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Abstract—TIn this paper, beamforming techniques are proposed
for an integrated sensing and communication (ISAC) system
based on non-orthogonal multiple access (NOMA). Specifically,
a multi-antenna dual-functional base station simultaneously per-
forms target sensing and serves multiple single-antenna NOMA
communication users. To investigate the potential capabilities
of this NOMA-based ISAC system, we first develop a beam-
forming technique for the max-min signal-to-interference-and-
noise ratio (SINR) balancing problem. However, the original
form is not convex regarding the design parameters. We propose
an iterative algorithm that uses a bisection search to address
the non-convexity problem and achieve a feasible solution to
the original SINR balancing problem. This approach involves
solving an equivalent power minimization problem, where we
exploit the semidefinite relaxation technique. We also consider
a robust design for the power minimization problem by taking
into account inevitable imperfect channel state information. The
numerical results show that the proposed NOMA-based ISAC
performs better than the conventional orthogonal multiple access-
based ISAC system in terms of transmit power consumption and
balanced SINR while meeting the quality of service requirements
regardless of the uncertainty of the associated channel.

Index Terms—Integrated Sensing and Communication, Non-
Orthogonal Multiple Access, signal-to-interference-and-noise ra-
tio balancing, and power minimization.

I. INTRODUCTION

Future wireless communications systems, including sixth-
generation (6G) and beyond, are expected to meet unprece-
dented requirements such as higher spectral and energy ef-
ficiency, massive connectivity to support smart cities and
homes, and precise sensing capabilities for emerging novel
applications [1]]. In this context, sensing becomes increasingly
important as it plays a key role in providing more information,
such as location data from the environment cite I10. There-
fore, advanced joint system design could integrate commu-
nication, sensing, control, and computation, which are being
considered to support smart cities and other new applications
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of the Internet of Things (IoT) in 6G and beyond [1]. In
line with this trend, the idea of an integrated sensing and
communication (ISAC) system appears as a critical solution,
integrating communication and radar sensing functions on
a single platform to serve both communication users and
sensing targets. By sharing the same spectrum, ISAC enhances
resource efficiency while enabling sensing capabilities that
support various IoT applications [1]]. In fact, in an effort to
smoothly integrate sensing and communication into a single
system, ISAC systems are currently shifting toward the use
of larger antenna arrays, operation at higher frequency bands,
and increased miniaturization.

Another challenge that must be considered is the exponen-
tial growth of mobile users, and various IoT devices present
a significant challenge to provide massive connectivity in 6G
and beyond. However, existing designs from previous gener-
ations of wireless technology struggle to meet these stringent
requirements. If we focus only on communicating users, tradi-
tional orthogonal multiple access (OMA) technology, such as
TDMA, FDMA and OFDMA, which can allocate orthogonal
time or frequency resources to each user, ensuring simple
implementation, struggle to accommodate such a large number
of users due to its limited degree of freedom (DoFs), limits
spectral efficiency and user capacity [2]. To address this, non-
orthogonal multiple access (NOMA) has been recommended
as a feasible technique, which can transmit superposition
coded (SC) signals and adopt successive interference cancella-
tion (SIC) to introduce additional DoFs in the power domain,
thereby facilitating non-orthogonal resource sharing among
more users [2]. This can enhance DoFs for communication
users while allowing the integration of sensing targets [3[], [[4].

In summary, NOMA provides efficient interference man-
agement and flexible resource allocation, which is suitable for
integration with ISAC systems. First, NOMA enables simul-
taneous service to multiple communication users and sensing
targets using shared beamforming resources, enhancing the use
of limited beampattern. Second, the additional DoFs provided
by NOMA improve system flexibility in managing trade-
offs between sensing and communication performance. Third,
incorporating NOMA into the foundational ISAC system can
effectively support the massive number of users and sens-
ing targets that are anticipated in the next generation of
wireless networks. Hence, a NOMA-based ISAC (NOMA-
ISAC) system is an ideal communication system where the
complementary benefits of each technique are exploited. In
addition, this enhances the system’s capacity to accommodate
a growing number of communication users while supporting
sensing capabilities.



