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4, Stability Analysis for Non-linear Ordinary Differential Equations

A pair of simultaneous first order homogeneous linear ordinary differential equations for
two functions x(t), y(t) of one independent variable t,

dx
X =— =ax+b
dt y

y:ﬂ:cx+dy

dt

: : X a bilx
may be represented by the matrix equation { } = { M }
y] Lc d]ly

A single second order linear homogeneous ordinary differential equation for x(t) with
constant coefficients,

d_2x + o +0gx =0

a P T
may be re-written as a linked pair of first order homogeneous ordinary differential
equations, by introducing a second dependent variable:

ax _

dt

dy

- = = X_

at ax—py
X 0 1

and may also be represented in matrix form {X} = { }[X}

y —-q —-pJLYy

The general solution for (X, y) in either case can be displayed graphically as a set of
contour curves (or level curves) in a phase space.

Sections in this chapter:

4.01 Motion of a Pendulum

4.02 Stability of Stationary Points

4.03 Linear Approximation to a System of Non-Linear ODEs (1)
4.04 Reminder of Linear Ordinary Differential Equations

4.05 Stability Analysis for a Linear System

4.06 Linear Approximation to a System of Non-Linear ODEs (2)
4.07 Limit Cycles

4.08 Van der Pol’s Equation

4.09 Theorem for Limit Cycles

4.10 Lyapunov Functions [for reference only - not examinable]
411 Duffing’s Equation

4.12 More Examples

4.13 Liénard’s Theorem
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4.01 Motion of a Pendulum

Consider a pendulum, moving under its own weight, without friction.

The pendulum bob has mass m, the shaft has length L and negligible mass, and the angle
of the shaft with the vertical is x. The tension along the shaft is T. The acceleration due
to gravity is g (= 9.81 m s™).

T
1 v =
"i!_,-""'
mg
mg
Resolving forces radially (centripetal force)
Resolving forces transverse to the pendulum:
= (1)

The Maclaurin series expansion of sin x is:

Provided the oscillations of the pendulum are small, (x << 1), sinx ~ x and the

ordinary differential equation governing the motion of the pendulum is, to a good
approximation,

2)

(which is the ODE of simple harmonic motion)
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Let the angular velocity of the pendulumbe v = x = %

Then, using the chain rule of differentiation,

o .o adv
X =V = —
dt

The ODE (2) becomes

3)

If at time t =0 the pendulum is passing through its equilibrium position with angular
speed V,, then the initial conditions are

dx

x(0)=0, =v(0)=v,

dt t=0
Substituting the initial conditions into (2),

(4)

The x-v plane is called the phase plane.
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Returning to the more general case

X + k?sinx = 0,  where kzz% 1)
and again using
, . dv dv dx dv
X=V=—= —i— = \{V—
dt dx dt dx

the ODE can be re-written as

v%jtkzsinx:o = vdv + k®sinxdx = 0
X

()

However, the kinetic energy is %m(LV)Z. In the absence of friction, the sum of Kinetic

and potential energy is constant, so that the potential energy of the pendulum must be
—mL?k? cos x (= —mg L cos x , which makes sense upon examining the diagram on
page 4.02). Each value of total energy E =%mL2c generates an orbit (or energy curve).

The relationship between total energy and initial angular velocity is obtained from
substituting the initial conditions (x =0 and v =v, when t=0) into (5):
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Recall that the angular velocity is just v = %

Differentiating the complete solutions (6): v? — 2k’cosx = v,> — 2k? implicitly with
respect to time, we obtain

This expression can also be derived directly from the ODE % + k’sinx = 0 (1).

2

When 0<x<z andv>0, ax v>0 and d—;( _ v —k?sinx < 0.
dt dt dt

Therefore, in the phase plane, as x increases from the starting point (0, v,), v decreases in

the first quadrant, until the maximum value of x (label that maximum value of x as M).

(0.0 (0.v)

0| X 0 afy,) %

Tracking back into the second quadrant, before (0, v,),

2
- <x<0and v>0 = d—)t(:v>0 and %z%:—kzsinx>0.
v
The orbit increases from x = -M to a (0.%)
maximum at (0, v,), then decreases until
X =+M.
This tracks the motion of the pendulum  {-afy . 3 (M V)
on its complete swing from left to right. |:||
X
(0v,)] "

By symmetry, the swing in the opposite
direction should generate a mirror image
in the xaxis of the phase plane, to

complete the orbit. M) (M. )
» Mdn 7 mih
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©) =

(7)
Three cases arise:

[Vo| < 2k:

In the first quadrant of the phase plane, the orbit will move right and down to an intercept

on the x axis at (M, 0), where sin(%j = +;/—°k and 0<M <7z . Extending to the

other three quadrants, the orbits resemble ellipses, centred on the origin.

[Vo| = 2k:

The pendulum swings all the way to the upside-down position and comes to rest there,
before either swinging back or continuing on in the same direction.

[Vo| > 2k:

We can then generate the full set of orbits in the phase plane for the general pendulum
problem.
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As time progresses, one moves along an orbit to the right above the x axis, but to the left

below the x axis (

The relationship (7) between angular velocity v and angle x is itself a first order
non-linear ordinary differential equation for x as a function of the time t:

2 2 2
(d—XJ = v}’ - 2ksin(5] - &y v, - 2ksin[£j
dt 2 dt 2

dx
+ =t+C
\/voz — 4kzsin2(xj
2

For the case of closed orbits (| vo | < 2k), the time to complete one orbit (the period T of

the pendulum) can be shown to be
/2

T = 4 d9 ,  Where b:sinM:V—O and k=\/§
kJo 1 - b%sin?6 2 2k L

This is a complete elliptic integral of the first kind, which has no analytic solution in

terms of finite combinations of algebraic functions, (except for special choices of v, and

k). As v, — 2Kk, the period T diverges to infinity — it takes forever for the zero energy

pendulum to reach the upside-down position.
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4.02 Stability of Stationary Points

Consider the (generally non-linear) system of simultaneous first order ordinary
differential equations

d _ dy _
i P(x,y), il Q(x,y) (1)

Using the chain rule, % =

X

This can be integrated with respect to x to obtain a solution for y as an implicit function
of x, provided P(x,y)# 0. At points where P(x,y) =0 but Q(X,Yy)# 0, one may

integrate ax _ P(x.y) instead.
dy  Q(xy)

Points on the phase plane where P(x, y) = Q(x, y) =0 are singular points.
A unique slope does not exist at such points.

Alternative names for singular points are equilibrium points or stationary points
(because both x and y do not [instantaneously] change with time there) or critical points
or fixed points.

A singular point is stable (and is called an “attractor™) if the response to a small
disturbance remains small for all time.
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Consider the system

x = P(xy), ¥y=0(xy), x(0)=x*, y(0)=y*, P(0,0)=Q(0,0)=0 2)
which has a stationary point at the origin.

Let x(t; x*), y(t; y*) be the complete solution to this system.

