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First order linear ODE:  
 

The general solution of   ( ) ( )dy P x y R x
dx

+ =   is   

( ) ( ) ( ) ( )h x h xy x e R x e dx C−  = + 
 ∫ ,   where   ( ) ( )h x P x dx= ∫  

 
 
Integrating Factor to convert a non-exact first order ODE into an exact form: 
 
For the ODE    ( ) ( ), , 0P x y dx Q x y dy+ =    

If   P Q
y x

∂ ∂
=

∂ ∂
  then the ODE is exact 

else if  1 P QR
Q y x
 ∂ ∂

= − ∂ ∂ 
  is a function of  x  only, then   ( )

( )R x dx
I x e= ∫  

else if  1 Q PS
P x y
 ∂ ∂

= − ∂ ∂ 
  is a function of  y  only, then   ( )

( )S y dy
I y e= ∫  

and   0I P dx I Q dy⋅ + ⋅ =   is exact. 
 
 
Bernoulli ODEs 

( ) ( ) ndy P x y R x y
dx

+ =  

 
If   n = 0   then the ODE is linear 
If   n = 1   then the ODE is separable (and linear) 
For all other values of  n   

( ) ( ) ( ) ( )( ) ( ) ( ) ( )
1

, where 1
1

n h x h xy u x e e R x dx C h x n P x dx
n

− −
= = + = −

− ∫ ∫  

 
 

Variation of parameters for second order linear ODEs  ( )
2

2

d y dyp q y r x
dx dx

+ + =  

If the complementary function is   ( ) ( ) ( )1 2Cy x A y x B y x= +    then 

1 2 2 1
1 2 2 1

1 2 2 1

0 0
, ,

y y y y
W W y r W y r

y y r y y r
= = = − = = +

′ ′ ′ ′
 

( ) ( ) ( ) ( ) ( )1 2
1 2, P

W Wu v y x u x y x v x y x
W W

′ ′= = → = +  
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Some properties of Laplace transforms are listed here  
(from pages 1.31 and 1.32 of the lecture notes) 
 
Linearity:  

( ) ( ){ } ( ){ } ( ){ } ( ), constantsa f t b g t a f t b g t a b+ = + =L L L  
 
Polynomial functions: 

{ } ( )
1

1

1
! 1

1 !

n
n

nn
n tt

s ns
−

−

+
 = ⇒ =  − 

L L  

 
First Shift Theorem:  

( ){ } ( ) ( ){ } ( )atf t F s e f t F s a= ⇒ = −L L  

( ) ( )
1 1

11 1and
1 !

n at
at

n
t ee

s a ns a
− −

− −
−    ⇒ = =   + −  +  

L L  

 
Trigonometric Functions:  

{ }
( ) ( )

1
2 22 2

1 sinsin
at

at e te t
s a s a

ω ωω
ωω ω

−
−  = ⇒ = 

− + + +  
L L  

{ }
( ) ( )

1
2 22 2

cos cosat ats a s ae t e t
s a s a

ω ω
ω ω

− − − + = ⇒ = 
− + + +  

L L  

 
 
Derivatives: 

( ){ } ( ){ } ( )0f t s f t f′ = −L L  

( ){ } ( ){ } ( ) ( )2 0 0f t s f t s f f′′ ′= − −L L  
 
Integration: 

( ) ( ){ }1 1

0

1 t
G s G s d

s
τ− −  = 

  ∫L L  

( ){ } ( ){ }d f t t f t
ds

= −L L    ⇒   ( ){ } ( ){ }1 1F s t F s− −′ = − ⋅L L  
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Properties of Laplace transforms (continued) 

Second shift theorem: 
 

( ){ } ( ) ( ){ } ( ) ( )1 1 asF s f t e F s H t a f t a− − −= ⇒ = − −L L  

 

where ( ) ( )
( )

0
1

t a
H t a

t a
<− =  ≥

 is the Heaviside (unit step) function. 

 
Dirac delta function 

( ){ } ast a eδ −− =L  

where ( ) ( ) ( ) ( )
( )

if
0 or

d

c

f a c a d
f t t a dt

a c a d
δ

< <− =  < >∫ . 

