z,—1
\/2 e Srﬁ\/z —~——— , 0<0<2x
a“cos“ @ +b°sin“ @ a“cos @ +b°sin- @

X = Xo+rcosd, y=yo+rsin€, z=z+ r’(a®cos’d +b*sin’f)
or or : :

N=+ L) - 4] coso sing 2r(a’ cos® 0 +b?sin’ 0)
or 00

—rsin@ rcosd 2r’*(b*—a’)sind coso
= i[(—2a2r2c050)? + (~20°r?sin 0)] +r Iq
Outward normal: N = (2a2r2 cos&’)f + (szrzsin 19)] ~-rk

The surface of the sphere (x—x,)? +(y—y.)* +(z—z )* =a°.
Let the parameters here be 6, ¢ where 0<8<7z, 0<¢ <27
X=X, +asin dcos ¢, y=yo+asinfsing, z = z,+acos ¥

i j k

- or or y . .
N = J_r(%xa—} = tjacos@dcosg acosdsing —asinf

¢ —asin@sing asinédcosg 0

= +a’sing [(sinﬁcos;ﬁ)f + (sin@sin ¢)] + (cose)ﬂ
Outward normal: N = a*siné [(sin@cos;zﬁ)? + (sin@sing) ] + (cosd) R]

The part of the plane A(x—x, )+ B(y -y, )+C(z - z,) =0 in the first octant with
A,B,C>0 and Ax,*+By,+ Cz,>0.
Let the parameters be x,y where

OSXSAX°+By°;CZ°_By; OSysAX°+Bg°+CZ°

A

N [CLASLE R
ox oy

0

() [S—
[
\{ =
(@]
Il
-+
1
Ol>
—)
+
| oo
[ S
+
P )
|

-
!
oR
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2.6 Theorems of Gauss and Stokes; Potential Functions

Gauss’ Divergence Theorem

Let S be a piecewise-smooth closed surface enclosing a volume V in R*and let F be a
vector field. Then

the net flux of F outof V is @S FedS = <ﬁ> F, ds.
S S
But the divergence of F is a flux density, or an “outflow per unit volume” at a point.

Integrating div F over the entire enclosed volume must match the net flux out through
the boundary S of the volume V. Gauss’ divergence theorem then follows:

{ﬁlﬁ-dé - j J V.Edv

Example 2.6.1 (Example 2.5.4 repeated)

Find the total flux @ of the vector field F = zk through the simple closed surface S

2 2 2
X° Yyt oz
—S+=5+—= =1
a? b? c?
Use Gauss’ Divergence Theorem: <ﬁ> FedS = ” div F dv
$ Y

F is differentiable everywhere in R 3, so Gauss’ divergence theorem is valid.

divF = Ve(zk) = 29 2N0,02) =0+0+1 =1
OX oy oz

= .m‘divlfdv = J.J. ldv =V = 4”§bc — the volume of the ellipsoid !
Y Y

Therefore

O = @ﬁ-dé _ 4rabc
s 3

In fact, the flux of F =zk through any simple closed surface is just the volume enclosed
by that surface.
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Example 2.6.2 Archimedes’ Principle

Gauss’ divergence theorem may be used to derive Archimedes’ principle for the buoyant
force on a body totally immersed in a fluid of constant density p (independent of depth).
Examine an elementary section of the surface S of the immersed body, at a depth z <0
below the surface of the fluid:

_ surface
z=0 of fluid

FLUID

Area A

BODY

The pressure at any depth z is the weight of fluid per unit area from the column of fluid
above that area. Therefore

pressure = p = —pQz £0 is the weight of the column
—z is the height of the column (note z < 0).

The normal vector N to S is directed outward, but the hydrostatic force on the surface
(due to the pressure p) acts inward. The element of hydrostatic force on AS is

~ ~

(pressure)x (area)x (direction) = (—pg z)(AS)(—N) = (+p9z AS)N
The element of buoyant force on AS is the component of the hydrostatic force in the
direction of k (vertically upwards):

(+pg Z AS N)-R

Define F=pgzk and dS=NdS.
Summing over all such elements AS, the total buoyant force on the immersed object is

