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Examples of Integration by Parts

The method of integration by parts will be required in the next example of a first order
linear ODE (Example 1.04.4). There are three main cases for integration by parts:

Example 1.04.2

Integrate x3e”* with respect to x.

Therefore Ix3ex dx = e* (x3 —3x% 46X — 6) +C

This is an example where the table stops at a zero in the left column.

Example 1.04.3

Integrate In x with respect to x.

= X

X INTEG.
Therefore jlnxdx = Xlnx — Jlidx = Xlnx — jldx =XIhx = x+C
X

= Ilnxdx =x(lnx -1) + C

This is an example where the table stops at a row that can be integrated easily.

The third case, where the table stops at a row that is a multiple of the original integrand,
follows in Example 1.04.4.
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Example 1.04.4

An electrical circuit that contains a resistor, R = 8 Q (ohm), an inductor, L = 0.02
millihenry, and an applied emf, E(t) = 2 cos (5t), is governed by the differential equation

di o _ dE
L.:f: + Ri T
Determine the current at any time t > 0, if initially there is a current of 1 ampere in the
circuit.

First note that the inductance L = 2x10™ H is very small. The ODE is therefore not very
different from

0+Ri = dE/dt
which has the immediate solution

i = (1/R) dE/dt = (1/8)%(-10 sin 5t)
We therefore anticipate that i =—(5/4) sin 5t will be a good approximation to the exact
solution.

Substituting all values (R =8, L=2x 10, E=2cos 5t = E'=-10 sin 5t) into the
ODE vyields

@ 4+ 4x107 i = —5x%10° sin 5

it
which is a linear first order ODE.

P(t) =400 000 and R(t)=-500000sin5t = h = j P dt = 400000t

— integrating factor = e" = #0000
= [e* Rdt = -500000[2*™ sin 5¢ g
Integration by parts of the general case j e sinbx dx : D 7
e™* sin bx
~
_I_
ae® el cos bx
. b

a‘e® — + —>_L2 sin bx
b

2
= Ieaxsinbx dx = [—%eax coshx + bizeaxsinbx} - J-S—zeaxsinbx dx

2
= b—lz[eax(—bcosbx + asin bx)] -~ z—zjeax sinbx dx
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Example 1.04.4 (continued)

2
= [1+27jjeax sinbx dx = biz[eax(asin bx — bcoshx)]

= jeaxsinbx dx = = b2[e""x(asinbx - bcosbx)] +C
+

Set a=400000, b=5 and x=t:

= IehRdt — 500000400000t (400000sin5t - 5cos5t)
400000° +5

The general solution is

i(t) =e™ (IehRdt + C)

= i(t) = Ae400000t _ wMOOOOOSinSt—ScosSt)
4000007 +25

But i(0) =1

=4 500000 ;)

4000002 +25
— A = (400 000%+ 25 — 2 500 000) / (400 000 + 25)

Therefore the complete solution is [exactly]

159997500025 e *09%%0t _ 500000(400000sin5t — 5cos5t)

I(®) 160000000025

To an excellent approximation, this complete solution is
. _ 5 .
= i(t) ~ 00000t _ ZsmSt

After only a few microseconds, the transient term is negligible.
The complete solution is then, to an excellent approximation,

5.
12 - = 5S¢
ilt) = 45111

as before.
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1.05 Bernoulli ODEs

The first order linear ODE is a special case of the Bernoulli ODE
dy n
— + P(x)y = R(x
5 T P()y = R(x)y

If n=0 then the ODE is linear.

If n=1 then the ODE is separable.

yl—n

1-n

For any other value of n, the change of variables u = will convert the Bernoulli

ODE fory into a linear ODE for u.

du_dudy Lonody by edu
dx dydx 1-n dx dx dx
The ODE transforms to

du
dx
We therefore obtain the linear ODE for u:

&+ (@-n)P())u = R(Y

y”i—i + P(x)y = R(x)y" =

whose solution is

ill__: = u(x) = e_h(X)(J'eh(X)R(x) dx + C), where h(x) = (1—n)jP(x) dx

together with the singular solution y = 0 in the cases where n > 0.
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Example 1.05.1

Find the general solution of the logistic population model

dy 2
— =ay-b
dx y y

where a, b are positive constants.

The Bernoulli equation is

s (ca)y = (o)’

with P = —a, R =-h, n = 2.

h = (1—n)Ide = (—1)j—adx = ax

Integrating factor e = e2*
JehR dx = Ieax(—b) dx = —Deax (Note that a > 0)
a
1
Y _u-= e_h(jehRdx + C) = e_""x(—geax + C]
-1 a
- y- 2
b — Ae™
Note that
a a . a
0)=— = A=b-—— and limy = —
V) =574 y(0) Y T p

Also y = 0 is a solution to the original ODE that is not included in the above solution
for any finite value of the arbitrary constant A.

The general solution is

[Note that the initial condition is not
positive and there is a discontinuity in

y at x = £Ing if A>b istrue]

il et
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