 
For a periodic function  f (t) with fundamental period p,  
 

( ){ } ( )
0

1
1

p
st

p sf t e f t dt
e

−
−=

− ∫L  

 
Convolution: 

( ) ( ){ } ( ){ } ( ){ }1 1 1F s G s F s G s− − −= ∗L L L  
where (f * g)(t) denotes the convolution of f (t) and g(t) and is defined by 

( )( ) ( ) ( )
0

t
f g t f g t dτ τ τ∗ = −∫  

The identity function for convolution is the Dirac delta function: 
( ) ( ) ( ) ( ) ( ) ( ) ( )t a f t f t a H t a t f t f tδ δ− ∗ = − − ⇒ ∗ =  

 
 
Frobenius series solution of an ODE    ( ) ( ) ( ) ( )P x y Q x y R x y F x′′ ′+ + =  
 
If  ( )o 0P x ≠   and  ( ) ( ) ( ) ( ), , ,P x Q x R x F x   are all analytic at  ox x= , then try a 

Taylor series solution  ( ) ( )o
0n

n
ny x c x x

∞

=
= −∑    [Usually o 0x = →   Maclaurin series] 

If   ( )o 0P x = , but  ( ) ( )
( ) ( ) ( )

( )
( )
( )o o

2, and
Q x R x F x

x x x x
P x P x P x

− −  are all analytic at  xo 

then try   ( ) ( )o
0n

n
n ry x c x x

∞

=

+= −∑ .    0 0c ≠   leads to the values of  r . 
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Here is a summary of inverse Laplace transforms (page 1.33 of the lecture notes). 
 

 
 F (s)   f (t)  
 

( )
0

ste f t dt
∞

−∫   f (t)       

 
 
 (n ∈ ù)   
 
 
  
 
 

 
          eat 
 

 
(n ∈ ù)     
 
 

 
     e−as           δ (t − a) 
 

 
     H (t − a) 
 

 
 
   
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 F (s)   f (t)  
 

 
 
 
 
 
 
 

 

 
 
 
 
 
 t  cos ω t 
 
              
 Square wave, 
          period  2a ,  
          amplitude 1 

 
         Triangular wave, 
          period  2a ,  
          amplitude a 

 
    Sawtooth wave,  
       period  a , 
       amplitude b  

 
{ sn F (s)  −  sn−1 f (0)  
−  sn−2 f N(0) −  sn−3 f O(0) 
− ...      
− s f (n−2) (0) −  f (n−1) (0) } 
 
 
  
  
          − t  f (t) 

ns
1

s
1

tπ
1

as −
1

( )nas −
1

!)1(

1

−

−

n
et atn

s
e as−

22
1
ω+s ω

ω tsin

( )2 2

1
s a ω+ +

sinate tω
ω

−

( ) 22
1

bas −− b
bteat sinh

( ) !1

1

−

−

n
tn

( )
( )2 2

s a
s a ω

+

+ +
cosate tω−

( )
( ) 22 bas

as
−−

−
bteat cosh

( )22
1
ω+ss 2

cos1
ω

ω t−

( )222
1

ω+ss 3
sin
ω

ωω tt −

( ) 222

1

ω+s 32
cossin

ω
ωωω ttt −

( ) 222 ω+s

s

ω
ω

2
sin tt

( ) 222

22

ω

ω

+

−

s

s

n

n

dt
fd

ds
dF

)(1 sF
s









2
tanh1 as

s









2
tanh1

2
as

s

( )12 −
− ases

b
as
b

∫
t

df
0

)( ττ
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Newton’s method to estimate the solution  x  to  ( ) 0f x =  

( )
( )1

n
nn

n

f x
x x

f x+ = −
′

 

 
 
To estimate the value of  ( )0y x nh+   where  ( )y x   is the solution of 

 ( ) ( )0 0, ,y f x y y x y′ = =  
 
Euler’s method 

( )1 ,n n nny y h f x y+ = +  
 
RK4 algorithm 

( )
( )
( )
( )

( )