The stationary point at the origin is stable if and only if,

for every ¢ >0 (however small), there exists a d(eg) such that whenever the point (x*, y*)
= (X(0; x*), y(0; y*)) is closer than ¢ to the origin, the point (x(t; x*), y(t; y*)) remains
closer than ¢ to the origin for all time, or

= sz(t;x*)+y2(t;y*) <& WVt

A stationary point is asymptotically stable if it is stable and any disturbance ultimately
vanishes:  lim [ X (t;x*)+y (t;y*)] = 0.
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4.03 Linear Approximation to a System of Non-Linear ODEs (1)

The Taylor series of any function f (x, y) about the point (xo, Yo) is

of of
f(x,y) = f(Xo’yo) + ox '(X_Xo) + - '(y_yO) +
X] (%0.30) Y1 (xg.)
° ’ (1)
et (x) L, 2] o)y | 2 (=)
ax2|(X0’y0) 21 axay|(X0,yO) 21 6y2|(X0'y0) 21

provided that the series converges to f (X, y).

This allows us to create a linear approximation to the non-linear system
x = P(xy), ¥y =0Q(xy), x(0)=x*, y(0)=y*, P(0,0)=Q(0,0)=0. (2

P(x,y) = P(0,0) + opP X + opP y + B(xy) (3)
Xl Wl
. R(xy) : .
where lim ——=% = 0, (because Pi(X,Y) is at least second order in X, y)

(x,y)—(0,0) [XZ_I_yz
and similarly for Q(x, y), so that the system becomes
X =ax + by + R(xy)
y =cx +dy + Q(xy)
where a, b, ¢, d are all constants.

In the neighbourhood of the singular point (0, 0), this system can be modelled by the
linear system

(4)

X = ax + by

5

y =cx + dy ©)
where a:@ ,b:ﬁ , :@ , :@ )
OX](00) Y1 (00) X1 (0.0) Y1 (00)
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4.04 Reminder of Linear Ordinary Differential Equations

To find the general solution of the homogeneous second order linear ODE

d’y dy
+ p— + =0,
dx? P dx ay
with constant real coefficients p and q,

form the auxiliary equation or characteristic equation
A+ pil+q=0

o -px+vD
and evaluate the discriminant D = p” —4q and the roots 4,1, = pT\/_
Three cases arise.

D>0: The characteristic equation has a pair of distinct real roots 4, 4,.
L A A
The general solutionis y = Ae * 4 Be™,
D=0: The characteristic equation has a pair of equal real roots 4.
The general solutionis y = (Ax+ B)e?*.
D<0: The characteristic equation has a complex conjugate pair of roots

A, Ay = ax bj
The general solutionis y = eaX(Acosbx + Bsin bx),
where A, B are arbitrary constants of integration.
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To find the general solution of the system of simultaneous first order linear ODEs
dx

— =ax +b
dt y
dy

— =CX + d
dt y

substitute the trial solution (x(t), y(t)) = (ae’“,ﬂe’“) into the ODE, to obtain

or, in matrix form,

o = S = 0 isasolution (the trivial solution) for any choice of a, b, c, d and A.
Non-trivial solutions exist when the determinant of the matrix of coefficients is zero:

which is the characteristic equation of the system.

The solutions to the characteristic equation are the eigenvalues of the coefficient matrix
a b
A =
c d
. a - .
and, for each eigenvalue A, a non-zero vector[ jthat satisfies the equation
a—-A41 b a) (0
c d-a)lp) o
IS an eigenvector for that eigenvalue.

The general solution to the system of ODEs is a linear combination of the solutions

arising from each eigenvalue:

(x(t),y(t)) = (clocle/llt +cza2e/12t, clﬁ’le/Ilt +cz,82e/12t)

unless the eigenvalues are equal, in which case the general solution is
(x(t), y(1)) = ((Clal +cat)et, (cf + czﬁzt)eﬁ)

(where, in this case, (a1, B1) is not necessarily an eigenvector).
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4.05 Stability Analysis for a Linear System

In the case where (0, 0) is the only critical point of the system

dx
— =ax + b
dt y
dy
— =cCX + d
dt y

it follows that the characteristic equation 1° — (a+d)4 + (ad —bc) = 0
has only non-zero roots and that det A = ad —bc # 0.

Proof:

If 1 =0 then at least one eigenvalue of the coefficient matrix A is zero, from which it
follows immediately that
a-0

c d-0
Both roots non-zero = ad —-bc = 0.

‘:detAzad—bc:O

If (0, 0) is the only critical point of the system, then no other choice of (x, y) satisfies both
equations

ax + by =0 (ad —bc)x = 0
=
cx + dy =0 (ad —bc)y = 0
from which it follows immediately that ad —bc = det A = 0.

If the roots are both non-zero and (x, y) is a critical point of the system, then

ax + by =0 (ad —bc)x = 0

cx +dy =0 = (ad —bc)y = 0
But 4,4,#0 = ad-bc #0 = (0, 0) is the only solution to this pair of
simultaneous linear equations.

Therefore (0, 0) is the only critical point of the system if and only if both roots of the
characteristic equation are non-zero.
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Let (a;, /) be the eigenvector associated with the eigenvalue A; of the coefficient
matrix

Let ¢, C; be arbitrary constants.

Case of real, distinct, negative eigenvalues (with 1, <1, <0):

Two linearly independent solutions are

(x(t),y(t) = (aleilt, ﬂle/‘tlt) and (x(t),y(t)) = (a2e12t1ﬂze/12t)

The general solution is
(x(t),y(t)) = (clocle/11t +C,a,8
One can see that lim (x(t), y(t)) =

At At At
2 1 2
ope’ e )

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all t).

If one of the arbitrary constants is zero (say c;), then
Aot Aot
(x(t). y (1)) = (czaze 2o pe ) = y(t) =
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If neither arbitrary constant is zero, then

Aqt Aot
y(t) _CBe T +CBe 7 Cfi+C e

(/12—/11)t

(/Iz—ﬂl)t

( ) Cag = +C,e c,a, +C,a,e

Because 4, <4, <0,

oy ope M,
tLIrI]oo x(t) - tLlrpoo A=Ayt B
e +C,a,
and
(A=At

- y(t) LGB +CBe
lim——= = lim
t— X(t) t—oo (A=At
C,a, + C,ax,e
All orbits therefore come in from infinity parallel to the line
All orbits share the same tangent at the origin,

We obtain a stable node that is also asymptotically stable.

Case of real, distinct, positive eigenvalues (with 1, >4, >0):

The analysis leads to the same phase space, except that the arrows are reversed.
The result is an unstable node.
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Case of real, distinct eigenvalues of opposite sign (with 4, <0< 4,):

The general solution is
At At Aot
(x(t),y(t)) = (clale Y ica,e’?, cfBet +c,8,e7 )

1,<0< = tﬁrpoo(x(t),y(t)) and tILngo(x(t),y(t))

(with the exception of the orbit for c; = 0).
All orbits (except ¢; = 0) therefore move away from the critical point at the origin.
The system is unstable.

ot

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all t).

