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Let (al., l.) be the eigenvector associated with the eigenvalue A, of the coefficient

matrix

Let ¢y, ¢, be arbitrary constants.

Case of real, distinct, negative eigenvalues (with 4, <A1, <0):

Two linearly independent solutions are

(x(t),y(t)) - (O!Iellt, ﬂle/u’) and (X(f)ay(t)) _ (aze/"tzt’ﬂzelzt)

The general solution is

(x(t),y(l‘)) - (Claﬁe;tlt + czazelzta Clﬂ1ellt + czﬂze%t)

One can see that tli_)rg(x(t),y(t)) = (0,0).

All orbits therefore terminate at the critical point at the origin.
The system is asymptotically stable.

If both arbitrary constants are zero, then we have the trivial solution (x = y = 0 for all #).

If one of the arbitrary constants is zero (say c¢;), then

(x(t),y(t)) = (czaze/lzt, czﬂzelzt = y(t) = &x(t)

,
which is a straight line through the 84

origin, of slope &
2

[The situation is similar if ¢; is zero.] y=Ex
2

We therefore obtain straight-line /

trajectories ending at the singular point,

when exactly one of the arbitrary
constants is zero. !
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If neither arbitrary constant is zero, then

At Aqt Ar=A1 )t A=A )t
y(t) B o pe : +c,0,e ? _ C1ﬂ1+czﬂze( ? 1) B CnBle( ? 1)

Bl {24y )
ca.e +c,a,

+c,p,

- At At Y
x(t 1 2
( ) aae  t+ca,e ca, +620(2€( 2

Because 4, <4, <0,

—(Ar=A4 )t
lim M lim Clﬂle( ? 1) +c,p, _ &

t——o x(t) t——o qalef(lz—/i] t rea,

a,

An—A4 )t
y(t) - lim Clﬂ1+c2182€( ? 1)

t— o X(I) t— o c1a1 + czaze(ﬂz—ﬂl)t a,

All orbits therefore come in from infinity parallel to the line y = &x.
aZ
All orbits share the same tangent at the origin, y = ﬁx .
al
We obtain a stable node that is also asymptotically stable.
_ &
r'Y ¥ ¥y = El &
\s\ A
y==x
&3
.
\\__é'____,_,_v—""_—— x

[The case illustrated here is a, =1, a, =3, B,=2, B,=1, 4,=-5, 4, =-10, which is
~11 +3}

generated from 4 = :
-2 -4

Case of real, distinct, positive eigenvalues (with 4, >4, >0):

The analysis leads to the same phase space, except that the arrows are reversed.
The result is an unstable node.
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Case of real, distinct eigenvalues of opposite sign (with 4, <0< A)):

The general solution is

(x(t),y(t)) - (claleﬂlt + czaze/12t: clﬂle;tlt + Czﬂzelzt)

A,<0<2, = lim (x(¢),y(r)) and lim(x(¢),y(r)) do not exist (infinite),

t— - t—©
(with the exception of the orbit for ¢; = 0).
All orbits (except ¢; = 0) therefore move away from the critical point at the origin.
The system is unstable.

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all ¢).

If one of the arbitrary constants is zero (say c;), then

(x(t),y(t)) = (czaze/lzt, czﬂzeizt = y(t) = &x

2

(1)

which is a straight line through the origin, of slope &

aZ
[The situation is similar if ¢, is zero.] A_}’
_ &
We  therefore  obtain  straight-line Yot
trajectories when one of the arbitrary 8
constants is zero. One of them (c; = 0) ¥ = &—zx
ends at the singular point while the other 2
begins there. >
X
£ = 0
Ly = 0