A. Prior and Related Works

Preceding the advent of the ISAC systems, substantial
research efforts have been made over the past decade to co-
exist with various communication and sensing systems. Early
developments in this area primarily explored the embedding
of communication signals in radar waveforms, particularly
to enhance the capabilities of military radar systems [1]. As
multi-input multi-output (MIMO) technologies advanced, the
focus gradually changed to using radar waveforms for data
modulation, facilitating the simultaneous use of signals for
both communication and sensing [5]-[7]. Moreover, orthog-
onal frequency division multiple access (OFDMA) inspired
two designs to emerge: radar-centric (or sensing-centric) and
communication-centric designs by modifying their original
waveforms to serve both communication users and sensing
targets simultaneously, and some technologies are indepen-
dent of the underlying systems and signals [8]. The radar-
centric design is suitable when high throughput is unnecessary,
as communication assumes a secondary role. In contrast,
communication-centric design tends to have high throughput to
meet the communication requirement. Both designs attempt to
exploit the strengths of one waveform to serve sensing targets
and communication users and enhance overall functionality.
However, a key limitation is that they tend to optimize one
function at the expense of the other, resulting in suboptimal
performance.

When it comes to high-frequency bands, massive MIMO
(mmMIMO) radar and communication systems employ similar
hardware infrastructures and share signal processing tech-
niques, such as beamforming, resulting in significant overlap in
their structural and functional designs [9], [[10]. Hence, sensing
capabilities are no longer confined to specialized radar equip-
ment; rather, wireless communication systems and devices
can now enable environmental sensing [1[]. This convergence
has driven the development of ISAC systems, where both
functionalities operate within a unified framework through
shared waveforms that simultaneously support sensing and
communication.

This system that combines sensing and communication was
known by a number of names, including radar-communication
(RadCom) [11]], [12]] and joint radar and communication (JRC)
[13]. RadCom systems, which exploit similar architectures
and carrier frequencies, are effective for simultaneous data
transmission and sensing, enabling communication and remote
sensing [11]], [12], [[14]]. JRC systems aim to balance radar and
communication performance while mitigating interference,
with multi-input multi-output (MIMO) integration identified
as a key strategy to enhance interference reduction [8], [[13]],
[15], [16]]. Building on these works, the ISAC system pro-
poses that communication and sensing services can use the
same frequency band and technological device by designing
a shared waveform, thereby enhancing spectrum efficiency
and reducing hardware cost [17]. ISAC not only supports
communication users but also performs sensing tasks such
as positioning and tracking, enhancing applications such as
smart cities and vehicle-to-everything (V2X) applications [/1].
Furthermore, ISAC supports advanced applications, including

advanced positioning and tracking, sensing-aided beam train-
ing, and resource allocation [|17]].

To improve the accuracy of the ISAC, the transmitter is
designed to focus the power toward specific areas of interest,
thereby achieving accurate target estimation while maintaining
reliable service for communication users [17]]. Hence, beam-
forming design has become an effective approach in ISAC
systems to meet both communication and sensing requirements
[18], [19]. This technology allows the transmitter to direct its
energy toward specific communication users or targets, thereby
improving signal strength and quality, reducing interference,
and maximizing spectral efficiency; the shared spectrum could
be considered for beamforming. The use of beamforming
in ISAC systems can effectively allocate shared spectrum
resources, ensuring robust performance for communication
and sensing applications [[14]].

In addition to conventional approaches, emerging technolo-
gies such as machine learning offer significant potential for
enhancing the performance of ISAC systems. Learning-based
models can be trained to extract essential features from data
and adapt efficiently to dynamic, real-time environments. For
example, the study in [20] proposes an ISAC beamforming
neural network based on unsupervised learning, demonstrating
its potential to reduce computational complexity while pre-
serving system performance. Similarly, the work in [21] con-
siders an ISAC system which uses deep learning techniques to
optimize the achievable sum-rate. Furthermore, [22]] presents a
model-driven ISAC system that improves both communication
and sensing efficiency. In addition, [23] introduces an edge
learning framework that supports the communication model
and the sensing model, providing a promising foundation
to solve ISAC-related problems. These studies highlight the
applicability of machine learning techniques in ISAC and
suggest that such methods can be leveraged further in NOMA-
ISAC systems to improve overall performance and scalability.