If one of the arbitrary constants is zero (say c;), then

(x(t),y(t) =

If neither arbitrary constant is zero, then

Aqt At Ao—Aq]t
y()  csetrepe?  oprepe
X(t) Clale)vlt + Czaze/iZt co, + Czaze(lz_ﬂl)t

Because 4, <0< 4,

A=At

li y(t) — lim Clﬂle( ? l) +C, /0, _
oo x(t) o= Clalef(/lz—/ll)t foa,
and

A=At
Y1) oo
lim——= = lim =
t— X(t) t— oo (A=At

C,a, +C,a,e
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All orbits therefore share the same asymptotes,
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Case of real, equal, negative eigenvalues (1, =1, <0)and b=c=0:

The system is uncoupled:

dx
— = ax
dt
dy
2 —-d
a Y

and equal eigenvalues now requirea=d=41.
The general solution is (x(t), y(t)) = (cle”“, c, e/“).

2<0 = dim (x(OL[y(t)) = and lim (x(1),y(1)) = -

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all t).

Additional Note:

The eigenvalues of any triangular matrix are the diagonal entries of that matrix:

a b
The characteristic equation of A = {O g } is det(A—-41) =0

:(a—;t)(d—/l)=0 = A=aord

a-A b‘
—

0 d-4
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Case of real, equal, negative eigenvalues (1, =1, <0) and b, c not both zero:

The characteristic equation 2> — (a+d)A + (ad —bc) = 0
has the discriminant (a+d)2 — 4(ad —bc) = (a—d)2 + 4bc = 0.

The solution of the characteristic equation simplifiesto 4 = a ; d :

The general solution is (x(t), y(t)) = ((Clal +cat)e’, (cf +c,pt)ett )

1<0 = tHrpoo(|x(t)|,|y(t)|) = (,00) and lim (x(t),y(t)) = (0,0).

t—>w
All orbits therefore terminate at the critical point at the origin.
The system is asymptotically stable.

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all t).

y(t) _ch+eht | B

If c,#0, then = as t—+ow
x(t)  cay+cant a,
All orbits (except for c, = 0) therefore come in from infinity parallel to the line
y = &x, which is also a tangent at the origin. It can be shown that
a,
A_P when ¢, =0, so that the trajectories for c; =0 and ¢, = 0 are both y = &x.
o o a,

Y

Neither eigenvalue can be zero, otherwise (0, 0) is not the only critical point (as shown on
page 4.14).
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Case of real, equal, positive eigenvalues (1, =41, >0)

The analysis leads to the same phase planes as in the case of real equal negative
eigenvalues, but the signs of the arrows are reversed and the result is an unstable node.

Case of complex conjugate pair of eigenvalues with negative real part

The eigenvalues (roots of the characteristic equation) are
A, =a+jb, 1, =a-jb, (a<0).
The general solution has the form
x(t) = [cl(Alcosbt—Azsinbt) + cz(AlsinbtJrA2 cosbt)]eat
y(t) = [cl(Blcosbt— B, sin bt) + cz(Blsinbt+ Bzcosbt)}e"’lt
Using the definitions
A= JcA-cA) + (GA+CA), B = [(c,B,—¢B,) + (cB,+C,B,)

— CGA ';‘CzAzl sing = CZAi;\ClAZ , COSf3 = ClBlECZBZ. sinfg = CzBlgcle

COS

the general solution can be written more compactly as

(x(t),y(t)) = (Aeat cos(bt+a), Be™ cos(bt+,8))
a<0 = lim (|x(t)||y(t)|) = (0,0) and lim (x(t),y(t)) = (0,0).

t—> - tow

If x(t)=0 then bt+a=%+n7r (nez)

If y(t)=0 then bt+ﬁ:%+n7z (neZ)

)

t)  Bcos(bt+p)
t) - Acos(bt+a)
t
t)

e orbits spiral in to the origin.

y

>
—~

<
—~
~

is periodic, with period %T

>
—~

T

=

We have a stable spiral node, also
known as a stable focus.

~\
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Case of complex conjugate pair of eigenvalues with positive real part

The analysis leads to the same phase planes as in the case of negative real part, but the
signs of the arrows are reversed and the result is an unstable focus.

Case of complex conjugate pair of eigenvalues with zero real part (pure imaginary)

The eigenvalues (roots of the characteristic equation) are
Ay =—Jb, A, = +]b.
The general solution has the compact form
(x(t),y(t)) = (Acos(bt+a), Bcos(bt+p))

If =0 and pg= —%,then
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Summary for the Linear System

dy

dx
— —ax + by, =L =cx + dy, a,b,c,d = constants
dt ar oo )

Characteristic equation:

A? — (a+d)A + (ad-bc) = 0

Discriminant

D = (a+d)2 — 4(ad -bc) = (a—d)2 + 4bc

- : . a b
Roots of characteristic equation (= eigenvalues of A = [ J):

c d
P (a+d) £ /D
2 va
Cases:
a+d D other condition Y Type of point
a+d<0 D>0 ad—bc > 0 real, dls_tlnct Stable
negative node
a+d<0 D=0 b=c=0 real, equal Stable
negative star shape
a+d <0 D=0 b,crotbotho | real equal Stable
negative node
a+d <0 D<0 complex Stable
conjugate pair focus [spiral]
a+d=0 D<0 - Pure Stable
imaginary pair centre
a+d>0 D>0 ad—bc > 0 real, qlgtlnct Unstable
positive node
real, distinct Unstable
) P>0 ad-be < 0 opposite signs saddle point
a+d>0 D=0 b=c=0 real, _equal Unstable
positive star shape
a+d >0 D=0 b, ¢ not both 0 real, equal Unstable
positive node
a+d>0 D<0 complex Unstable
conjugate pair | focus [spiral]

Note that ad —bc =det A and that a + d = the trace of the matrix A.

In brief, if the real parts of both eigenvalues are negative (or both zero), then the origin is
stable. Otherwise it is unstable.
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Example 4.05.1

Find the nature of the critical point of the system
dx dy
— = 4x-3y, — =5x—-4
dt y dt y

and find the general solution.

.. . a b 4 -3
The coefficient matrix is A = = )
c d 5 -4
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Example 4.05.1 (continued)
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Example 4.05.2

Find the nature of the critical point of the system
dx dy
— = =2X+Yy, — =Xx-2
dt y dt y

and find the general solution.

.. . a b -2 1
The coefficient matrix is A = = )
c d 1 -2
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Example 4.05.2 (continued)
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Example 4.05.3

Find the nature of the critical point of the system

dx dy

dt y dt y
and find the general solution.