1

2 1

3 2

4 3

1 2 3 41

1 1
2 2
1 1
2 2

,

,

,

,

2 2
6

n n

n n

n n

n n

nn

k f x y

k f x h y h k

k f x h y h k

k f x h y h k
hy y k k k k+

=

= + +

= + +

= + +

= + + + +
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Stability Analysis 
 

  ( ), , , , , constantsdx dyax b y cx d y a b c d
dt dt

= + = + =  

Characteristic equation: 
( ) ( )2 0a d ad bcλ λ− + + − =  

Discriminant 
( ) ( ) ( )2 24 4D a d ad bc a d bc= + − − = − +  

Roots of characteristic equation (= eigenvalues of 
a b

A
c d
 

=  
 

): 

( )
2

a d D
λ

+ ±
=  

Cases: 
 

a + d D other condition λ Type of point 

a + d  <  0 D > 0 ad – bc  >  0 real, distinct 
negative 

Stable 
node 

a + d  <  0 D = 0 b  =  c  =  0 real, equal 
negative 

Stable 
star shape 

a + d  <  0 D = 0 b, c not both 0 real, equal 
negative 

Stable 
node 

a + d  <  0 D < 0  complex 
conjugate pair 

Stable 
focus [spiral] 

a + d  =  0 D < 0  Pure 
imaginary pair 

Stable 
centre 

a + d  >  0 D > 0 ad – bc  >  0 real, distinct 
positive 

Unstable 
node 

(any) D > 0 ad – bc  <  0 real, distinct 
opposite signs 

Unstable 
saddle point 

a + d  >  0 D = 0 b  =  c  =  0 real, equal 
positive 

Unstable 
star shape 

a + d  >  0 D = 0 b, c not both 0 real, equal 
positive 

Unstable 
node 

a + d  >  0 D < 0  complex 
conjugate pair 

Unstable 
focus [spiral] 

 
Note that  ad – bc = det A  and  that  a + d  =  the trace of the matrix A. 
 
In brief, if the real parts of both eigenvalues are negative (or both zero), then the origin is 
stable.   Otherwise it is unstable. 
 
Eigenvectors are the non-trivial solutions of   ( )A Iλ− =x 0



 . 
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Stability Analysis  (continued)   
 
If  D > 0  then the general solution is  

( ) ( )( ) ( )1 1 2 2 1 1 2 2
1 2 1 2, ,
t t t t

x t y t c e c e c e c e
λ λ λ λ

α α β β= + + , 

where 
( ) ( )

1 2, ,
2 2

a d D a d D
λ λ

+ − + +
= =

1

1

α
β
 

= 
 

any non-zero multiple of 
( )

2
a d D

c

 − −
 
 
 
 

, 

2

2

α
β
 

= 
 

any non-zero multiple of 
( )

2
a d D

c

 − +
 
 
 
 

   and  1 2,c c   are arbitrary constants. 

[An exception may occur if c = 0:   use ( )
2

b

d a D
 
 

− ± 
 
 

 instead.] 

 
 
If  D < 0  then the general solution is  
 

( ) ( )( )
( )( ) ( )( ) ( )( )3 4 3 4

,

cos sin cos sin , cos sinut

x t y t

e c u d vt v vt c v vt u d vt c c vt c vt

=

− − + + − +
 

 

where 
( )2 4

and
2 2 2 2

a d bca d a d Du u d v
− − −+ − − = ⇒ − = = = 

 
    

and  3 4,c c   are [real] arbitrary constants. 
 
 
If  D = 0  then the general solution is  

( ) ( )( ) ( ) ( )( )1 2 1 2, 1 1 , 1
2 2

t ta d a dx t y t c c t e c c c t eλ λ  −  −    = + + + + +             
, 

unless a = d  and  c = 0 but 0b ≠ , in which case 

( ) ( )( ) ( ) 2
1 2, ,at atcx t y t c c t e e

b
 = + 
 

 

or the decoupled system  a = d  and  b = c  = 0, in which case 

( ) ( )( ) ( )1 2, ,at atx t y t c e c e=  
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Stability Analysis  (continued)   
 
where the sole distinct eigenvalue and eigenvector are 

( ) ,
2

a d
λ

+
=  

1

1

α
β
 

= 
 

any non-zero multiple of 2
a d

c

− 
 
 
 

   (or  
1
0
 
 
 

  if  a = d  and  c = 0). 