However, the DoFs become greatly limited as the number of
users and targets rises, particularly when their number exceeds
the number of antennas, which poses a significant challenge to
the ISAC system [[18]]. Therefore, NOMA has been introduced
to provide additional DoFs to support a larger number of
communication users and sensing targets.

NOMA is a future-oriented, efficient multiple-access tech-
nology due to its advantages in spectral and energy efficiency,
fairness, and capacity to support massive connectivity. NOMA
allows multiple communication users to share time-frequency
resources simultaneously through multiplexing of the power
domain, effectively improving the system’s DoFs [24]. Specif-
ically, the base station (BS) simultaneously transmits an SC
signal to each NOMA receiver. Users with stronger channel
conditions first decode the signals for the weaker users and
apply SIC to subtract these signals from the SC transmission,
then decode their own signals. Meanwhile, users with weaker
channel conditions decode only their own signals, treating the
signals of other users as interference, allowing them to be
allocated more power [25]—[27]]. This differentiation allows the
system to exploit the varying channel conditions of the users,
effectively increasing the DoFs, and the SIC could reduce
interference between users. Compared to traditional OMA



techniques such as OFDMA, which allocate separate fre-
quency resources to individual users, thus constraining spectral
efficiency and limiting user capacity, NOMA presents several
key advantages. By enabling simultaneous transmission over
shared resources through advanced interference management
and flexible resource allocation, NOMA enhances spectral
and energy efficiencies, improves user fairness, and supports
massive connectivity [28]], [29]. These features make NOMA
particularly well-suited for integration with ISAC systems in
future wireless networks.

Therefore, we aim to develop a NOMA-based ISAC system,
referred to as NOMA-ISAC, which combines NOMA and
ISAC technologies. In this system, the BS simultaneously
sends information to communication users and probing targets,
and communication users exploit NOMA to improve both
spectral and energy efficiencies. Therefore, the NOMA-ISAC
system can effectively utilize limited DoFs to accommodate
more communication users and ensure the sensing targets
receive sufficient power to perform their functions by sharing
the same beamforming and hardware platform with commu-
nication services.

Several studies have explored optimizing performance met-
rics in NOMA-ISAC systems. In [30], the authors propose
uplink and downlink models for NOMA-ISAC, where the
uplink design facilitates flexible resource allocation between
the communication and sensing functions, and the downlink
designs aim to reduce interference for inter-communication
users and between communication users and sensing targets.
The study in [31] solved the problem of minimizing transmit
power while satisfying the probability constraints of outages
of communication users and the target requirements. Similarly,
[32] introduces a resource allocation technique to maximize
weighted sum throughput while optimizing sensing power,
while [33] demonstrates that the NOMA-ISAC framework can
achieve an expanded rate region in both uplink and downlink
transmissions, highlighting its efficiency in enhancing spectral
utilization. Lastly, [34] investigates inter-user interference and
suggests a two-stage SIC-based framework to manage inter-
ference between communication users and sensing targets.

B. Contributions and Notation

Motivated by the above-mentioned work, we investigate a
downlink transmission in a NOMA-ISAC system and solve
two resource allocation problems. The first is the max-min
SINR balancing problem, where the minimum SINR of the
users is maximized to maintain fairness between users. The
second is the power minimization problem, where the total
transmit power is minimized while satisfying the required
quality of service. Specifically, we consider two scenarios for
the power minimization problem: one with perfect channel
state information (CSI) and the other with an imperfect CSI
assumption. The key contributions and findings of the paper
are outlined as follows:

¢ We introduce a basic NOMA-ISSAC system that is ca-
pable of transmitting communication and sensing signals
simultaneously using shared beamforming resources and
establishing performance metrics for each function.