.. . a b 1 -5
The coefficient matrix is A = = )
c d 1 -3
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Example 4.05.3 (continued)
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General Form for the General Solution

From the linear system of ODEs

dx
— = ax+bh
dt y
dy
— = cX+d
dt y

calculate the discriminant
D = (a+d)2 — 4(ad —bc) = (a—d)2 + 4bc

If D >0 then the general solution is

(X(t)' y(t)) = (Clale/llt + CzazeAZt’ Clﬂle/ilt + Czﬁze%t )
where
(a+d)-D (a+d)+vD
A = — A, = —
(a-d)-VD
j any non-zero multiple of 2 ,
c
(a—d)+ JD
j any non-zero multiple of 2 and ¢y, ¢, are arbitrary constants.
c
b
[An exception occurs if c = 0: use (d-a)+ JD | instead.]
2
If D< 0 then the general solution is
e! (c ((u d)cosvt—vsinvt) + c,(vcosvt + (u—d)sinvt), c(c,cosvt + c,sinvt))

where u =

2
_ —(a—d) - 4 .
a+d (j u—d:ﬂj andv:‘/(a d)’ - 4c D
2 2 2 2

and cs, ¢4 are [real] arbitrary constants.
[The derivation of this general result follows steps similar to those of Example 4.05.3.]
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The situation for D =0 is more complicated.
The general solution is

(x(1).y(1)) = [(Cl(a;dj+c2[l+(a;dj(l+t)DeM, c(c1+cz(1+t))e’“J |

unlessa=d and ¢c=0hut b=0, in which case

(x(t),y(t)) = ((cl +c,t)ed, %eatj
or the decoupled system a=d and b=c =0, in which case

(x(1)y(1) = (ce™ ™)

where the sole distinct eigenvalue and eigenvector are

L (ard)
2

a—d

—_— 1
(;j = any non-zero multiple of | 2 (or [Oj if a=d and c=0).
1
c

Outline derivation of the general solution:

The one eigenvalue and eigenvector generate part of the complementary function:

(Xl(t)'Y1(t)) = (ale/u, 'Blelt)

Xp and y, must be of the form et multiplied by a linear function of t :

(6 05(0) - (oo™, (3064

But, upon substituting (x,, y2) into the system of ODEs, we find that (%J = (21]
3 1

and we obtain the singular linear system

a5 G)

so that

a, _ A—-d+1 b
= any non-zero multiple of or :
B, C A-a+l
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4.06 Linear Approximation to a System of Non-Linear ODESs (2)

From sections 4.02 and 4.03, the non-linear system

Ko x=Pxy), L=y=Qxy) @

with critical point at (0, 0) may be expressed as
X = ax + by + B(xy)
y=cx+dy + Q(xy)
where a, b, ¢, d areall constants and
im 20 g g gim 20V

(x,y)—>(0,0) [XZ + y2 (X,y)—>(0,0) [XZ + y2

Near the critical point (0, 0), this system may be approximated by the linear system
X = ax + by

y =cx + dy

2

= 0.

3

Effect of Small Perturbations

Small perturbations in the values of the coefficients a, b, ¢, d are reflected in small
changesin the eigenvalues A.

If the eigenvalues are a pure imaginary pair, 1 = % jv, v
then the critical point is a centre.  The effect of small

changes in the coefficients will change the eigenvaluesto % '+./v'@
the complex conjugate pair A’ = u' £ jV, where U’ is

small in magnitude and v' iscloseto v.

B+ jv

u'— jv'o $oav

_ @i
v @ J

—Jv g

Qu'—jv'
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If the eigenvalues are areal equal pair, A1 = A, thena

; ¥
dlight perturbation is likely to separate the roots into asy:;z;;izcaﬂ? unstable
distinct values. If those values are till real, then the still a
critical point remains a node. node
- e O
A *
1 2
If the perturbed eigenvalues are a complex conjugate : v
pair, then the nature of the trajectories will change into asy:;i;;izcaﬂy unstable
spirals and the critical point changes from a node into a changes to
focus. @A+ v focus
However, in both cases, an asymptoticaly stable 3 P u
critical point remains asymptotically stable after a small A=Y
perturbation, while an unstable critical point remains

unstable.

In all other cases, a dlight perturbation leaves the sign of the real part of both eigenvalues
unchanged and affects neither the type of critical point nor the overall type of the orbits.

These results are summarized in the two following theorems.
Poincar € s Theorem:

The singularities of the non-linear system (2) are identical to the singularities of the linear
system (3), except for the cases

D<0 and a+ d=0, whichisacentrein the linear case, but may be a centre or afocus
in the non-linear case; and
D =0, which is either anode or afocus in the non-linear case.

Theorem on stability of the singularity at (O, 0):

Linear approximation Non-linear system

asymptotically stable
unstable

stable but not asymptotically stable
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Example 4.06.1

Perform a stability analysis on the system
dx

dt

dy

= X=X+ Xy, e 2y — xy — 6y°
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Example 4.06.1 (continued)
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Example 4.06.1 (continued)
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Example 4.06.1 (continued)
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Example 4.06.1 (continued)
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Example 4.06.1 (continued)

Maple produces the following direction field plots:

Examnple 4.06.1 Man-Linear Solution

A /’//’ffff,f,ff.\-‘—q——d——
e
T F ] e
P R e

“y \(z Yol

LR o ) PR
Rillt S L
L S
One can clearly see trgjectories flowing outward from the unstable node at the origin in
al directions. The natures of the other critical points are somewhat less obvious.

Zooming in to the neighbourhood of one of the saddle points and to the neighbourhood of
the stable focus produces the next pair of diagrams:
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Example 4.06.1 (continued)
Example 4.06.1 Mear [0, 1/3) Example 4.06.1 Mear (57, 1,7
Ee PR ! S 0.2 s s S N Y
—e ST ! L ] e N N N L
— ] LLLrLt ] N Y Y
N | ey N Y {
e DA A D018 o Y Y i
——s [ O PO N Y Ny
e PLL AR -Hﬂﬁ*uwﬂm‘x\‘ﬂ‘t fisrs
S k] FLE R R 1 I B Sy
S BB [ Y e R W e
et P e } [ L N T T
NN Y o e
NN SRR Rt I
N T O N R Y S T ] s
R T LY B N Y _/KZK{IH'\NRM-HH@-
mA AN N N IRPE A IR
AR 117 L B A A Py
AR [ SN 17 ST —
SRR N RN e
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Maple can also superimpose some trajectories on these phase portraits:

Example 4.05.1 Mon-Linear Solution

/9
Jiiﬁfiﬁ

*~—<z
A

T TS
P == e e e e B

Maple commands for this plot:

> with(DEtools):

> phaseportrait(
[diff(x(t),t) =

x(D) - x(D"2 + x(O*y(D),
diff(y(t),0) =

2*y(t) - x(O)*y(t) - 6*y(vH2],

[x(t), y(t)], t=-10..10,
[[x(0)=0.1, y(0)=0.02],
[x(0)=0.8, y(0)=-0.02],
[x(0)=1.2, y(0)=0.02],
[x(0)=0.05, y(0)=0.3],
[x(0)=0.05, y(0)=0.4],
[x(0)=1.2, y(0)=-0.02]],
x=-0.2..1.4, y=-0.2..0.5,
stepsize=.01, colour=red,

linecolour=[blue, cyan, magenta, sienna, orange, black],
title="Example 4.06.1 Non-Linear Solution™);
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Example 4.06.2

Perform a stability analysis on the system
dx _ 2 2 dy _ 2 2
E_yjtx(l—x—y), E_—x+y(1—x—y)
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Example 4.06.2 (continued)

Solution in the neighbourhood of the only critical point (O, 0):

rr=x+y = 2 I _
dt
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Example 4.06.2 (continued)

