ENGI 9420 Engineering Analysis
Assignment 2 Solutions

2012 Fall
[Second order ODEs, Laplace transforms; Sections 1.01-1.09]

Use Laplace transforms to solve the initial value problem [10]

dy
—+2y =2, 0)=4
T2y y(0)

[This was Question 1 on Assignment 1]

Let Y(s)= j{ y(x) } then the Laplace transform of the initial value problem is
—

2 2 . 2+4s
S

(sY —4)+2Y = (s+2)Y:§+4

S

45+ 2 a b

_l_—
s(s+2) s s+2
By the cover-up rule,

a= 0+2 =1 an
K (0+2)
NV SO
S S+2
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2. Find the complete solution of the initial value problem
d’y  dy ~2x
7— + 10y = 6e “", 0)=1, y'(0)=-3
dXZ + dX + y y( ) y( )
(@) without using Laplace transforms; and [8]
(b) using Laplace transforms. [8]

(@ AE: A*+72+10=0 = (A+5)(4+2)=0 = A=-5o0r -2

CF. y. = Ae X 4+Be
Particular solution by the method of undetermined coefficients:

The right side function r = 6e 2 isa simple multiple of one of the basis functions of

the complementary function. Therefore try

—2X —2X

Yo = CXe = Yy, = c(1-2x)e 2

= yp = c(4x—4)e

Substitute this trial particular solution into the inhomogeneous ODE:
yo +7yp +10y, = c(4x—4 + 7-14x + 10x)e™2* = 3ce ™ = 6e >

= ¢=2 = vy, =2xe X
OR
Particular solution by the method of variation of parameters:
Y, :e—5x Y, :e—Zx Cr= 66_2)(
-5 -2
W — y} y'2 _ e X e X _ 3e_7x
y:i oY, 56_5)( _Ze—2x
0
w, = | 2y - —e (667 = —6e
ry,
0
W, = e Ty, = e_SX(Ge_ZX): e
i fr
W -4 2
u = — = 6e_7 —2e% = u= —Ze¥
W 3e X 3
W —7X
v':—2—667 =2 = V=2
W 37X
= Y, = Uy, +Vy, = —%egxe_5x + 2xe2X = 2xe X — %e_zx

But any constant multiple of e 2% s part of the complementary function and can be

absorbed into it. Therefore the particular solutionis y, = 2xe X,
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2 (a)

(continued)

The general solution is

Y = Yo+ ¥ = A + (2x+B)e

= y' = -5Ae>* 1 (2-4x-2B)e

Applying the initial conditions,

y(O):l = 1=A+B = B=1-A (1)
y(0)=-3 = -3=-5A+(2-2B) (2
Substitute equation (1) into equation (2):

-3 =-5A+ (2-2+2A) = -3A=-3 = A=l
A=1 = B=1-1=0

The complete solution is therefore

2X

y(x) = e +2xe”

[It is tedious but straightforward to verify that this complete solution does satisfy the
initial value problem.]

(b)

Let Y(s)= f{ y(x) } then the Laplace transform of the initial value problem

d?y dy » ,
a2 + 7& + 10y = 6e X Y(0)=1, Y(0)=—3
is (§Y_3+3)+7@Y—g+1mf:_9_
s+2
= (s*+7s+10)Y = 6 3.7
S+2
2
= (s+2)(s+5)Y = 24544 = OFS HOSHE
$+2 S+2
s? +6s+14 a b c

+ +
(s+2)2(s+5) S+2 (s+2)2 S+5

By the cover-up rule, ¢ = 25-30+14 = 9 =1

(-5+2) (=5«5) 9

s?+6s+14 = a(s+2)(s+5)+b(s+5)+1(s+2)2

§=-2 = 4-12+14=0+3b+0 = b=—=—=2

w| o

Matching coefficientsof s*>: 1=a+0+1 = a=0
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2 (b) (continued)

