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When copycats lose
GLYN GEORGE

This notewasinspiredby a puzzlein the Guardian Weeklynewspaper
[1, puzzle 3].

Two peopletake partin a gamewhereeachin turn flips a pair of fair
coins. Therearetwo resultsof interestin eachturn: eithera player'scoins
arebothheadsor theyarenot. If oneplayer'scoinsarebothheadghenthe
otherplayer,to avoiddefeatmustgetatleastonetail. If oneplayer'scoins
arenot bothheadsthenthe otherplayermustgetdoubleheads. The game
keepsgoing, with the two playersalternatingdoublecoin flips, until one of
themlosesby repeatinghe other'smostrecentresult(double-headsr not).
Assume that all coin flips are independent of each other.

Figure 1 providesan exampleof a gamewon by player2 on player1's
third turn:

Player 1  Player2 Playerl  Player2 Playerl
[t | = mrr | [ mn [ m [ 7 |
(HH)  (notHH)Y (HH)Y (notHHW (not HH)X

FIGURE 1: sample game. Player 2 wins because Player 1 has copied (not HH).

Two differentmethodsare presentederefor evaluatingthe probability
thatthe playerwho goesfirst wins. Conditionalprobabilitiesfor eventual
victory following the first turn are also developed.

Infinite series method
Let the eventA = both coinsin the flip of two coins are heads,then

P[A] =3x3=14% Letp=P[Al =4%andgq=P[Al =1-p=3
Player1 wins in the first roundif player2'sinitial outcomematchesplayer
1's:

P[player 1 wins in the first rourjd= P[AAU AA] = P[AA] + P[AA]
9

12 1% (3% 1 10 5

= (P[A)’ + (P[A])" = p* 2=(_) (_)=_ Z =22

(PLAD" + (PLA) p+g 4 "\2) 16716 16 8
The corresponding odds are®~ = > =5:30n.

1-3 8-5
The game does not end in round Mfor AA occurs.

Player 1 wins if, and only if, an eventin either of the following
seguences occurs:

or
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The probability of a win by the first sequence is
P1 = PP+ PAPP + PARIPP + PAPAPAPP +.... = P*(1 + pot + (pA)* + (pa)° +....)

_ . . . 1
which is the sum of a geometric series of first tarm p2 = —

16
and common ratio = _1 X 3.2
R TS
Becausér| < 1, the series converges absolutely to the sum
a P’ i 1 1

s T Ty T1-Wm 1-2 16-3 13

Similarly, the probability of a win by the second sequence is

P2 = dqq + gpaq + 9qPQPqq + gpaPaPrqg + ...
2
- £(1 2 3, )= q
q*(1 + pa + (pa)* + (pa)° +... ) T
= 9 9
- 16 _ - 2
w kT z -3 13
The two sequences are mutually exclusive
1+9 10
Plpl 1 wing = = =
= P[player 1win$ = p; + p» 3 3
The corresponding oddsaFe& = 10 : 3on.
13 - 10

For the original puzzlep = 4. The analysisis valid for similar ‘copycat’
scenarios with any value pfin the rang® < p < 1.

Recursion method

In oneround of play (after both playershave had one turn) there are
four possible outcomes:

AA: player 1 wins immediately (probabilify)

AA: the game continues (probabilfig)

AA: the game continues (probabiliy)

AA: player 1 wins immediately (probability)

The probability that player 1 wins on player 2's first turpfis- g%

The minimum value of this probability for all valid values of p
(0 < p < 1)is determined easily:

fP=p+(1-p?=20"-2p+1=2(p-9 +i=1( >4
with equality (and the absolute minimum valug)pbccurring ap = 1.

The absolutemaximumvalue of 1 occursat the endpointsof the domain
p=0andp = 1
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UnlessP[A]
play.

1 it is oddson that player 1 will win in the first round of

Let usnow explorewhathappensf the gamedoesnot endon player2's
first turn.

ScenarioAA:

Let p; = P[player 1 wingAA] then the possibilitiesin the next round
are

AA: player 1 wins in this round (probabilip)
AA: the game continues (probabiljig)
A : player 1 loses in this round (probabilify

If the gamecontinuesthenwe arebackat the samescenarioagain,with a
probability at that point gb; that player 1 wins eventually. Therefore

m=ﬁ+mxm+m=ﬂ—mmﬁp%:m=féﬂ

Scenaric®A:

Let p, = P[player 1 wingAA] thenthe possibilitiesin the next round
are

A : player 1 loses in this round (probabilify
AA: the game continues (probabiliy)
AA: player 1 wins in this round (probabilit)

If the gamecontinuesthenwe arebackat the samescenarioagain,with a
probability at that point gb, that player 1 wins eventually. Therefore

2
p4=0+qu|o4+q2:>(1—pq)p4=q2ﬁp4=1?—pq.