Example 4.06.2 N

on-Linear Solution

wxxx\mk\\%lkt A

R Y LAY VLSS

SRR O N T, I
eSS N Y s
. TGP S ".. I" ‘-"' ;-f v

3 Iy

e T ] Vs
et S ™ P
7] Yy L
T W P
=771 | P
P
A5 70 R ——
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Further notes:

Let u = r? then du = 2r dr and

dr 5 ) 1 du du
r— =r(1-r = —— = u(l- = = 2dt
dt ( ) 2 dt (1-v) u(l-u)

- Ki + i)du - 2j1dt — In
u 1-u

u-In(l-u) =2t +C

In(Lj=2t+C = U - g2+C _ e?
1-u -u
= u=ce? —uce? = (1+ qut)u = ce?
= (cze_2t +1)u =1, where c, -1
G

P SR

1+ ce 1+ ce
If r(0) =r,, then

2 _ U . o) . C1-r?
“ 1-u T r? “ r?
Therefore
1
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Example 4.06.2 (continued)

Also note that, from the polar coordinate system,
(x,y) = (rcosé,rsing)

= (%y) = (r‘cos&— rsinfé, rsiné + rcoseé)

= Xy - yx = (rcosd)rsing + (rcosd)rcosd 6 — (rsind)rcosd + (rsind)rsind 6
= r2(00520+sin29)9 =r%

But the non-linear systemis

(%) = (y+ X(1-r?), —x+ y(l—rz))

= -y ==X +xy(1-r%) - Y - xy(1-r%) = - (X +y°) = -1

Therefore r’0=-r> = 0=-1 = 0=-t+C

All paths move clockwise with constant angular speed.

In Cartesian coordinates all orbits can therefore be described by
1

(x(®),y(t)) = J ( (cos(t-6,), -sin(t-4,))
1+

1- I’o2 o2t

r.2

(o]

where (x(0), y(0)) = r, (cos 6,, Sin 6,)
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Example 4.06.3 (A more chalenging and tedious case, for reference only)

Find and determine the nature of all critical points of the system

dx _x dy .
— =e*-y-1, 2L =y-sinx 1
dt Y dt Y @
%:ﬂ:o = y=€e*-1 and y = snx
dt  dt

Critical points occur wherethegraphsof y = e * -1 and y = sinx intersect.

The critical pointsare (0, 0) and (X, Vi), where
X = (4i—1)%—5i, (4i—1)%+gi; (i=123..))

Linearize for the critical point at (O, 0):

_ oP oP 0
ef-y-1 ~ — + — = (-e")x + (-1)y
( )near(0,0) OX ©9) ay ©9) ( ) ( )
. 0Q 0Q
(y-sinx) -~ —| X+ —| y=(-cosO)x + (1)y
©0 Xl Wlog

Therefore the linear system that models the non-linear system (1) near (0, 0) is
X -1 -1\(X
= (2
y -1 1)\y

‘ = —(1+2)(1-2) - (-1)(-1) = 2%-1-1

Finding the eigenvalues:

-1-12 -1
-1 1-1
det(A-21)=0 = 2°=2 = A=+2

det(A-Al) = ‘

The eigenvalues are real and of opposite sign.
The critical point (0, 0) of (2) [and therefore also of (1)] isan unstable saddle point.
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Example 4.06.3 (continued)

Using the results on page 4.30,
D = (a-d)” + 4bc = (-1-1)° + 4(-1)(-1) = 4+4 = 8
The eigenvectors are
(a—d)—\/B —2-2\2
o . Al S e eNe
( J = any non-zero multiple of 2 = 2 for A =-+2
Py
c -1
and
(a—d)+ JD 2+24/2
a, . A S _cTeNe
(ﬁj = any non-zero multiple of 2 = 2 for A =++2
2 c -1

Choose amultiple of —1 in both cases.

The general solution of (2) istherefore
(x(t),y(1)) = (cl(1+\5)e_f2t +c, (1—ﬁ)e@, ce V2 +cze@)

- y(Y) 1 1-2

lim = = - J2-1>0 and
oo x(t) 1442 1-2

im Y 1 1v2 _1-4J2 <0

o x(t) 142 1-2
The trgjectories (except for ¢, = 0) therefore come in from infinity along the asymptote

y = (\/E—l)x.

The trgjectories (except for ¢, = 0)
return to infinity along the asymptote

y = —(1+\/§)x.

The phase space diagram for this
solution (completely valid only for
the linear system (2)) is

The phase space for the non-linear
system (1) resembles this diagram
only in the immediate neighbour-
hood of the critical point (0, 0).
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Example 4.06.3 (continued)

At other critical points (k, 1),
dx dy 0

— | =sink = eX_snk-1=0

dt ot

Linearizing (Taylor's seriesfor P(x, y) about (x, y) = (k, I):

(e_x_y_l)near(kvl) s Z_i(k,l)(x_k) ' %(k,l)(y_l) - (—e_k)(x—k) " (_l)(y_l)
(y-sinx)|_ ., = 2—3(k’|)(x—k) + %(k”(yq) ~ (~cosk)(x—k) + (1)(y-1)

Therefore the linear system that models the non-linear system (1) near (k, 1) is
: —k
X —e -11( x=k
y —cosk 1)\ y-I

= —(e*+2)(2-2) - (~cosk)(-1)

Finding the eigenvalues:

L R |
—cosk 1-4
= 12—(1—e_k)/1—(e_k+cosk) =0

(1—e‘k) + \/(1—e_k)2 + 4(e‘k+cosk)

2
(1—e‘k) + \/(1+e‘k)2 + 4cosk

2

Now k>0 = 0O<e <1l = 0<1-eK<1
Recall that k = x = (4i—1)%—5i, (4i—1)%+gi; (i=1,23...)
Examining the right-hand critical point in each pair,
k=(4-1)%+s, (0<g<])

= cosk = cos((4i-1)% +5) = cos(5-5) = cos(%-¢ ) = sing ~ 5 >0

det(A-Al) =

= A=

= A=

Therefore \/(1—e_k)2 + 4(e‘k+cosk) > (1—e‘k) >0

and the two eigenvalues are real and of opposite sign.
These critical points are therefore all unstable saddle points.
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Example 4.06.3 (continued)

Examining the left-hand critical point in each pair,

k = (4i—1)%—5i ., (0<6 <1)

= cosk = cos((4i-1)%-3,) = cos(-5, —%) = cos(5, +%) = —sing
But k isthesolutionto e X —sink -1 = 0

= € =1+sink = 1+sin((4i-1)%-5))

= 1+sin(-6 -%) = 1-sin(5 + %) = 1-coss

2
= e Xtcosk ~ (1-cosé,) — sing, = 1—[1—%}—@ < 0 (diissmall)

= \/(1—e_k)2 + 4(e‘k+cosk) <1-¢ekK

(1\[e_k) + \/(1—e_k)2 + 4(e‘k+cosk)

2
Therefore the eigenvalues are areal distinct positive pair and
the singularity is an unstable node.

But A =

The locations and nature of thefirst five critical points are listed here.