- yv=-_3 5 1 _3${xezx}+;€{e_5x} =
(s+2)° s+5
y(x) = e+ 2x e~
3. An underdamped mass-spring system, with an oscillating force applied, is modelled by
the ordinary differential equation
2
4% 2% oy~ 10sint
dt
Find the general solution x(t)
(@) without using Laplace transforms; and [6]
(b) using Laplace transforms. [10]

—2+.,/4-8 .
(@) AE. A1%+24+2=0 = A=—Y — - _1+]j
2

CF.: x. = e '(Acost+Bsint)

Particular solution by the method of undetermined coefficients:

The right side function r =10sint is independent of the complementary function.
[10sint is nota multiple of either e 'sint or e 'cost ]

Therefore try
X, = ccost+dsint = x, = —csint+d cost
= X, = —ccost—dsint

Substitute this trial particular solution into the inhomogeneous ODE:
Xp + 2%, + 2%, = (—€+2d +2c)cost +(—d —2c+2d)sint = 10sint
= 2d+c=0 and d-2c=10

= 5d=10 = d=2 and c=-4

= X, = 2sint—4cost

OR
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3 (a) (continued)

Particular solution by the method of variation of parameters:

Xy

W =

1

5 =

t

=e cost, X, = etsint, r = 10sint
X, X| et cost e tsint
X; X ™' (~cost—sint) e'(cost -sint)
= e (cos”t — cost sint +cost sint +sin’t) = e
0 X
= 2| = —x,r = —e"'sint(10sint) = ~10e "sin’t
rox,
X 0 t : t :
= |y | = FTHr=¢ cost(10sint) = 10e™" costsint
1

We shall need the double angle formulae:

sin2t = 2sintcost

!’

u =

and cos2t = 2cos’t—1 = 1— 2sin’t
W,  —10e 'sin’t

— tain2s _ t
W =7 = —10e'sin°t = —5e (1-cos2t)

After a tedious integration by parts, we find

u =

!

v = = — 10e' cost sint = 5e'sin 2t

e' (2sin 2t + cos2t - 5)

W,  10e ‘costsint

W e—2t

After another tedious integration by parts, we find

V =
=

+

e (sin 2t - 2cos 2t)
X, = UX, +VX,
et(ZSin 2t+c052t—5)e_t cost + et (sin 2t—2c032t)e_t sint

4siAtTos’t + cost — 28N t —5cost
2sin%teost + 2sint — 4sintcos’t

Clearly the method of undetermined coefficients is much faster in this case!

The

general solution is

x(t) = e (Acost + Bsint) - 4cost + 2sint

[It is tedious but straightforward to verify that this general solution does satisfy the ordinary

differential

equation.]
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3 (b) Let X(s)= D[{ x(t) } , then the Laplace transform of the ordinary differential equation

2
ax | 2% + 2x = 10sint

dt?
is (SZX —as—b) +2(sX —a) + 2X = 32101 , where a=x(0) and b=x'(0).
+
3 2
- (sz+25+2)x _ 10 asibiza- as’ +(b+2a)s jas+(b+2a+10)
s°+1 s°+1

- ~ as’ +(b+2a)s® +as+(b+2a+10) _ cs+d e(s+1)+ f

(32+1)((s+1)2+1) s?+1 (s+1)2+1

= as’+(b+2a)s’ +as+(b+2a+10) = (cs+d)((s+1)2+1) + (e(s+1)+ f)(s*+1)

Matching coefficients:

$?: a+0+0+0=c+e (A)
s?: 0+(b+2a)+0+0=2c+d +e+f (B)
s': 0+0+a+0=2c+2d +e (C)
s°: 0+0+0+(b+2a+10) = 2d + e+ f (D)

C)-(A) = c+2d=0 = c=-2

(D)-(B) = d-2c=10 = d+4d=10 = d=¥=2 = c=-4
(A) = e=a+4

B) = f=b+2a+8-2-a-4=a+b+2

e and f are expressed in terms of the unknown constants a, b .
e and f are therefore arbitrary constants - relabel themas A, B .

