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First order linear ODE:

The general solution of & + P(x)y = R(x) is

dx

y(x)=e h(X)U R(x)eh(x)dx + Cj, where h(x) = I P(x)dx

I ntegrating Factor to convert a non-exact first order ODE into an exact form:

Forthe ODE P(x,y)dx + Q(x,y)dy =0

f opP = Q then the ODE is exact
oy  0OX
X) dx
else if R = 1fP_Q is a function of x only, then I (x) = ej iy
Qlay ax
y)dy
elseif S = 1foQ_oP is a function of y only, then | (y) = eI %)
Pl ox 0y
and |-Pdx+1-Qdy =0 isexact.
Bernoulli ODEs
dy n
— + P(X)y = R(x
5 T Py =R(x)y
If n=0 thenthe ODE is linear
If n=1 thenthe ODE is separable (and linear)
For all other values of n
i/l u(x) =e (J.e x)dx + C|, where h(x) = (1—n)jP(x) dx
. : d’y dy
Variation of parameters for second order linear ODEs —- + pd— +qy = r(x)
X
If the complementary functionis y.(x) = Ay,(x) + By,(x) then
i Yo Y2 o 0
W = ' ' = ! _y ' W = ! = +yr
A 7 I A ’ v '
oW W

W= VEw Yo (X) = u(X) y,(X) + v(X) Y, (x)
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Some properties of L aplace transformsare listed here
(from pages 1.31 and 1.32 of the lecture notes)

Linearity:
£{af(t) + bg(t)} =as{f(t)} + bs{g(t)} (ab=constants)

Polynomial functions:

R A =

First Shift Theorem:
£{t({)} =F(s) = £{e'f(t)} = F(s-a)

= f‘l{—l }: e? and /7 1 = e
s+a (s+a)" (n-1)!

Trigonometric Functions:

_at -
:f{eatsina)t} - ® — yt ; _ e “ sinwt
2 2 2 > _—
(s-a) +o (s+a) +w w
f{ e cos wt } = S;za oyt Lza _ e os ot
- to + +w
(S a) 2 (S a) 2
Derivatives:

) = st} - 1(0)
L)} = s ()} - sf(0) - £/(0)

Integration:
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Properties of L aplace transforms (continued)

Second shift theorem:

LHFE(s)} = (1) = f’l{e"aSF(s)} = H(t-a)f(t-a)

0
where H(t-a) = {l is the Heaviside (unit step) function.

—~~ ~~
~ o~
VvV A

N

Dirac delta function
L{s(t-a)} = e?®

_ | f(a) (if c<a<d)
f(t)o(t-ajat = { 0 (a<cora>d)’

where I ‘

c

For a periodic function f (t) with fundamental period p,

FLE@) = H#_psjope—stf(t)dt

Convolution:
LH{F(s)G(s)} = #7{F(s) =4 7{G(s)}
where (f * g)(t) denotes the convolution of f (t) and g(t) and is defined by
t
(f*0)(t) = [ f()g(t-r)dz
The identity function for convolution is the Dirac delta function:
s(t-a)xf(t) = f(t-a)H(t-a) = &(t)xf(t) = f(t)

Frobenius series solution of an ODE  P(x)y” + Q(X)Y' + R(X)y = F(x)

If P(x)=0 and P(x), Q(x), R(x), F(x) areall analyticat x=x,,thentrya

Taylor series solution y(x) = ch(x—xo)n [Usually x, =0 — Maclaurin series]
n=0

Q(x) 2 R(x) and F(x) are all analytic at

P(x) P(x) P(x)

thentry y(x) = > ¢ (x=%)" . ¢ #0 leads tothe values of r.
n=0

If P(x)=0,but (x—x)

o (x=x,)
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Here is a summary of inver se L aplace transforms (page 1.33 of the lecture notes).

F (9 f ()
IO e Sf(t)dt f(t)
n-1
1 (neu) t
g" (n-1)!
1 1
Js it
- at
s—a €
1 (neu "t e
(s—a)" (n—1)!
e® S(t—a)
e—as
s H((t-a)
1 sin mt
$? +w? @
1 e % sin wt
(s+ a)2 +0° ®
( )12 : e sinh bt
s—-a) -b b
(s+2a) e & cos wt
(s+a) +o’
s—a
(s—(a)2 —)bz e cosh bt