o In order to maintain user fairness, we formulate a max-
min SINR balancing problem for communication users
within a total power constraint while guaranteeing suffi-
cient power allocation for the sensing target. To address
the non-convexity of the original problem, we consider
an equivalent power minimization problem and employ
an iterative bisection search, which is exploited to obtain
near-optimal solutions, ensuring efficient resource alloca-
tion.

o For the non-convex power minimization problem, where
aim to minimize the total transmit power while ensuring
communication users meet their required SINR threshold
and the sensing target receives sufficient power, we
consider solving it through semidefinite relaxation (SDR)
techniques under the perfect CSI assumption.

e Due to practical limitations, we also formulate a robust
power minimization problem to mitigate the impact of
channel uncertainties. Under the imperfect CSI, we adopt
a worst-case robust optimization framework to show that
robust design meets system requirements while guar-
anteeing that each communication user’s and sensing
target’s service requirements are satisfied.

Overall, the performance of the NOMA-ISAC and OMA-
ISAC systems is evaluated and compared based on numerical
results. The results of the max-min SINR balancing problem
indicate that the NOMA-ISAC system achieves a higher
balanced SINR under total transmit power constraints. In the
power minimization problem, the simulation results show that
the NOMA-ISAC system meets the required SINR thresholds
with less power consumption while ensuring sufficient power
is allocated to the sensing targets. Additionally, the study
also highlights that the NOMA-ISAC system outperforms the
OMA-ISAC system in robust design scenarios, indicating its
resilience to channel uncertainties.

The remainder of this paper is structured as follows. Section
II introduces the system model of a NOMA-ISAC system and
defines the constraints for communication users and sensing
targets. Section III formulates the max-min SINR balancing
problem for the NOMA-ISAC system under the perfect CSI,
which is shown to be equivalent to a power minimization
problem. Section IV extends the power minimization problem
under the imperfect CSI, proposing a robust design to account
for channel uncertainties. Section V presents the numerical
results of the max-min SINR balancing problem, the power
minimization problem under the perfect CSI assumption, and
the robust designs under imperfect CSI. Finally, we conclude
this paper in Section VI.

Notations: We use lowercase and uppercase boldface letters
for vectors and matrices, respectively. E{-} and #{-} stand
for the statistical expectation of random variables and the real
part of a complex number, respectively. The symbol C is used
for the complex numbers of n-dimensions and R for the real
numbers. (-)# and Tr(-) denote conjugate transpose and the
trace of a matrix, respectively. The Euclidean norm of a matrix
is denoted by || - ||2. B > 0 indicates that B is a positive
semidefinite matrix.
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Fig. 1: Tllustration of a downlink NOMA-ISAC system.

II. SYSTEM MODEL

In this paper, we consider a NOMA-ISAC system, in which
a dual-functional NOMA-ISAC BS equipped with NV antennas
communicates with K single-antenna communication users
indexed by K € {1,---, K}. Furthermore, the NOMA-ISAC
BS serves M sensing targets indexed by M € {1,--- , M} as
shown in Fig. [1]

1) Communication Part: The BS in this system utilizes
NOMA to send signals to all communication users at the same
time using the beamformer w;, € CN*! to deliver the symbol
Sk, with si as the symbol intended for user k. We assumed
E{|sx|?} = 1. Hence, the received signal at user k is expected
as:

K
ye =hwise + > hflwis; +ny,
i=1, i#k

D

where h;, € CN*! represents the complex channel vector
between user k and the BS, nj stands for zero-mean circularly
symmetric additive white Gaussian noise with variance o2.
Communication users are assumed to decode their messages
based on their channel strength following the concept of
NOMA, and the channel quality of communication users is
ordered as ||hi||]2 < [|ha]l2 < -+ < ||hk]]2- Since NOMA
could perform SIC on the communication user receiver to
decode the corresponding signal, each user k can detect and
remove the signal of the preceding (kK — 1) users signals
successively and treat the signal of the subsequent users
(k + 1) to the user K as noise [35]]. In order to identify user
k, the remaining signal at user [ is thus represented as follows:

K
ylk = hflwksk + Z hflwisi + n.
i=k+1

2

To guarantee successful SIC implementation, higher power
levels should be assigned to the weaker users; this can be
achieved by satisfying the following constraints:

lhifwi? > > [hfwi1? > [hilwil® > b wiga|* >

> | w2, VE e%)

Hence, user [ decodes the message intended for user k£ with
the following SINR:

b/ w,|?