(ﬁ)pg zkeN dS = g)lf-dé = ”IV-IE dV  (by the Gauss Divergence Theorem)
S S \%
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Example 2.6.2 Archimedes’ Principle (continued)

cre ~ 8 a a

- v oo V.(pg Z k) dV - IJI<&, 8_y, az >.<O, 01 pg Z> dV
epP i 6

= pgdVv (prowded E(,og)zoj

-</-

= weight of fluid displaced

Therefore the total buoyant force on an object fully immersed in a fluid equals the weight
of the fluid displaced by the immersed object (Archimedes’ principle).
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Gauss’ Law

A point charge g at the origin O generates an electric field
E=—1 p=-_9
drer Arsr

If S is a smooth simple closed surface not enclosing the charge, then the total flux
through S is

r

Cﬂ.)E-dé = ” V.EdV (Gauss’ divergence theorem)
S \Y

But Example 1.4.1 showed that Vo(%?) =0 Vvr=0.
r

Therefore @E-d@ = 0.
S

There is no net outflow of electric flux through any closed surface not enclosing the
source of the electrostatic field.

If S does enclose the charge, then one cannot use Gauss’ divergence theorem, because

V.E is undefined at the origin.
Remedy:

Construct a surface S; identical to S except for a small hole cut where a narrow tube T
connects it to another surface S, a sphere of radius a centre O and entirely inside S. Let

S"= S, UTUS, (which is a simple closed surface), then O is outside S* !

Applying Gauss’ divergence theorem to S*,
<_g>E-dS - J'VJ' V.EdV = 0
- gé-dé " HE-dé " gE.dé =0

N
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Gauss’ Law (continued)

As the tube T approaches zero thickness,

” E.«dS — 0 and therefore ” E.dS — —JJE-dé

T S
But S, isasphere, centre O, radius a.

Using parameters (6', ¢) on the sphere,

r = a(sin @ cos ¢, sin & sin ¢, cos &)

Finding ﬂﬂ as before leadsto N=+asinér.
060 0¢

But the “outward normal” to S, actually points towards O.

= N=-asindTt onthesphere S,

and E = —J =T everywhereon S;.
drea

Also F=af = TFef=a’

= EN =3 sTe(-asingr) = 9 Smf pp = Z48IN0
drea drea e

Recall that dS = NdS = NN d@dg = Ndodg
£dS = [[ENdodg = =3[ [ sinodad
[[es - [[enaoas - 22" snosoos

S

_ —_q _ T 27 _ —_q . _ _ﬂ
= 47[8[ cosd], -[¢], 4ﬁg(+l+1)(2” 0) .

E.dS = — [[E.qs = + 4
- jsledS J;!Eds +2
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Gauss’ Law (continued)

Buttasa—0 (= S,—>0), S, —>S

The surface S; looks more and more like the surface S as the tube T collapses to a line
and the sphere S, collapses into a point at the origin. Gauss’ law then follows.

Gauss’ law for the net flux through any smooth simple closed surface S, in the presence
of a point charge q at the origin, then follows:

c_’;f)E-dé _ % if S encloses O
0 otherwise
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Example 2.6.3 Poisson’s Equation

The exact location of the enclosed charge is immaterial, provided it is somewhere inside
the volume V enclosed by the surface S. The charge therefore does not need to be a
concentrated point charge, but can be spread out within the enclosed volume V. Let the
charge density be p (X, Y, z), then the total charge enclosed by S is

o= [l
Vv
Gauss’ law = <.E“>E.d§ - %

Apply Gauss’ divergence theorem to the left hand side, substitute for g on the right hand
side and assume that the permittivity & is constant throughout the volume:

N :\_!.J?.Edv :Mfdv
= ..JI(V.E—gjdv =0 W

This identity will hold for all volumes V only if the integrand is zero everywhere.

Poisson’s equation then follows:

E=-VV and V.VV =V¥ = |V = £

This reduces to Laplace’s equation VA =0 when p=0.
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Stokes’ Theorem

Let F be a vector field acting parallel to the xy-plane.  Represent its Cartesian
components by F = f,i + f,j = (f,, f,,0). Then

i j Kk

vxE=| L L2 o (gxFpk = 20
ox 0y 0z ox oY
f, f, O

Green’s theorem can then be expressed in the form

(J(,I‘:-dr = ”vxﬁ.lz dA

Cc D
Now let us twist the simple closed curve C and its enclosed surface out of the xy-plane, so
that the normal vector k is replaced by a more general normal vector N.