= X = _428+2 + A(s+12)+B = :5{—4cost+25int + Ae_tcost+Be_tsint}
s“+1 (s+1) +1

Therefore the general solution is

x(t) = e_t(Acost+Bsint)—4cost+23int
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4, Find the general solution of the ordinary differential equation [10]
2

OI—2/+y:secx, (O§x<£j

dx 2

AE: A°+1=0 = A1 =+]j
C.F.:. y. = Acosx+ Bsinx
Particular solution:

The right side (sec x) is not of a form for which the particular solution can be found by
the method of undetermined coefficients. There is no choice but to find the particular
solution by the method of variation of parameters.

y, =C0SX, Y,=SiNX, r=seCX=——

cos X
y, Y COSX sinXx .
=7 = = cos’X + sin®x =1
A —sinx  cosX
0 vy . 1
W, = Sl = —y,r = —sinx-—— = —tanx
ry, COS X
y, 0 1
W, =|, | =+yr =cosx—— =1
yi r COS X
, W, —tanx -sinx —sin x
u = —L = - = U= dx = In|cosx|
W 1 COS X CoS X
1
V=-2=-=1 = v=xX
W 1

= Y, = Uy, +Vy, = (In|cosx|)cosx + xsinx
The general solution is therefore

y(x) = (A+In|cosx|)cosx + (x+B)sinx

Laplace transforms cannot be used in this question, because .* { secx} does not exist in terms of
elementary functions.
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4 (continued)

Verification of this solution (not required):

y(x) = (A+In|cosx|)cosx + (x+B)sinx

= y(x) = % — (A+In|cosx|)sinx + 1sirX + (x+B)cosx

sinx ) . .

= y'(x) = —(——jsmx — (A+In|cosx|)cosx + Lcosx — (x+B)sinx
COS X

) sin® x
= X) =+ + COSX — Y(X
y'(x) =+ y(x)
, sin? X + cos? x 1

= Yy +y= = = Sec X v

COS X COS X
5. A mass-spring system is at rest until it is struck by a hammer at time t =4 (seconds). [10]

The response x(t) is modelled by the initial value problem

2
% + 4% 453 = 215(t-4),  x(0)=x'(0)=0

where &(t—a) is the Dirac delta function.
Use Laplace transforms to find the complete solution of this initial value problem.

Let X(s)= ;/f{ x(t) } , then the Laplace transform of the initial value problem is
(X =0-0) + 4(sX —0) + 53X = 216 = ((s+2) +49)X = 21e™*

—4s
= X(s) = 21e—2 = 3£{e_2tsin7t}e_4s
(s+2)"+7?
Using the second shift theorem, N
the complete solution is -~
2 4
—2(t-4
«(t) = 3¢ X sin7(t=a) H (t-2)
1
This method for the solution is
much faster than the method of AN
variation of parameters! 2 4 V i
-1
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6. Find the Laplace transform F(s) of [10]

f(t) = te 2! cos3t

Quoting the two standard identities

e cospt! = 3+a and it f(t)} = —i;f f(t)}:
o omson] - 52— e (0) -~ (1)
— _ -2t _ _i -2t
F(s) = £{f(t)} = i’{te cos3t} = dsx{e cosSt}
Cd se2 ) 1((s+2)"+3%) - (s+2)(2(s+2)+0)
ds (s+2)2+32 ((s+2 2+32)2
_(2-)(s+2)° -9 s244s-5
((s +2)° +9)2 (s®+4s +13)2
Therefore
s? +4s-5
F(S): ) 2
(s? +4s+13)
OR
s?—w?
Applying the first shift theoremto ./ {t coswt} = 5
(52+a)2)
2 a2
F(s) = ;E{te_Ztcos:%t} = x{tc053t}|s_>s+2 = (s+2) -3 5
((s+2)2+32)
Therefore
s*+4s-5