> [hffwil? + o
i=k+1

SINR} = 4

2) Sensing Part: Since sensing targets share the same
spectrum with communication users, the ISAC system beam-
former can be used to detect targets. The beampattern gain
of the detection signal P(6,,) is directed towards the target’s
direction when the system is operating in tracking mode, and
there is previously detected information about the target [36].
Hence the beampattern gain P(6,,) is given by:

P(0n) = aH(97n)Rca(9m)a (5)

where 0,,,Vm € M denotes the direction of the target.
The corresponding steering vector is expressed as «(6,,) =
[1,ed 5dsin(@m) i % d(N=1)sin(82)]T  where \ represent
the carrier wavelength, and d < (A/2) indicates the antenna
spacing, respectively. Moreover, R is the covariance matrix
of the transmit signal for sensing user defined as [32]:

K
R.=) wiwj . (6)
k=1

Meanwhile, in order to ensure good sensing quality, the
cross-correlation between transmitted signals at a given target
location should be as low as possible [36]. Thus, for any two
sensing targets directions 6, and 0,,, the cross-correlation is

denoted as C(0,,0,,) = |a (0,)Rea(6,,)%,Vp # m € M,
M?—M

while the mean-squared cross-correlation of ~——- pairs of
the sensing users is given as:
9 M-1 M
C=gm 72 2 Cly.0m) @
p=1 m=p+1

III. MAX-MIN SINR PROBLEM FOR NOMA-ISAC
SYSTEM

In this section, we examine the problem of maximizing the
minimum achievable SINR of communication users under a
given total power constraint (max-min SINR) while ensuring



sufficient power allocation to the sensing targets under the per-
fect CSI. Since the NOMA technique allows for more flexible
management of communication users, it may be more efficient
to offer a fair SINR performance across the communication
users. Additionally, in the NOMA-ISAC system, the power
threshold required for sensing targets must be incorporated
into the design. Therefore, the problem is defined as:

max min SINR;g
le{k,k+1, K}
K
s.t. Z HWng S Rotala (821)
k=1
P(0,,) > Ps, Ym € M, (8b)
|P(0p) — P(0)| < Paisr, Vo #m e M, (8c)
C<¢, (8d)

where ||wy |3 denote the power of the k™ communication
user. The P, represents the total transmit power available
at the BS. The constraint ensures that the total power
of the communication users is below the available power
threshold. Furthermore, P, represents the minimum sensing
threshold, and constraint (8b) specifies that the power allocated
to each sensing target must be higher than the respective power
threshold. Moreover, ensures that the power difference
between two sensing targets remains less than the predefined
threshold Pyr. Finally, an upper bound of the mean-squared
cross-correlation is guaranteed by (8d).

However, the max-min problem is inherently non-convex,
and the constraints in are also non-convex due to the
quadratic structure of the covariance matrix, making the opti-
mization problem challenging to solve directly. In order to
address this issue, we utilize the bisection method and intro-
duce a slack variable ¢, representing the minimum SINR for
all communication users, which we maximize. Consequently,
(8) can be changed as follows:

max t
s.t. SINRY > ¢, Vk e K, )
(Ba) — @B
Let t°* represent the optimal solution for ([@). If ¢ > ¢°P,
@]) becomes infeasible; conversely, if ¢ < ¢°P', @I) is feasible.
Therefore, (@) is transformed into a feasible problem that
aims to find a set of w = {wy, -+ ,wg} that satisfies all
constraints for a given value ¢. This reformulation enables the
application of a bisection method to solve the problem, which
efficiently narrows the feasible range until it converges to the
specified threshold, reducing the result value toward the global
optimal value. By selecting ¢ through the bisection method, the
solution is achieved by solving the following problem:
min

K
2
Wi eCN 1 ; [wllz

s.t. SINRF > t, Vk € K
— (8d).

