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Limitsand second order ordinary differential

eguations
GLYN GEORGE
Introduction
In the initial value problem
dy dy _
g2 TP T = ket YO0 = o Y (O = %

(wherep, q, k, a, yo, yo areall constants)a new studentis often surprisedat
the change in form of the solution

y(x) = Ad” + B + ce™
when at least two ofy, 1,, —a are equal.
Valuable practicein finding limits (especially I'Hopital's rule) and

practicein matrix algebraarisein a demonstratiorthat thesechangesof
form must occur.

However, the complete solutions must be used, not the general
solutions. While it is true that the general solution of
d dy
— + M+ n-— + mny = ke ™ n, a all distinct
g2+ ) y (m, )
k

isy = Ae™ + Be™ + —— e ®and the general solution of
(a-m(@a-n

d2y dy —NX ot
v +(m + n)d—X + mny = ke (m, n distinct)

k Xe—nx’
m-n
thelimit asa — n of theparticularsolutionfor a = n is nottheparticular
solution fora = n (unlesk = 0):

k k
im e » ™
asn(@—m@a-n m-n
In fact, this limit does not exist at all!

yx) = Ce™ + De™ +

Complete solutions
The initial value problem
2

dy dy _ ke™
o + (M + n) ix + mny = ke 1)
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(m, n, aall distinct), y(0) = yo, Y (0) = Yo, can be shownto have the
complete solution

e

-m

y(x) = & (()/0+”"yo+Ln) 7nx—()/o+r%+a

k
+———e™
(a-my@a-n
By taking appropriatdimits of this completesolution, one can verify that
the complete solution to

2

d
d2Z+(m+n)—+rmy ke™,  (m=ny0)=YyY(O) =) (3
is
k nx Ko\ omx
= el ma e )
and that the complete solution to
d
dzi + 2”& + Py = ke™ @=#ny(0 =y Y (0) =y ®)
is
k k X K
y(x) = (Yo +NYyo — ﬁ)x + (YO - W) e+ me (6)

and that the complete solution to
d%y

d —nx
= an_i +y = ke™ (YO = Yo YO =) (@)

1
y(x) = (Ekx2 + (Yo + nyo)x + yo)e‘"x. ®

Thesesolutionshave beenncorporatedinto an Excel spreadsheesee[1].
This spreadshesdile canassistin the settingof practiceand testquestions
and the rapid verification of their solutions.

Below arederivationsof (2) (the generalcase) which providespractice
with 2 x 2 matrices, and of (8), which provides practice with limits.

General casém, n, a all distinct)

d? —ax
— Z+(m+n)—+mny ke® (VO =YY O =%). (9

The general solution is easily found to be
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@-m@-n

Applying the initial conditiony (0) = yo, Y (0) = v,

yx) = Ae™ + Be™ +

k
Y(0)=YO=>YO=A+B+m
—ImX —nx ak ax
Y(X) = —-mAe — nBe " - @ -ma- n)u
ak

YO =y = = -mA - B -

In matrix form,

@-m@-n

k
[1 1“@_ T @ ma-n
-m -n ||B| ~ v + ak
0 a-m@a-n
the solution of which is
B k
H_ 1 [—n—l}yo @- m@ - n)
Bl m-n/ m 1 v + ak
‘T @a-m@-n
1 nk ak
:A=m—n(_ny0+(a—m)(a—n)_yo_(a—m)(a—n)
_ (a-nk
- m—ny°+ny°+(a—m)(a—n))
k
:>A=_m—n(y°+ny0+a—m)
and
1 mk ak
B=m—n(myo_(a—m)(a—n)erOJr(a—m)(a—n)
3 1 (a — mk
_m—n(%+n%+(a—m)(a—n))

1

k
:>B=m—n(y°+my0+a—n)'
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=]

The complete solution for (1in( n, aall distinct) is

y(x) = ﬁ((% +myp + %)e"“— (Yo +Nyp +

+ # Rat
(a-mya-n)
If any of m, n, aare equal, then the form of the particular solution changes.

(10

Casen = m = a(directly):

d d -
% + 2nd—§(/ +n?y = ke™ (11

The general solution ig(x) = (3kx¥® + Ax + B)e™.
Applying the initial conditions,
y(O =©0+0+B =yo=B=y
y(x) = (kx + A - Ink¥ - nAx — nB)e™
=> VY0 =0O+A-0-0-ny) =¥ = A=Y+ ny.

The complete solution is

1
y(x) = (Ekx2 + (Yo + nyo)x + yo)e‘"x. (12

Casen = m = a(by limity:
Now take the limit of (6) tothe case = n # aasa — n:

(— k )x—( k ))e’”"+7k e
n-a (n—a)? (n—ay?

k
(n-ay
The latterterm involves a 0/0 type of indeterminacy for which we may
apply I'Hopital’s rule twice.

. k _ax —nx
lim ((n a7 (€ -((n-ax+1)e ))

a—-n

yo) = (Y6 + nyo)x + Yo)& ™ +

= ((Yo + Nyo)X + Yo)& ™ + (e~ ((n-ax+1)e™).

lim (—
a—n —2(n - a)

lim (L(+x2e’ax _ o)) = Leee™
asn\+2 2

(—xe™ = (% e‘”*))
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Therefore the complete solution in the case m = ais
1 _
y(x) = (Ekx2 + (Yo + nyo)x + yo)e ™. (13

An alternative is to take the limit of (4) to the casen = masm— n:

X k _
+kx)e (yo+nyo —m—n)e )

y(x) = ﬁ((%ﬁ Mo - ——

= e (e o om0 ™ — (5 + yol(m— )~ ™.

Again, this is a 0/0 type of indeterminacyras— n

) H
lim y(x) =
m-—-n
lim
mon2(M=n)

((2myo + Y6+ kx = nyo)e™ = (o + o = x((y6 + nyo) (m = n)~k)) &™)

% tim (2508 ™ — ({3 + o) ~ x(¥6 + 1o~ X(3 + nyo)(m— 1)~ K))e™)

m—>n2

= 2(20+ 25 )+ o™

= lim y(x) = {yo+ x(ys+ nyo) + %kx2 g™

m—-n

which is (8) again.
The other cases are left to the interested reader.
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