If neither arbitrary constant is zero, then

At At A=A )t ~Ay=A )t
y(t) _ cfe’ +ephe’ _ Clﬂl"'czﬂze( 4] _ Clﬁle( il

Lt Aot A=A )t (Ay=24 )t
X\t 1 2
(7) qae  toa,e o, +c2a2e( 2 cae'? l +o,a,

+¢,p,

Because 4, <0< A4,,

A=A )t
B J’(t) . clﬂle( 24| +tof, P
Z_IJEDW - t1—1>r£100 —(l —A )t - a_
X cae' >V vea, 2

and

Ao
lim y(t) — Lm ap +Czﬁze( ?

t—o x(t) t—>ooc]O{1 roa,e ﬂz—ll)t a,

A )t
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All orbits therefore share the same asymptotes, y = &x (incoming) and

a,
y = &x (outgoing).
o

We obtain a saddle point, which is an unstable critical point.

Y4

[The case illustrated here is o, =1, «,=3, f,=2, f,=1 A, =+5, 4,=-5, which is

7 —6
generated from A = ]
4 -7
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Case of real, equal, negative eigenvalues (4, =4, <0)and b=c=0:

The system is uncoupled:

dx
— = ax
dt
dy
A
a7

and equal eigenvalues now requirea =d =4 ..
The general solution is (x(t),y(t)) = (C1 M, ¢ e/u).

y(t)‘) = (oo,oo) and lim (x(t),y(t)) = (0,0).

t— o

<0 = lim (|]x(¢)

t—>—©

2

All orbits therefore terminate at the critical point at the origin.
The system is asymptotically stable.

If both arbitrary constants are zero, then we have the trivial solution (x = y = 0 for all ¢).

t

cl;«rs0:>y():c—2 Vit y
x(t) q

and ¢, =0,c,20 = x(t)=0 V¢

The orbits are straight lines

ending at the critical point at the origin.

The critical point is an asymptotically
stable star-shaped node.

Additional Note:

The eigenvalues of any triangular matrix are the diagonal entries of that matrix:

b
The characteristic equation of 4 = { g J } is det(A—-AI) = 0

= = (a=-2)(d-4) =0 = A=aord

a—/1 b
0 d-1
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Case of real, equal, negative eigenvalues (4, =1, <0) and b, c not both zero:

The characteristic equation 2° — (a+d)A + (ad —bc) = 0
has the discriminant (a +d)’ — 4(ad —bc) = (a—d) + 4bc = 0.

a+d

The solution of the characteristic equation simplifies to 4 =
The general solution is (x(¢), y(¢)) = ((cloz1 + czazt)em, (¢, + cz,th)eM).

y(t)‘) = (oo,oo) and [lgrgo(x(t),y(t)) = (0,0).
All orbits therefore terminate at the critical point at the origin.
The system is asymptotically stable.

A<0 = lim (|x(1)

b

If both arbitrary constants are zero, then we have the trivial solution (x =y = 0 for all ¢).
t
If ¢,#0, then () _ abrapil - b

as t—>zxow
x(1) oy +cont a,
All orbits (except for ¢, = 0) therefore come in from infinity parallel to the line
y = &x, which is also a tangent at the origin. It can be shown that
aZ
A =& when ¢, =0, so that the trajectories for ¢; = 0 and ¢, = 0 are both y = &x.
o o, a,

Y

Neither eigenvalue can be zero, otherwise (0, 0) is not the only critical point (as shown on
page 4.14).
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Case of real, equal, positive eigenvalues (4, =41, >0)

The analysis leads to the same phase planes as in the case of real equal negative
eigenvalues, but the signs of the arrows are reversed and the result is an unstable node.

Case of complex conjugate pair of eigenvalues with negative real part

The eigenvalues (roots of the characteristic equation) are
A, =a+jb, A, =a—jb, (a<0).
The general solution has the form
x(t) = [cl (A1 cosbt — A4, sin bt) + ¢, (A1 sinbt + A, cos bt)] e

y(t) = [cl (Bl cosht — B, sin bt) + ¢, (B1 sinbt + B, cos bt)} e
Using the definitions

A= \/(czAl —ad,) + (a4 +e,d) , B = \/(czBl ~¢B,) + (¢B, +¢,B,)
_ a4 +c,4, s c, 4, — A, ¢B +c,B, . sinf = c,B, —cB,