Here, (10) is equivalent to minimizing total transmit power
while ensuring that communication users achieve the desired

(10)

SINR threshold and the sensing target receives sufficient
power. To determine a feasible solution for (I0), we introduce
the new matrix Wy = wkwkH and H;, = hkth, and
follow the trace rule wfHw = Tr(Hww!) = Tr(HW).
In addition, we define a matrix A, = a(6,,)a’ (6,,). Next,
using the new matrices Wy, Hy, and A,,, we can express the
power P(6,,) in (3) as:
P(0,) = a(0,)Rea(6,,) = Tr(Rea(0,n) ™ (6,,))

= (1n
Tr(AnRe) = > Tr(A,,Wy), Vm € M.

k=1

Hence, the problem (I0) can be rewritten as follows:

K
Z Tr(Wy)
k=1

min
WeCNXN
K
st Te(H W) —t( Y Tr(HGW,;) +02) > 0,
i=k+1
Vke K, l=kk+1, - K, (12a)
W, =WH W, »0, (12b)
rank(Wy) =1, (12c¢)
K
> " Te(Wy) < Pols (12d)
k=1
K
ZTr(Aka) > P,, VYm € M, (12¢)

b

=

1)

Tr((Ap — Ap)Wi))| < Pair, Vp # m € M, (12f)

alr
IN =

€. (12g)

The optimization problem described in remains non-
convex because of the non-convex rank-one constraints in
(T2d). Hence, we reformulate (I2)) as a standard semidefinite
programming (SDP) problem by applying semidefinite relax-
ation (SDR), where the rank-one constraint is relaxed. This
relaxation transforms the original non-convex problem into a
convex SDP, whose solution provides a lower bound to the
original problem [37]]. According to established results in SDR
theory, relaxation is often tight, which means that the relaxed
problem’s optimal solution remains rank-one [38]]. A formal
proof for this tightness is provided in Appendix A.

Based on this reformulation, we can determine a suitable
solution for the equivalent power minimization problem and
apply a bisection search to solve the original max-min SINR
problem. The algorithm for determining the optimal value is
summarized in Algorithm [T}

Specifically, to confirm that the relaxation in problem
is tight, we verify that the optimal solution W°P' satisfies
the rank-one constraint, even though it was relaxed during
formulation, indicating that the relaxation is tight. Hence, a
set of rank-one W/, is obtained as the solution to @]), it
provides the optimal solution to (T2)). In this, the beamforming
vector wj can be derived from the rank-one solutions Wy
of wi = ,/ervy, where e; and vy denote the maximum
eigenvalue and the corresponding eigenvector, respectively.



Algorithm 1 Bisection algorithm for solving problem (8]

Pou|hk|?
2

Input: tnin = 05 tmax =
1: Initialize t = (fmin + tmax)/2

2: repeat

3:  Solve the following problem for ¢ to obtain feasible W

; Minimum tolerance u

Z TI‘(Wk)
k=1

min
WEeCNXN
K
st Te(HyWy) —t( Y Tr(HW;) +02) >0,
i=k+1

Ve, l=kk+1,-- K,
Wk:WIIg—I7 Wkiov

= (13)
Z Tr(Wk) S Ptotah
k=1
K
ZTI'(Aka) > Rsa Vm € Ma
k=1
K
| ZTT((Ap - An)Wy))| < P,
k=1
C<E.
4. if is feasible
5 tmin = T, P = t; Wt = W
6: else
7 tmax =t
8 end if

9: until (fmax — tmin < 1)
Output: Optimal value WP, ¢oPt

Alternatively, when the rank-one condition is not met, a
randomization method can be applied to construct a set of
rank-one solutions [39]], [40]. Furthermore, [41]] proposed a
way that is beneficial in creating a rank-one solution without
performance loss in Theorem 1.