If the surface S (that is bounded in R® by the simple closed curve C) can be represented
by z = f(x,y), then a normal vector at any pointon S is

C is oriented coherently with respect to S if, as one travels along C with N pointing from
one’s feet to one’s head, S is always on one’s left side. The resulting generalization of
Green’s theorem is Stokes’ theorem:

ggrz.dr - J.J.?xlf-ﬁ ds = J.J.(curl F)-dS

This can be extended further, to a non-flat surface S with a non-constant normal vector N.

Example 2.6.4

Find the circulation of F = <xyz, Xz, eXy> around C : the unit square in the xz-plane.

Z Because of the right-hand rule, the positive orientation
e H around the square is OGHJ (the y axis is directed into
5, the page).
D B
; Inthexzplane y=0 = F = (0,xz,1)
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Example 2.6.4 (continued)

Computing the line integral around the four sides of the square:

0G: r=(001) (0st<) = ST -(001)

and F=(0,01) = B - (001001 -1

=

In a similar way (Problem Set 6 Question 6), it can be shown that
jﬁ-dr -0, jﬁ.dr = -1 and jﬁ.dr -0
GH HJ JO
= gSﬁ.dr ~1+0-1+0 = 0
C —

OR use Stokes’ theorem:

j
0
— :_!0!

° 2l (0

XZ

o Y|l -»
= §3|Q> >

dA = jdA

= VxF«dA = (-x,0,2)+0,1,0)dA = 0dA

- ijvxﬁ.dA:o - S(l:;ﬁ.dhi

Note that this vector field F is not conservative, because VxF £ 0.
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Domain

A region Q of R® is a domain if and only if

1) For all points P, in Q, there exists a sphere, centre P,, all of whose interior points
are inside Q; and

2) For all points P, and P; in Q, there exists a piecewise smooth curve C, entirely in
Q, from P, to P;.

A domain is simply connected if it “has no holes”.

Example 2.6.5 Avre these regions simply-connected domains?
The interior of a sphere. YES

The interior of a torus. NO

The first octant. YES

On a simply-connected domain the following statements are either all true or all false:

] F is conservative.
. F=Vg
= VxF =0

. le-d? = ¢(P,y) — ¢(P,,) - independent of the path between the two points.

C
. gSﬁ-dr -0 VCcQ
C

Example 2.6.6

Find a potential function ¢ (x, y, z) for the vector field F = (2x, 2y, 2z).

First, check that a potential function exists at all:

i j k
arlE=vxE=|2L & 91_ (0,0,0) = 0
ox 0y 0z
2x 2y 2z

Therefore F is conservative on R®.
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Example 2.6.6 (continued)

~ F-vg- (200000
ox' oy’ oz
o9 _ _ 2
&_Zx = ¢ =x"+9(y.2)
= %:0+%g:2y = g(v,2) = y*+h(z2)

= ¢ =x"+y*+h(z)

= %=0+0+@:22 = h(z) = 2*+c
0z dz

= ¢=xX+y’+7°+cC

We have a free choice for the value of the arbitrary constantc. Choose ¢ =0, then

$(xy,2) = X +y*+2° = r?
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Maxwell’s Equations (not examinable in this course)

We have seen how Gauss’ and Stokes’ theorems have led to Poisson’s equation, relating
the electric intensity vector E to the electric charge density p:
VE =L
&
Where the permittivity is constant, the corresponding equation for the electrical flux

density D is one of Maxwell’s equations: VD = p |

Another of Maxwell’s equations follows from the absence of isolated magnetic charges

(no magnetic monopoles): VeH = 0 = |V+B = 0| where H is the magnetic
intensity and B is the magnetic flux density.

Faraday’s law, connecting electric intensity with the rate of change of magnetic flux

density, is (J)E-dr = —%”B-dé. Applying Stokes’ theorem to the left side
C S

produces
VxE = _%B
ot
Ampére’s circuital law, 1 = gﬁH-dT, leadsto VxH = J+J,, where
C
the current density is J=cE= py V., o isthe conductivity, p, is the volume charge
density; and the displacement charge density is J, = %

The fourth Maxwell equation is

The four Maxwell’s equations together allow the derivation of the equations of
propagating electromagnetic waves.

END OF CHAPTER 2
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