X y A1 A2 Type

0 0 -1.4142... +1.4142... unstabl e saddle point
4.56820... —0.98962... | +0.1608... +0.8287... unstable node
4.83833... —0.99208... | -0.1200... +1.1121... unstable saddle point
10.98977... | —0.99998... | +0.0058... +0.9941... unstable node
11.00135... | —0.99998... | -0.0057... +1.0057... unstable saddle point

Here is a Maple session to create direction field plots for the first three critical points of

the non-linear system.

> with(DEtools):

> DEplot([diff(x(t),t) = -y(t) - 1 + exp(-x(t)),
diff(y(t),t) = y(t) - sin(x(t))],
[x(t),y(t)], t=-1..1, x=-0.5..0.5, y=-0.5..0.5,
title="Example 4.06.3 Exact Solution’);

> DEplot([diff(x(t),t) = -y(t) - 1 + exp(-x(t)),
diff(y(t).t) = y(t) - sin(x(t))],
[xX(t),y(t)], t=-1..1, x=4.5..5, y=-1.1..-0.9,
title="Example 4.06.3 Exact Solution™);
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Example 4.06.3 (continued)

Saddle Point & (0, 0)
Example 4.06.3 Exact Solution
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Example 4.05.3 Exact Salution

Unstable Node near (4.57, —0.99), Saddle Point near (4.84, —0.99)
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4.8

4.5

a5

[ax} L —

......

: L0 —

(o) = _
—

(] !
_ =

Solution curves can be traced by following the arrows (which at every location point in

).

the direction of ﬂ

dx
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4.07 Limit Cycles

If, in some region, all trgectories begin on a closed curve
inside that region, then that curve is an unstable limit cycle.

If al trgectories terminate on the curve, then it is a stable
limit cycle.

More formally,

Let R be abounded region in the xy plane.

Let C be aclosed curve composed of interior points of R and bounding a region A.
Let C beasolution curve of the system

%:X:P(x,y), ﬂz)'/:Q(X,Y) (1)

at dt
where P(x,y) and Q(x,y) aredifferentiable with respectto x and y at al pointsof R.
C isalimit cycle of (1) if no other closed solution curve is close to C and if all orbits
sufficiently near it approach it asymptotically as t — —o (unstable) or ast — +oo (stable).

Bendixon Non-existence Theorem:

For system (1), if the expression P + aQ does not change sign or vanish identically in

O0X oy
a simply connected (= "no holes") region D inside R, then no closed trgjectory can exist
entirely within D.

The contrapositive statement is:

If C isaclosed solution curve of (1) in R, then op + Q must vanish for some subset

O0X oy
of R.




ENGI 9420 4.07 - Limit Cycles Page 4.51

Proof:
If C isaclosed curve in R with interior region A, then Green’'s theorem in two

dimensions states
|' oP 0Q
(de - QdX) = J;[(—ax + —éy]dxdy (2)

C

Poincar &-Bendixon Theorem (Existence Theorem for Limit Cycles)

If the solution curve C of the system (1) isin and remains in a bounded region R for
t > t, without approaching singular points and if P(x,y) and Q(x,y) are differentiable
with respect to x and y at al points of R, then alimit cycle existsin R and either C is
alimit cycle or it approaches alimit cycleast — +w.
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4.08 Van der Pal’s Equation

During an investigation of the properties of vacuum tubes, Van der Pol developed a
second order non-linear ordinary differential equation to model the circuit:

d*x N

F—ﬂ(l—X)a‘FXZO , (,U>O) (1)

Thelinear form resembles the linear ODE for the RLC circuit:

2- .
a Rd 1o )
d?  Ldt LC

Theresistance term in (2) provides damping provided R> 0.
If R < 0, then the solution is unstable and the current would have an ever increasing
amplitude, which iswhat the linear form of (1) predicts, (—u <0).

However, experimental evidence suggests that, after some initia increase in amplitude, a
periodic solution is attained. Thisisan indication that alimit cycle may exist for (1).

The “resistance” term —u (1 —x%) in Van der Pol’s equation is negative if |x|< 1, butis
positivefor |x|>1. The non-linear term must be retained in order to find the periodic
steady state solution.

Introduce a new variable y to Van der Pol’ s equation:

&y

g'; (3
= = u(1-x*)y - x

o = H1=x)y

Thelinear version of (3) is:

HREW ¢

Finding the critical points of (3):




ENGI 9420 4.08 - Van der Pol’s ODE Page 4.53




ENGI 9420 4.08 - Van der Pol’s ODE Page 4.54

A Maple session that produces solution curves for the Van der Pol equation with =1
for two choices of starting point (one inside the limit cycle, one outside) is presented
here.

>with(DEtools):

> phaseportrait([diff(x(t),t) = y(tv), diff(y(t),t) =
y(®©*(1 - (x(©))"2) - x()],

[x(B),y(t)], t=0..20, [[x(0)=0,y(0)=0.1]], x=-3..3,
y=-3..3, stepsize=0.05, linecolour=t/2, title="Van der Pol,
mu=1-);

> phaseportrait([diff(x(t),t) = y(tv), diff(y(t),t) =
y(®*(1 - (x())"2) - x(1)],

[x(t),y(t)], t=0..20, [[x(0)=-2,y(0)=3]], x=-4..4, y=-4..4,
stepsize=0.03, linecolour=t/2, title="Van der Pol, mu=1");

with output, clearly illustrating the limit cycle crossing x = —1 and x = +1:
“Yan der Pal, mu=1
“an der Pal, mu=1 E

Ly
N e 7 AT

ke
O O A T—ay UL Ll
R I« o N\ AN S Py
ERNRANE S @ e % T A} R
R R 07 L VRN, SRR b
L N //{/’f‘"“*\\‘kkltllr I',I'n,""-.
[P g F LN | VO
D N N EARNE | Pl

1 1 - 4

Ry e N ] =,
RN S22 <Sue P ASECE NS
I R o L T e e
B R P VAN e Y
lﬁxm\xmx/§f/fm\\\11 R N NN
IR s e NN L I AN e R
VIR YA A N R PN
[ < e L N B VA N A e

Again note how the trajectories move away from the origin only in theregion -1 < x < 1.
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4.09 Theorem for Limit Cycles
Theorem (Extension of the Poincaré-Bendixon theorem):

Let D bean annular region between closed curves C; and C..

[stable] [unstable]
If solution curves of the system
dx . dy .
— = X = P X, y = = X’ 1
& (xy) + = V= Q(x) (1)

enter D at every point of C; and C; (or leave at every point of C; and C,), and
there are no singularitiesof (1) in D oron C; or C,, then

alimit cycle existsin D.

It also follows that a closed curve cannot be alimit cycle unless it encloses a singularity.