IV. ROBUST BEAMFORMING DESIGN IN POWER
MINIMIZATION PROBLEM

In the previous section, it was assumed that the considered
NOMA-ISAC system has perfect CSI. However, in practical
scenarios, the channel estimation and quantization errors make
it impossible to achieve perfect CSI at the transmitter [42]—
[45]]. To overcome these channel uncertainties under imperfect
CSI conditions, we explore the robust beamforming design
in the NOMA-ISAC system using a worst-case performance
optimization methodology. Specifically, we consider the norm-
bounded channel uncertainty in this design as follows:

h; = h; + Ahy, (14)
where fll and Afll represent the estimate of the actual channel
vector h; and the norm-bounded channel estimation error,
respectively. We assume that the worst-case channel estimation

error is bounded by the error bound threshold € > 0. Therefore,
(14) should be allowed by the following constraints:

HABIHZ - th - ﬁlH2 <e ¢ ARTIAR, — <0, (15)

where I € CV*¥ s the identity matrix.

Based on the channel ordering presented in (3) and the
norm-bounded channel uncertainty defined in (14)), the re-
ceived signal at user [ for detecting user k can be expressed
as follows:

k—1 K
ylk:thwk—i—ZAﬁlwi—k Z hf{wi—i—nl,
i=1 i=k+1 (16)

VkeK, l=kk+1, - K,

where the first term represents the desired signal to be de-
tected, while the second term corresponds to the signal from
the previous user 1 to the user k£ — 1, which cannot be fully
removed due to imperfect CSI at the receiver. The third term
is the interference signals from user k + 1 to user K. Thus,
the corresponding SINR of user k at user [ is written as:

h/ Hh
SINR} = — Bl T .
S AhfwywHAh + Y hfw,wHh; + o2

i=1 i=k+1

a7

In the following, we focus on a robust beamforming design

that ensures the SINR requirement for communication users

while sensing targets meet their minimum threshold. Hence,
it can be formulated as follows:

K
> w3
k=1

min
wj ECNx1
st. min (SINR}) > AP vk € K, (18a)
| ARy |2 <e
ARTIAD, — €% <0, (18b)

(@) — @d).

To solve (I8), we employ a similar reformulation approach
as used in (I2). This allows us to redefine the problem as
follows:

min

K
NXN ZTr(Wk)
weC ]
st. v, Vke K, l=k,k+1,--- K,
@7 @7 7 - @7

where vy is given as (20) at the top of the next page. However,
due to the rank-one constraint and the uncertainty
channel conditions , it is not feasible to obtain the optimal
robust beamforming directly. Instead, the rank-one constraints
could be relaxed using SDR, as previously demonstrated.

To mitigate the impact of unknown channel uncertainties in
(18D}, we reformulated it as a linear matrix by applying the S-
procedure technique [42] [43]. The S-procedure is employed
to transform two inequalities, (I8B) and (20), into a single
tractable constraint. This technique is particularly effective
for handling channel uncertainty and ensuring worst-case
performance guarantees, as it reformulates such constraints

19)



— min (SINRf) > 4"
[[Ah|[2<e

(h; + Ah) T W, (b, + Ahy)

min

-1 . A
i=1

i=k+1
W K k—1 R R
=Abf(E = YT Wi > Wi)AR + 2R{(h/(
k i=k+1 i=1

= V}l-

into a solvable linear matrix inequality (LMI). In this problem,
with the S-procedure, the uncertainty parameters in channel
estimation are effectively removed, enabling us to transform
the original robust problem into a tractable form while in-
corporating all possible uncertainty constraints. This transfor-
mation facilitates efficient analysis and solution via convex
optimization methods. Hence, we apply the S-procedure to
combine and into a single equivalent constraint,
expressed as follows:

) Aéth ]»0
hf®h; — 02 — \e?| —
1)

where ® = m’; — ZfikH W;, and A > 0, the proof of Sy
is defined in f\ppendix B.