Ssma¢ = ——, COS =
A A p B B

the general solution can be written more compactly as
(x(t),y(t)) = (A e cos(bt+a), Be cos (bt+ﬂ))

y(t)‘) = (oo,oo) and lim (x(t),y(t)) = (0,0).

t—> o

Ccosa

b

a<0 = lim (‘x(t)

t— -0

If x(t)=0 then bt+a=%+n7r (neZ)

If y(t)=0 then bt+p =%+m (nez)
y(t) _ Bcos(bt+p)
(¢) - Acos(bt+a)
(t)
(¢)

The orbits spiral in to the origin.

=

<

is periodic, with period 27”

=

We have an asymptotically stable
spiral, also known as a stable focus.

r~\
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Case of complex conjugate pair of eigenvalues with positive real part

The analysis leads to the same phase planes as in the case of negative real part, but the
signs of the arrows are reversed and the result is an unstable focus.

Case of complex conjugate pair of eigenvalues with zero real part (pure imaginary)

The eigenvalues (roots of the characteristic equation) are
A, =—jb, A, = +jb.
The general solution has the compact form

(x(t),y(t)) = (A cos(bt+a), Bcos(bt+ﬂ))
If =0 and ,Bz—%,then

2 2
(x(t),y(t)) = (Acosbt, Bsinbt) = % + % =1
so that the orbits are ellipses, centred on the critical point at the origin.
This is a stable centre.

ar

N,
N

Other choices of « and £ also lead to concentric sets of ellipses, but rotated with respect
to the coordinates axes.

Note that this is the only case of a stable critical point that is not asymptotically stable.
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Summary for the Linear System
dx dy
— =ax + by, —=c¢x +dy, a,b,c,d = constants
dr Y e | )
Characteristic equation:
A% - (a+d)/1 + (ad—bc) =0
Discriminant
D = (a+0l)2 — 4(ad—bc) = (a—d)2 + 4bc
b
Roots of characteristic equation (= eigenvalues of 4 = [a d} ):
c
I (a+d) = JD
2
Cases:
a+d D other condition A Type of point
a+d <0 D>0 ad—be > 0 real, dlgtlnct Stable
negative node
a+d <0 D=0 bh=c=0 real, equal Stable
negative star shape
a+d <0 D=0 b, cnotbotho |  reab cdual Stable
negative node
a+d <0 D<0 cpmplex . Stabl(?
conjugate pair focus [spiral]
a+d=0 D<0 - Pure Stable
imaginary pair centre
atd>0 D>0 ad—be > 0 real, 41§t1nct Unstable
positive node
real, distinct Unstable
(any) D=0 ad—be <0 opposite signs saddle point
atd>0 D=0 b=c¢=0 real, F:qual Unstable
positive star shape
at+d>0 D=0 b, ¢ not both 0 real, N qual Unstable
positive node
a+d>0 D<0 cpmplex ‘ Unstable
conjugate pair focus [spiral]

Note that ad — bc=det A and that a + d = the trace of the matrix 4.

In brief, if the real parts of both eigenvalues are negative (or both zero), then the origin is

stable. Otherwise it is unstable.

[See also the example at "www.engr.mun.ca/~ggeorge/9420/demos/phases.html".]




ENGI 9420 4.05 - Stability Analysis (Linear) Page 4.24

Example 4.05.1

Find the nature of the critical point of the system
dx dy
— =4x-3y, — =5x-4
dr Y g

and find the general solution.

. L a b 4 -3
The coefficient matrix is 4 = = .
c d 5 4

trace(d) = a+d =4+(4) =0

D = (a—d) + 4bc = (4+4)" + 4(=3)5) = 64 — 60 = +4 > 0

det4 =

‘ =-16+15< 0

D >0 and ad — bc < 0 = A1 are real with opposite signs and
the critical point is a saddle point (unstable).