F(s) f(t)
1 1—cos wt
S isz +0° ) 2
1 ot —sin ot
§% (s + w? @°
1 sin ot — wt cos wt
2
(82 + a)z) 2 w°
S ; t sin wt
(52 + a)z) 2w
s? — w?
t cos wt
2
(52 +a)2)
1 as Squ_are wave,
. tanh > period 2a,
amplitude 1
Triangular wave
1 as ) '
— tanh(—j period 2a,
S 2 amplitude a

b b

as’ s(eas - 1)

{S"F(s) — s (0)
— §72£N(0) - s"*£0(0)

Sawtooth wave,
period a,
amplitude b

d"f

_st0D ) 10D ()} "

LE
S

daF
ds

I(: f(r) dr

—t (1)
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Newton’s method to estimate the solution x to f(x)=0

(%)
Xn+1:Xn_TXX:)

To estimate the value of y(x,+nh) where y(x) is the solution of
y, = f(X,y), Y(Xo):yo

Euler’'smethod
Yoir = Yo t hf(xn’yn)

RK4 algorithm

k1 = f(xnlyn)

k, = f(%+3h y,+3hk)
ky = f(%+3h y,+3hk,)
k, = f(x,+h, y,+hk;)

h
Yo = Y, + E(k1+2k2+2k3+k4)
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Stability Analysis

%:ax+by, %:cx+dy,

dt
Characteristic equation:

(a,b,c,d = constants)

A? — (a+d)A + (ad-bc) = 0
Discriminant
D = (a+d)’ — 4(ad-bc) = (a-d)* + 4bc

- : . ab
Roots of characteristic equation (= eigenvalues of A = [ J):

c d
P (a+d) = /D
2
Cases:
a+d other condition A Type of point
a+d<o0 ad—bc > 0 real, dls_tlnct Stable
negative node
a+d<0 b=cz=0 real,equal Stable
negative star shape
a+d<0 b,crotbotho | real equal Stable
negative node
a+d<0 complex Stable
conjugate pair focus [spiral]
a+d=0 - Pure Stable
imaginary pair centre
a+d>0 ad—bc > 0 real, distinct Unstable
positive node
real, distinct Unstable
@) ad-be < 0 opposite signs saddle point
a+d>0 b=c=0 real, equal Unstable
positive star shape
a+d>0 b,cnotbotho | real equal Unstable
positive node
a+d>0 complex Unstable
conjugate pair focus [spiral]

Note that ad —bc=det A and that a+ d = the trace of the matrix A.

In brief, if the real parts of both eigenvalues are negative (or both zero), then the origin is
stable. Otherwise it is unstable.

Eigenvectors are the non-trivial solutions of (A -1 I)>‘< =0.
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Stability Analysis (continued)

If D> 0 then the general solution is

(x(t), y(t)) = (clozle/llt +cza2e/12t, c:lﬂle/11t +czﬁ’2e/12t

where

(a+d) /D ; (a+d +J5

( )
2

)

2

) =
(j ad+\/5J

' 2

ad\/7

any non-zero multiple of

any non-zero multiple of and c,,c, are arbitrary constants.

[An exception may occur if c=0: use (d- a) +./D | instead.]
2

If D <0 then the general solution is

(x(t),y(t)) =

"' (c;((u—d)cosvt—vsinvt) + ¢, (vcosvt +(u—d)sinwt), c(c,cosut + ¢, sinvt))

where u =

— ~(a-d)’ —4bc
a;d (:> u—dng and v:\/( 2) = 2D

and c,,c, are [real] arbitrary constants.

If D=0 then the general solution is

030 - ([s35)of(55

unlessa=d and ¢=0hbut b=0, in which case

() 910) = ({6 e)e™, S |
or the decoupled system a=d and b= c =0, in which case

(x(®). (1) = (ce™ ce™)

j(m)j} oL (cl+cz(1+t))e’“J |
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Stability Analysis (continued)

where the sole distinct eigenvalue and eigenvector are
. (a+d)
2 )

a-d

—_ 1
(ZlJ = any non-zero multiple of | 2 (or [0] if a=d and c=0).
1
c

Linear approximation of a non-linear system:
dx

— = P(X
d
o = Q(x)
Near each critical point (a, b), the coefficient matrix A for the linear system is

op oP
0

A = X 0y
Q R
OX ay (a’ b)

Curvilinear coordinates

Scale factorsare h = or
oy
For cylindrical polar coordinates (o, ¢,2), h, =h, =1, hy; = p.
For spherical polar coordinates (r, 6, ¢), hh =1, hg=r, hy;=rsing.
The gradient operator is V = & 0 + & 0 + & 0
h ou  h du, h, ou,