 
 
Linear approximation of a non-linear system: 

( )

( )

,

,

dx P x y
dt
dy Q x y
dt

=

=
 

Near each critical point (a, b), the coefficient matrix  A  for the linear system is 

    

( )

A

,

P P
x y
Q Q
x y a b

∂ ∂ 
 ∂ ∂ =
∂ ∂ 

 ∂ ∂ 

 

 
 
Curvilinear coordinates 

Scale factors are   i
i

h
u
∂

=
∂

r  

For cylindrical polar coordinates (ρ, φ, z), hρ  =  hz  =  1 ,    hφ  =  ρ . 
For spherical polar coordinates (r, θ, φ ), hr  =  1 ,    hθ  =  r ,    hφ  =  r sinθ . 
 

The gradient operator is  31 2

1 1 2 2 3 3

ˆˆ ˆ
h u h u h u

∂ ∂ ∂
= + +

∂ ∂ ∂
ee e

∇  

 
The divergence of a vector field ( )1 2 3, ,u u uF



 is  
 

( ) ( ) ( )2 3 1 3 1 2 1 2 3

1 2 3 1 2 3

1div
h  h F h  h F h  h F

h  h  h  u u u
∂ ∂ ∂ 

= • = + + ∂ ∂ ∂ 
F F
  

∇  
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The curl of a vector field ( )1 2 3, ,u u uF


 is 
 

1 1 1 1
1

2 2 2 2
1 2 3 2

3 3 3 3
3

ˆ

1 ˆcurl

ˆ

h h  F
u

h h  F
h  h  h  u

h h  F
u

∂
∂
∂

= × =
∂
∂
∂

e

F F e

e

  

∇  

 
The Laplacian of a scalar field  ( )1 2 3, ,V u u u   is 
 

2 2 3 3 1 1 2

1 2 3 1 1 1 2 2 2 3 3 3

1 h  h h  h h  hV V VV
h  h  h  u h u u h u u h u

     ∂ ∂ ∂ ∂ ∂ ∂
∇ = + +      ∂ ∂ ∂ ∂ ∂ ∂      

 

 
Basis vectors 
 
Cylindrical Polar Coordinates: 
 

cos , sin ,x y z zρ φ ρ φ= = =  
  

 ˆˆd d
dt dt

φ
=ρ φ      ˆˆ zρ= +r kρ   

 ˆ ˆd d
dt dt

φ
= −φ ρ     ˆ ˆˆ zρ ρφ⇒ = + +v k




ρ φ  

 ˆd
dt

=k 0


         [radial and transverse components of v ] 

 
Spherical Polar Coordinates: 
 
x  =  r sin θ cos φ  ,     y  =  r sin θ sin φ ,   z  =  r cos θ . 
 

ˆ ˆˆ sind d d
dt dt dt

θ φ θ= +r θ φ            ˆr=r r  

 ˆ ˆˆ cosd d d
dt dt dt

θ φ θ= − +rθ φ                 ˆ ˆˆ sinr r rθ φ θ⇒ = + +v r

 

 θ φ  

 ( )ˆ ˆˆsin cosd d
dt dt

φ θ θ= − +rφ θ  
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The Euler equation for the extremals of  ( ), ,
b

a
F x y y dx′∫   is 

 

0d F F
dx y y

 ∂ ∂
− = ′∂ ∂ 

 

 

If  F  is explicitly independent of y, ( )1

0
,

x

x
I F x y dx′= ∫ , then 1yF c′ =  

If  F  is explicitly independent of x, ( )1

0
,

x

x
I F y y dx′= ∫ , then 1yy F F c′′ − =  

If  F  is explicitly independent of x and y,  ( )1

0

x

x
I F y dx′= ∫ , then 0y yy F ′ ′′′ ≡  

 
 
 
 