Solving the system:

L (a+d)2ir JD 0 izﬁ o

(x(t),y(t)) = (c]a]e_t + czazet, clﬂle_t + czﬂzet)

a ) . . . . .
where [ lj is the eigenvector associated with the eigenvalue 4 =-1
1

a
and ( ZJ is the eigenvector associated with the eigenvalue 1 =+1.
2

To find the eigenvectors, find non-zero solutions to the equation

a—A7 b a 0
S R
At1=-1:
4+1 3 al (5 3)\fa) (0
( 5 —4+1J[ﬂj ) (5 —3)@ ) [Oj
Any non-zero choice such that 5a — 38 = 0 will provide an eigenvector.

5=
Select = )
b 5
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Example 4.05.1 (continued)

AtA=+1:
4-1 =3 Yfa) (3 -3)a) (O
5 -4 \p) 5 =s5)\p) o
Any non-zero choice such that o« — f = 0 will provide an eigenvector.
a, 1
Select = .
B, 1

The general solution is
(x(2),(2)) = (3cle_t +c,el, e’ +czet)

[It is simple to check that (4x — 3y, 5x — 4y) is indeed equal to ()'c, y) ]

Also note that

t -t ! t t
W) _seemvee o 20 5 Loy and im 28 21 (e, 20)
x(t) 3ce " +cye t—>—°°x(t) 3 t—>+aox(t)
so that all orbits for which both ¢; and ¢, are non-zero share the same asymptotes,
3y = 5x (which is the incoming orbit, when ¢, = 0) and
y = x (which is the outgoing orbit, when ¢; = 0).

A few representative orbits and the two asymptotes are plotted in this phase space
diagram:

Y
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Example 4.05.2

Find the nature of the critical point of the system

dx dy
Co oxvy, Loxo2
d 7w 4

and find the general solution.

) .. a b -2 1
The coefficient matrix is 4 = = .
c d 1 -2

trace(d) = a+d =-2+-2=-4<0.
D= (a—dy} + 4bc = (2+2 +41)(1) =0+ 4 =4>0
= 1 are real, distinct and negative and

det4d = ad—bc =4 — 1 =3 >0 = the critical point is a stable node.

Solving the system:

d) £ VD -
/’i,:(a+)2\/_:4iz_’\/zz—2i1:_3,_1

(x(t),y(t)) = (clale_3t +c,a,e clﬂle_z’t +czﬂze_t)

al
where

J is the eigenvector associated with the eigenvalue 1=-3
1

a, | . . . . .
and ( 2} is the eigenvector associated with the eigenvalue 4 =-1.
2

To find the eigenvectors, find non-zero solutions to the equation

a-A4 b a) (0
)
At1=-3:
-2+3 1 a 1 1\« 0
) ) - G
Any non-zero choice such that o + f = 0 will provide an eigenvector.

(50
Select = )
ﬂl -1

AtA=-1:
-2+1 1 a
O )= )L
Any non-zero choice such that —a 0 will provide an eigenvector.

#)-()
Select = .
B 1
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Example 4.05.2 (continued)

The general solution is
(x(t),y(t)) = (cle_3t +ce’, —cle_3t + cze_t)

[It is simple to check that (-2x +y, x —2y) is indeed equal to (x, 7)].

Also note that
y(t) B —cle_3t +cze_t e 2 +c, - +02€2t

x(f) cle_3t + cze_t ce =2t c, ¢ + czezt

= lim 20 = -1 (¢#0) and lim 20 =1 (c,#0)
t— -0 x(t) t—> -+ x(t)
and tli_)ngo(x(t),y(t)) hm (Cl =3t +oel, —ce —3t +ce ) = (0,0)

so that all orbits for Wthh both ¢; and ¢, are non-zero come in from a direction parallel to
y =—x (which is the orbit when ¢, = 0) and share the same tangent at the origin, y =x
(which is the orbit when ¢; = 0).

A few representative orbits and the common tangent are plotted in this phase space
diagram:
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