Therefore the overall probability that player 1 wins this game is

PP+ + paps + apps = PP+ O + F_, q2)
1-pg 1-pg
2 o pq > 21— pg+pg
= 1 = ul o LA
(P + @)1+ 5 ) (P + o) - )
. P+ o
P[player 1 .
= P[player 1 wing T
PP+

and the corresponding odds are- .
ponding T-p)-@+D
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For the doublecoin flip exampleabovep = %. Substitutinginto these
general expressions we recover

1% (3% 10 5
Plplayer 1 wins in first round = (—) (—) = — = =
[player 1 wins in fi und 2) 12 %" 8
with correspondingddsof 5 : 3 on andsimilarly P[player 1 win = 13
with odds of10 : 3on.

Figure 2 showsthe graphof the probabilitiesof both (player1 wins in
round 1) and (player 1 wins) as functiongpof P[A].

P[player 1 wing
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_ 2
FIGURE 2: Graphsof = p? + (1 - p)*[dashed] ang = % [solid]

Both the probability that player 1 wins in the first round and the
[greater] probability that player 1 wins are at their lowest when
P[A] = p =3

An example of this worst case scenario for player 1 is

A = even number on one roll of a fair diep=3,q=3%=pg=1%

The probability that player 1 wins on player 2's first turn is
P+ =3+3=41

The probability that player 1 wins (sooner or later) is
P+ 1 1 2

X —— = =

1-pg 2 1-4 3
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At first sightone might haveexpectedhe probability for Playerl to win to
be a monotonicfunction of p. However,the gameis basedon copying
versusnot copying. The probability of winning shouldbe the sameif we
swapthe probabilitiesp andq = 1 — p. We thereforeobtain a function
that is symmetric about = 3.

The oddson player1 winning the gameareneverworsethan2:1 on, as
Figure 2 illustrates. It may seemcounter-intuitivethat the gameis not fair
andthatPlayerl hassucha strongadvantage. Playerswin by not copying,
which givesPlayerl anautomaticadvantage. Playerl startsthe gameand
therefore cannot have copied on Player 1's first turn.

After player 1's initial turn

The situationimmediatelyafterthefirst player'sinitial turnis somewhat
different.

SupposehateventA hashappenedor playerl. Thentwo outcomesare
possible for the end of the first round:

AA: player 1 wins immediately (probabilipy
AA: the game continues (probabiliy
In the latter case we haveseenabovethatthe probability of eventualictory

for player 1 igp; = % Therefore
ol @  _pd-pa+pd _ P
P[player1W|n$A]—p+1_pq_ T-p "I

SupposéhateventA hashappenedor playerl. Thentwo outcomesare
possible for the end of the first round:

AA: player 1 wins immediately (probabiliey
AA: the game continues (probabiliy
In thelattercasewe havzeseerabovethatthe probability of eventualvictory

; q
for pl 1 = . Theref
or player 1isp, = - - erefore

.y o _ a( - pa + pa) q
Plpl 1 = = = .
[player 1 wingA] q+1_pq T-p e
Combining these cases,using the law of total probability (the Partition
Theorem,see[2, p. 14]), we recoverthe overall probability that player 1
wins:

P[player 1 win} = P[player 1 wing A] + P[player 1 wins A
= P[A]-P[player 1 winA] + P[A] - P[player 1 winA]

4P
=p.1p +q—2 P 4
— P 1-pg 1-pq
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Examples
1. Double coin toss.A = both coins are headp.= 1,q= 3% = pg= 3.
. p 7 4 4 .
Plplayer 1 wingA| = = = — or 9:4 against
[play W= " T2 53 13 g
L 3 12 12
P[player 1 win$A] = 9 4 - —orl12:1on

1-pg 1-3 16-3 13
2. A= even number on one fairdiep = 43,9 = 3, = pq = %
2
2

P[player 1 win$A| = P

_ 3
1-pg 1-

~ q 1
P[player 1 win$A] = Tom 1 Z

Figure 3 illustrates these conditional probabilities as functiops-ofP[A].

P[player 1 win¢E]
1
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FIGURE 3: Graphs of = P Y = 1P and
1-pl-p 1-pl-p
y P+@d-p°
1-pQ-p

WhenP[A] = 3, player1 hasoddsof 2:1 on to win no matterwhat
happenn his first turn. Otherwise thoseoddsareevenbetterif the more
likely of AandA happens on his first turn.
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Even if the lesslikely eventhappensthe oddsremainin favour of
player 1 unless

P <}:>2p<1—p(1—p):>p2—3p+1>0:>(%—p)2+1—%>0
1-pg 2
=>(%—p)2>%:>§—p>£):>p<3_\/§z0.382
2 2 2
or
T qpq < % which, by symmetry,leadsto g = 1 - p < 3 _2\/3
:>p>1—3zvgzam&

It is interesting to note the relationship with the lgolden ratio
¢ = 3(1 + +/5): thecritical valuesof p arealso2 — ¢ = 1 - e 0.382 and

s-1-1-0618
¢

Therefore the odds remain in favour of player 1 regardlessof the
outcomeof player1'sfirst turn, providedthat0.382 < p < 0.618 or, more
precisely,

3-+5 VB -1
<p< .
2 2
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