Example 4.09.1

2

Determine whether alimit cycle exists for the second order ODE % + xX*+1=0.
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Example 4.09.2

Perform a stability analysis and determine whether alimit cycle exists for the system
dx 2 2
— = X(1-x"— + 5
+ = X y?) + 5y
dy
dt

D

—-5X + y(l— x2—y2)
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Example 4.09.2 (continued)
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Example 4.09.2 (continued)

Example 4.09.2 Mon-Linear Solution

N Y !
o i e L L T T T
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2 1{K\xx siilirre?
. NN NS S S AN S S
/! LR e B gy
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! BN S —
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dX_ 2 2 _ dy
P X(1-x* - y*)+5y = 5y and e
dy _dy dx_ x
dx dt dt y

= 2X+ ZyQ =0
dx

But x* +y* =1

Therefore the limit cycle x> +y? = 1 isasolution to the non-linear system (1).

Checking that x* +y* = 1 isasolution to the non-linear equation:

o= 5 y(1-x* - y*) = -5x

dy X

&y
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410 Lyapunov Functions [for reference only - not examinable]

The equation of motion for an unforced damped el astic mass-spring systemis
2
% + g% + ux=0 (1)
Consider the case where the restoring force (per unit mass) coefficient ¢« =1 and the
damping (per unit mass) coefficient & issmall and positive. The equivalent first order
systemis
dx
dt
dy
dt

2

The coefficient matrix is

Using the results on page 4.30,
D =(a-d)’ + 4bc = (0+e)" + 4(-1)(1) = &* -4 <0

- (a+d)++/D ek jJA-¢°
- 2 - 2
[or solve the characteristic equation det(A— Al) = 0:

(0-4)(-e-4) - (1)(-1) =0 = A* -2 +1=0]

The single critical point at the origin is therefore a stable focus (asymptotically stable).
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. 1 1 (dx) 1
Thekineticenergyis =mv? = =m| — | = =my°.
» 2 2 (dtj 2my
The potential energy of a mass-spring system is proportional to the square of the
extension x. Therefore the function V (x,y) = %(x2+ yz) is related to the total energy

of the system. V(X, y) has an absolute minimum value of O at the origin, which should
therefore be a stable equilibrium point.

From the chain rule and (2),
dv. ovdx oV dy 2
— = —— + ——= = Xy + Y(-x- = — <0 vt
o oxat Fayd D XY T Y(xoay) = ey
Therefore V decreasesas t increases.
Also V decreases as the distance from the origin decreases.
Therefore the distance from the origin must decrease as t increases.

tIim x(t) = tIim y(t) = 0. All orbits terminate at the origin.
Again, the origin is an asymptotically stable point.

Energy considerations and Stability:

For a system of differentia equations that arises from the description of a physical
system, if the total energy of the system is constant or decreasing and a critical point
corresponds to a point of minimum potential energy of the system, then the critical point
should be stable.

If the critical point corresponds to a maximum of potential energy (such as the upside-
down position of the pendulum in section 4.01), then the critical point should be unstable.

If (0, 0) isan asymptotically stable critical point of the system

dx dy

— = f(x , — = g(X% 3
dt (x¥) dt (xy) ®)
then there must exist some domain D, containing (0, 0), such that al solutionsin D must
approach (0, 0) ast — .

Suppose that an energy function V(x, y) exists such that V(0,0) =0 and V(x,y) >0
everywhere elsein D.  Then, following any open orbit in D, V must decrease to zero as
t > o0. The converse of these statementsis more useful:

If V decreasesto zero ast — o on every trgectory in D, then every trgectory in D must
approach theorigin ast — oo and the origin is therefore asymptotically stable.
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Definitions:
Let V(x,y) bedefined on some domain D that contains the origin.

Vispositive definiteon D if V(0,0) =0and V(x,y) >0 for al other pointsin D.
Visnegative definiteon D if V(0,0) =0and V(x,y) <0 for al other pointsin D.

Vispositive semi-definiteon D if V(0,0) =0and V(x,y) >0 for al other pointsin D.
Visnegative semi-definiteon D if V(0,0) =0and V(x,y) <0 for al other pointsin D.

A function V(x,y) isaLyapunov function for the system

dx dy _
E - f(le) ’ dt - g(X,y) (3)

if there exists some neighbourhood of the origin in which
e V isadifferentiable function of x and y;
e V>0 except a the origin, where V = 0; and

e For any solution (x(t), y(t)) of (3) there exists at, such that Z—\: < 0 foradlt>t,.

Theorem:
If V(X,y) isaLyapunov function for the system (3), then:

v
dt
v
dt
av
dt

IS negative semidefinite, then (0, 0) is stable.
is negative definite, then (0, 0) is asymptotically stable.

is positive definite, then (0, 0) is unstable.
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Also note that, by the chain rule and (3),
av GV%Jr Ndy oV

f(xy) + 5-0(xy)

dt  oxdt  oyd  ox
and that
av = ., =
— = VV.T
dt
_ Nz oV~ . :
where VV = a—l + v j isthe gradient vector of the scalar function V(x, y) and
X y
= ax - dy': > 2. .
T = El + E] = f(xy)i + g(xy)] isthetangent vector to the trajectory

(x(1), y(1)).

If (?j_\t/ IS negative definite, then the two vectors

must point in directions more than 90° apart,
everywhere in the region (except possibly at the
origin). But the gradient vector points in the
direction of increasing V, at right angles to the
contours V = constant.

V is positive definite, so its gradient vector
points outward, away from the origin.
Therefore the trgjectories must point inward, everywhere in the region where V is positive

definite and Oc'j—\t’ is negative definite.

The general quadratic function

V(xy) = ax®* + bxy + cy?
is positive definiteif and only if a>0 and b*—4ac<0
and
is negative definite if and only if a<0 and b*—4ac<0
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Example 4.10.1

The populations of apair of competing species are modelled by the system
dx

= = x(1-x-

5 = X(1-x-y)

dy

— = 0.75-y-05
il y — 0.5x)

Investigate the stability of the critical point at (0.5, 0.5).

Transform the critical point to the origin with the change of coordinates
w=x-05; z=y-05
The system becomes

z—‘;" = (w+0.5)(1- (w+05) - (z+05)) = —-0.5w - 0.5 - W* — wz

gz _ (z+0.5)(0.75 - (z+0.5) — 0.5(w+0.5)) = —0.25w — 0.5z — 0.5wz — Z*

dt

There are many possible choices for a Lyapunov function, among the simplest of which
IS

V(w, 2) = W + Z
V isclearly positive definite: V(0,0) =0 and V(w, 2) > 0 everywhere else.

dv oV dw &V dz

o ow dt | oz ot
2W(—0.5W - 05z—-wW — Wz) + 22(—0.25W — 0.5z - 05wz — 22)
—(W2 +1.5wz + 22) - (2vv3 + 2WPz + WZ® + 223)

In the quadratic expression —(w* + 15wz + 7°), a = ¢ = -1 and b = -15.

a<0 and b’ —4ac <0, sothat —(w* + 15wz + 2°) is negative definite.

The cubic terms can be of either sign, but sufficiently close to (w, z) = (O, 0) they will be
negligible compared to the quadratic terms. Therefore a region does exist around (0, 0)
such that V is positive definite and (jj_\t/ IS negative definite. The critical point must

therefore be asymptotically stable.