F(s) =

(52 +4s +13)2
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7. Find the function f (t) whose Laplace transform is [12]
48
F(s) =
(5) (s+2)(s2 +4s+20)

Solution by partial fractions:

R(s) = (s+2)(sji4s+20) B 822 ' b((ss++22))2 :;C

= 48 = a(s’+45+20) + b(s+2)° + 4c(s+2)

s=-2 = 48=a(4-8+20)+0+0 = a=4=3

[or use the cover-up rule to find a ]
Coefficientsof s°: = 0=3+b+0 = b=-3

s=0 = 48:3(20)+—3(2)2+4c(2) = 48-60+12=8c = c=0
3 3(s+2)
$+2  (s+2)° +4

= F(s) = = 3£{e_2t} - 3;7f{e_2t cos4t}

Therefore

f(t) =3(1- cos4t)e_2t
or
f(t) = 6e 2sin? 2t

Solution by first shift theorem and integration property:

F(s) - 48 _ 48 _a
(s+2)(32+4s+20) (s+2)((s+2)2+16) s(sz+16)‘

S—>S+2

By the first shift theorem, the inverse Laplace transform of F (s) is

1 4 ot
f(t) =127 {m}e 2

Using the integration property of Laplace transforms:

t
4 4 S t s
f(t) = U:)lZf l{sz+42 }dT]e b= 3(IO4SIn4rdrje t

= f(t) = 3[—cos4r]tJ e® = | f(t) = 3(1 - cosdt)e™
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7. (continued)

Solution by convolution:
48 1 4

F(s) = = 12

(s+2)(sz+4s+20) 's+2‘(s+2)2+42
= 12;5{e_2t }f{e_msinm}

t
= f(t) =124 *(e_2tsin 4t) = 12J. e 22 gjnar dr
0

7=t

t
- 3e_2tj0 4sin4r dr = 3¢ [—cos4r}

T=

Therefore

f(t) =3(1- (:os4t)e_2t

= 3% (—cos4t + 1)
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F(s t
8. Use the integration property of Laplace transforms, xl{ ( )} = I x’l{F(s)}d
0

S

twice, in order to establish ;81{ ! } _ ot - sinet

3
52(52+a)2)

w
and confirm this result using partial fractions.

[8]
[8]

Using the integration property:

f—l{ 1 }:sina)t
s2 + @? ®

_ jl{l 1 }_ J‘tsinwr dr = {—coswr}t _ —cosawt +1
0

s $2+w? 0 ® ° ?

S 2 3 3

L1 1 t1-cosawr wr—sinwr ' wt—sinwt — 0
= LT = dr = -
s“+o 0 o 0 w
Therefore

o 1 _ ot-sinot
sz(sz+a)2) o

Using partial fractions:

1 _a. b N cs+dw
s(s?+a?) s 2 P+’

- 1= as(32+a)2) + b(82+a)2) + cs® + dws?

Matching coefficients of powers of s:

s > 1=0+hb®*+0+0 = b=i2
(0]
s = 0=aw’+0+0+0 = a=0
?r = 0=0+i2+0+da) = d=—i3
[0 [0
$: = 0=0+40+¢c+0 = ¢c=0
1 1o 0] 1 )
= — = - | -—_|="(wl{t! - L{sinwt
e e R AU L)
Therefore

Sy 1 _ ot-sinot
32(52 +a)2) °
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8. (continued)

Also note that this inverse can be found via convolution:
: 21 . f{t}_f{sma)t} _ x{t*smwt}
S (s to ) w P

o 1 B sincot_lt_ .
= £ {—SZ( )}—t*—— J.O(t T)Slna)rdr

s+ o° @ @

After a two-step integration by parts, this integral evaluates to

1 ] r=t 1 ]
—F[a)(t—r)coswr + sin COTL:O = —?((O-FS"] wt) - (a)t—O))
Therefore

1 _ ot-sinot
0)

p—1 —
/ {82(52+a)2) ¥

= Return to the index of assignments
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