The divergence of a vector field F(u,,u,,u;) is

divF = VeF =

1 [a(hz hF) , o(hhF)  o(h mFs)}
oy, ou, ou,
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The curl of a vector field F(u,,u,,u, ) is

e — F,
h& oo MR
- 1 R 0
curlF = VxF = e, — F
X hhh he, au, h, F,
R 0
— F
e S MF
The Laplacian of a scalar field V (u,,u,,u,) is
vy -t [o(hhov), o(hhov) o(hhov
hhh {ou\ h ou) ou,\ h ou,) ou\ h ou,
Basisvectors
Cylindrical Polar Coordinates:
X=pCOS¢, y=psing, z=12
d . d¢- - ~
—p=— r= + zk
i ¢ PP
d » dg - _ - -
~h=—-—2 = V= + + zk
dt¢ p PP+ ppd
%R =0 [radial and transverse components of V]

Spherical Polar Coord

inates:

X = rsinfdcos ¢ ,

y =rsinfdsing, z=rcosé.

dr 99 . Y inog

dt dt dt
i0A:—%f+%cos,0¢3 = v
dt dt dt

d-. dé;. . R

—¢ =———(sindr +cosb @

il " )

r=rr

if+r0@+rgsindg
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b
The Euler equation for the extremals of j F(x,y,y’)dx IS
a

dfoF) oF _ g
dx | oy’ ay

X
If F isexplicitly independent ofy, | = J 1F(x, y’) dx,then | F, = ¢
Xo

X
If F is explicitly independent of x, | = J 1F(y, y') dx, then yF, - F=¢
Xo
X
If F is explicitly independent of xand y, | =.[ 1F(y') dx, then| y"Fyy, = 0
Xo

The Fourier seriesof f (x) on the interval (-L, L) is

f(x) = % + r:Z‘i:iaﬂcos( j + b, n(”’”‘D

a = —I_LLf(x)cos(nLLX)dx, (n=0,1,23,...)

where

and

b, = %jL f(x)sin(nil_xjdx, (n=12.3,..)

-L

The half-range Fourier cosine series of f (x) on the interval (0, L) has coefficients

jf cos( )dx (n=0,1,2,3,...)

The half-range Fourier sine series of f (x) on the interval (0, L) has coefficients

J'f sm( jdx (n=1,2,3,...)
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Partial differential equations
2

o’u o’u
A(X, y)ﬁ + B(x, y)axay +

2

L2 au
"ox’ oy

o°u

C(x, = fIxy,
(924 = 1[xy
Let D = B*—4AC then the PDE is

Hyperbolic, wherever (X, y) is such that D > 0;

Parabolic, wherever (X, y) is such that D = 0;

Elliptic, wherever (X, y) is such that D < 0.

Wave equation on afinitestring (0<x<L)
2

2 0y

XZ

2

oy

tZ

The general solution of =cC subjectto y(0,t)=y(L,t)=0 (t>0),

oy

y(x0)=f(x) (0<x<L), o

g(x) (0<x<L) is

(%0

y(x.t) = 2

2

7C

3,

n=

1

o0
1

n=1

n

u

nzct

£ ol

(2 e 2o
[

X

)

nzct

L

e o

L

)

Wave equation on an infinite string

2 2
The general solution of a—tz = ¢ 8—32/ subject t
X

0

y(x0)=f(x),

f(x+ct) + f(x—ct)

1

y(x.t) =

2

+_
2C

J

X+ct

g(u)du

X—Cct

Heat equation

ou

The general solution of

2 k<L
ot

o%u

X2

subjectto u(0,t)=

T

1 1

and u(x,0) = f(x) is

u(ut) = vixt) + (B e T

u(L,t)=T,

where

v(x.t) = %gl{fol_(f (z) -

TZ

1

L

N, lesin(

nrz

L

Jas -

n®z2kt
L2

|
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d’Alembert solution

2 2 2
pZY g ou | oM
00X 0X 0oy oy

u(xy) = fi(y+4x) + f,(y+2,x),

=0

where

B —B++D

= ﬂ and
2A 2A

ﬂ’l 1’2

and D = B’-4AC
Equal roots case:
u(xy) = f(y+1x) + h(xy)f,(y+1x)
where h(x, y) is any non-trivial linear function of x and/or y (except y + Ax).

If V2u>0 in Q, then uis subharmonic and
u(F)<M or u(r)=M VT in Q
If V2u<0 in Q, then uis superharmonicand

u(F)>m or u(f)=m VP in Q

If V2u=0 in Q, then uis harmonic (both subharmonic and superharmonic) and

u is either constant on Q or m<u<M everywhere on Q.
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