By using a more complicated Lyapunov function and obtaining bounds on where its
derivative is negative definite, one can estimate how far the region of asymptotic stability
extends around the critical point.
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Example 4.10.1 (continued)

Note that we can also investigate stability by finding the eigenvalues of the linear system
that approximates the non-linear system near the critical point:

x) (-05 -05)(x-05
y) |-025 -05){y-05
The characteristic equation is
det(A-41)=0 = (-05- /1) ( 0.5)(— 025) 0

= (/I+0.5) =0125 = 4+05=+-/0.125 A =-05+-/0.125
which isareal distinct negative pair. v v

The critical point istherefore an asymptotically stable node.
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411 Duffing's Equation

Among the simplest models of damped non-linear forced oscillations of a mechanical or
electrical system with a cubic stiffness term is Duffing’s equation:

2
d—;( + a% + bx + cx® = dcoswt (1)
dt dt
In section 4.01, we considered the simple undamped pendulum:
d’x g
— + =sinx =0 2
da> L @)

When xisvery small, sinx~ x and (2) reduces to the ODE for simple harmonic mation.
3

The next order approximationis sinx ~ X — % so that (2) becomes

2 3
d_:(Jrg _89X _p 3)
dt L L 6

If we add a damping term a% and a forcing function d cos at , then (3) becomes

Duffing’'s equation (1).
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Special Case 1:
Conduct a stability analysis for the undamped unforced Duffing’ s equation
2
X
F+“’2X+CX3:O (4)
The equivalent first order systemis
& y
Y ©)
Y - ox
dt

Critical points:
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Specia Case1: (continued)
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Exact Solution of Special Case 1.

The system (5),
& y

dt

Y _ —w’x - ¢cx
dt

L

dx
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Specia Case1: (continued)

If ¢ <0, then those orbits far enough away from the centre are open, due to the influence
2

of the saddle points at (J_r a)_’ OJ :
—C

The part of the phase space between the two saddle points resembles that for the
undamped pendulum on page 4.07:

a’

The orbits passing through the saddle points separates closed orbits from open orbits and
is caled the separatrix.

The positive y axis intercept of each orbit is just the value of JA for that orbit.
The separatrix has x axis intercepts at the saddle points. Therefore, for the separatrix,

A =
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Specia Case 2:
Conduct a stability analysis for the damped unforced Duffing’ s equation
2
d—;(+a%+a)2x+cx3:0 (8)
dt dt
The equivalent first order systemis
de _
dt
d ©)
Y _ox—cx-a
y
dt
The critical points are the same as in special case 1:
2
(y=0) and (x=0 or xzz—%j
Near (0, 0) the linear approximation is
X 0 1)\(x
-l )
y —o- —a)ly

The characteristic equationis det(A- A1) = 0 = A% + al + w? =

—a t Ja’—40’
2
The critical pointisstableif a>0 and unstableif a<0.
Itisafocusif a®—4w? <0 and anode otherwise.

= A=

If ¢> 0, thenthisistheonly critical point of (8).

2
If ¢ <0, then there are two other critical points, at [i« /w_ O] .
—C
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Specia Case 2: (continued)

2
Near {J_r a)_’ OJ
—C

dx oP

~

rer(t0lc0) Ay

oP

- 9
(to1=c.0) (XJF \/—_CJ " oy

(J_ra)/\/jc,O)

dy 2 3 0Q ( _ ) 0Q
— —w°X—CX —ay ~ — XF—es | + —
dt nea'(iw/ﬁ,O) )near(iw/ch,O) OX (im/«/I,O) \/jc 8y (iw/«/z,o)
2
( [_CD+E (-a)y 2] -y
a)2
The linear approximationto (9) near | +,/—,0 | is
w
‘ 0 1 F—
m=( : jXW—_c 1)
y 20° -a y

The characteristic equationis det(A- A1) = 0 = A%+ al —20° =0

—a * Ja’+8w°
2
The eigenvalues are a distinct real pair with opposite sign

2
= Li,/w—C,OJ are saddle points. They are unstable.

= A=

The presence of the damping term changes the centre into a stable focus (for physicaly
reasonable values of a, @ and ¢, or, for particularly strong damping, a stable node). The
form of the separatrix is more complicated, as tragjectories leaving either saddle point in
the direction of the origin are swept by the damping term into the focus (or node) instead
of moving around the centre to the other saddle point. There are no closed orbits; just
orbits that terminate at the origin or a saddle point and orbits that retreat to infinity.
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Specia Case 2: (continued)
An enhanced sample phase portrait plot from Maple is shown here:

Example 4.11.1 Mon-Linear Solution w=-c=a="1

WL AN AN 7

PPN =
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and, zooming in,
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Example4.11.1 Mon-Linear Solution w=-c=a =1
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412 More Examples

Example4.12.1
Examine the stability of the linear second order differential equation
2
d—;( + 2% + (47z2+1)x =0
dt dt

and find the compl ete solution for the initial conditions
x(0) = 0, y(0) = x(0) = 27.
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Example 4.12.1 (continued)

The resulting phase space diagram is

___________

_________

______
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Example 4.12.2

Examine the stability of the linear second order differential equation
2
d—;( L (47 +1)x = (37° +1)cosat — 2rsinzt
dt dt

The complete solution for theinitial conditions
x(O) =1, y(O) = x(0) = 2r.
can be obtained by building upon the solution to Example 4.12.1 and is

(x(t),y(t)) = (coszt + e'sin2at, —zsinat + € (2zrcos2at — sin2t))

In this case, the steady state solution (after the transient terms have vanished) is
lim (x(t),y(t)) = (coszt, —zsinzt)

t—>o

so that the orbit in the phase space approaches

A plot of the orbit in the phase space is shown
here.

Note how the solution curve in the phase space
can wander inside and outside the limit cycle
more than once, before finally settling down to its
asymptotic approach as the transent terms
become negligible.




ENGI 9420 4.12 - More Examples Page 4.76

Example 4.12.2 (continued)

Different sets of initial conditions can generate orbits that look very different at first,
before they settle down into their steady-state configuration near the limit cycle.

Y
F 9
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413 Liénard’sTheorem

If f () isan even function for all x
and g(x) isanodd function for al x
and g(x)>0foralx>0

X

and F(x) = jf(t)dt issuchthat F (X) =0 hasexactly one positive root, y, and
0

F(X)<0 for 0<x<y and F (x) >0 and non-decreasing for x> ,

then
the system
x=y, y=-1(x)y-9(x)
or, equivaently,
d®x dx
F + f(X)E + g(X) = 0

has a unique limit cycle enclosing the origin and that limit cycle is asymptotically stable.

When al of the conditions of Liénard’s theorem are satisfied, the system has exactly one
periodic solution, towards which all other trgjectories spiral ast — oo.

Example 4.13.1

Let f(X) = —u (1—x°) and g(X) =x, (withx>0),
then Liénard’s ODE becomes
d?x o\ dx
F—ﬂ(l—X)Eﬁ'X:O
which is Van der Pol’ s equation (section 4.08).

Checking the conditions of Liénard’ s theorem:
f(x) =

g(x) =

F(x) =

F (X) =0 hasonly one positiveroot, y =
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[ Space for additional notes)

END OF CHAPTER 4
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