 
The Fourier series of  f (x) on the interval (–L, L) is 
 

( ) 0

1
cos sin

2 n n
n

a n x n xf x a b
L L
π π

=

∞     = + +        
∑  

where 

( ) ( )1 cos , 0,1, 2, 3,n

L

L

n xa f x dx n
L L

π
−

 = = 
 ∫   

and 

( ) ( )1 sin , 1, 2, 3,
L

n
L

n xb f x dx n
L L

π
−

 = = 
 ∫   

 
The half-range Fourier cosine series of  f (x) on the interval (0, L) has coefficients 

( ) ( )
0

2 cos , 0,1, 2, 3,
L

n
n xa f x dx n

L L
π = = 

 ∫   

The half-range Fourier sine series of  f (x) on the interval (0, L) has coefficients 

( ) ( )
0

2 sin , 1, 2, 3,
L

n
n xb f x dx n

L L
π = = 

 ∫   
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Partial differential equations 

( ) ( ) ( )
2 2 2

2 2, , , , , , ,u u u u uA x y B x y C x y f x y u
x x y y x y

 ∂ ∂ ∂ ∂ ∂
+ + =  ∂ ∂ ∂ ∂ ∂ ∂ 

 

Let   2 4D B AC= −   then the PDE is  
Hyperbolic, wherever (x, y) is such that  D > 0; 
Parabolic, wherever (x, y) is such that  D = 0; 
Elliptic, wherever (x, y) is such that  D < 0. 
 
 
Wave equation on a finite string   ( )0 x L≤ ≤  

The general solution of   
2 2

2
2 2

y yc
t x

∂ ∂
=

∂ ∂
   subject to   ( ) ( ) ( )0, , 0 0y t y L t t= = ≥ ,    

( ) ( ) ( ),0 0y x f x x L= ≤ ≤ ,   
( )

( ) ( )
,0

0
x

y g x x L
t

∂
= ≤ ≤

∂
   is 

 

( ) ( )

( )

0

0

1

1

2, sin sin cos

2 1 sin sin sin

L

n

L

n

n u n x n c ty x t f u du
L L L L

n u n x n c tg u du
c n L L L

π π π

π π π
π

=

=

∞

∞

      =              

      +              

∫

∫

∑

∑
 

 
 
Wave equation on an infinite string 

The general solution of   
2 2

2
2 2

y yc
t x

∂ ∂
=

∂ ∂
   subject to     ( ) ( ),0y x f x= ,   

( )
( )

,0x

y g x
t

∂
=

∂
 

is         ( ) ( ) ( ) ( )1,
2 2

x ct

x ct

f x ct f x ct
y x t g u du

c

+

−

+ + −
= + ∫  

 
 
Heat equation  

The general solution of   
2

2

u uk
t x

∂ ∂
=

∂ ∂
   subject to   ( ) 10,u t T=   ,    ( ) 2,u L t T=  

and   u(x, 0)  =  f (x)   is   ( ) ( ) 2 1
1, , T Tu x t v x t x T

L
− = + + 

 
 ,   where 

 

( ) ( )
2 2

2 1
1 2

01

2, sin sin exp
L

n

T T n z n x n ktv x t f z z T dz
L L L L L

π π π
=

∞    −     = − − −               
∑ ∫  
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d’Alembert solution  
 

2 2 2

2 2 0u u uA B C
x x y y

∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂
 

( ) ( ) ( )1 1 2 2, ,u x y f y x f y xλ λ= + + +  
where 

1 2and
2 2

B D B D
A A

λ λ− − − +
= =  

and   2 4D B AC= −  
Equal roots case: 

 ( ) ( ) ( ) ( )1 2, ,u x y f y x h x y f y xλ λ= + + +  
where  h(x, y)  is any non-trivial linear function of x and/or y (except  y + λx). 
 
 
If  ∇2u ≥ 0  in  Ω,  then  u is subharmonic and  
 
 ( ) ( )or inu M u M< ≡ ∀ Ωr r r    
 
If  ∇2u ≤ 0  in  Ω,  then  u is superharmonic and  
 
 ( ) ( )or inu m u m> ≡ ∀ Ωr r r    
 
 
If  ∇2u = 0  in  Ω,  then  u is harmonic (both subharmonic and superharmonic) and  
u is either constant on Ω  or   m < u < M  everywhere on Ω.  
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