Lemma 1: The problem in can be reformulated by
relaxing the rank-one constraint and utilizing the S-procedure,
leading to the following equivalent representation:

L I S ZE N |

S = <
kl hlI{q’

min
WeCNXN

K
> Tr(Wy)
k=1

S.t. Wkio, Skltog VkEIC7 l:k7k+17...7K7

(2e) — ([128),

where the problem in (22)) is feasible, a rank-one optimal
solution {W7} is always existent.

Proof: Refer to Appendix C.

For the sensing part, studies [32]], [36]], and [46] demonstrate
that beamforming can be used to express the gain of the
sensing beampattern, indicating that to (I2g) only rely
on beamforming vectors w when prior information about the
sensing target is available. Thus, if beamforming is used to
calculate the requirement of a sensing target, the channel un-
certainty will have little impact on the determined requirement.

(22)

Considering the above, we claim that, whether the CSI is
perfect or imperfect, the equations (12€) to can be used
to perform the requirement for sensing targets [47]]. Further-
more, the beamforming algorithm can robustly and efficiently
optimize the transmit parameters to meet the requirements
of the target under different channel conditions. This ensures
that the sensing target receives sufficient beampattern gain to
operate reliably regardless of the uncertainties in the channel.

K R A R R
> (hy+ Ah)HW;(h; + Ahy) 4 02

2 Yk

K K
= N Wo))AL+h (SE - YT Wby — 02 >0
i=k+1 k i=k+1
(20)
Target 1 Target 2
£
, 00

User 2

Fig. 2: Simulation of a downlink NOMA-ISAC model.

V. SIMULATION RESULTS

This section presents simulation results that illustrate the
beamforming designs of NOMA in the ISAC system. We
consider a NOMA-ISAC system in a single-cell downlink
network. The dual-functional BS is equipped with N = 8§
antennas, serving K = 3 communication users and M = 2
sensing targets, as shown in Fig. 2| Small-scale fading chan-
nels are modeled by Rayleigh fading to represent an isotropic
scattering environment. The noise variance for each commu-

nication user is assumed to be afb = 0.01, with identical
SINR requirements across all users. For the sensing targets,
the angles of two sensing targets are 6; = —60° and 6> = 60°,

with a power differential between them set to Pgg = 0.001,
and the cross-correlation coefficient specified as £ = 10.
Initially, we analyze the performance of the max-min design
for NOMA-ISAC and OMA-ISAC systems under perfect CSI,
with the minimum tolerance set to 1 = 0.02. Fig. 3] illustrates
the performance of the bisection search method by plotting
the maximum SINR that communication users achieve the
total transmit power, under given the sensing target’s power
threshold requirement of Ps = 2W and Ps; = 3W, respectively.
It is shown that, for a specific transmit power threshold, the
NOMA-ISAC system can achieve a higher SINR than the
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Fig. 3: Achieved max-min SINR versus transmit power in
NOMA-ISAC and OMA-ISAC systems with different sensing
thresholds.

OMA-ISAC system. Additionally, for both NOMA-ISAC and
OMA-ISAC systems, increasing the sensing power constraint
slightly degrades the communication performance, as more
power is reserved for sensing. However, NOMA-ISAC still
maintains a clear advantage, even under stricter sensing con-
straints. This indicates that the ability of NOMA-ISAC to
multiplex users and dynamically allocate power effectively
improves the SINR performance.

Table [[] presents the achieved SINR for each communication
user and power for each sensing target by solving the problem
in () across four different random channels for both NOMA-
ISAC and OMA-ISAC systems. For both systems, the identical
channels are employed in order to allow for a fair comparison.
Specifically, it shows that the max-min design provides the
same SINR for all communication users while meeting the
received sensing power requirements at the sensing targets
on different channels in both systems. Notably, under the
same channel conditions, the NOMA-ISAC system consis-
tently achieves higher SINR values for all communication
users compared to the OMA-ISAC system. This highlights
the capability of NOMA-ISAC to utilize the transmit power
efficiently. By dynamically adjusting power allocations based
on their channel conditions, NOMA-ISAC optimizes transmit
power and enhances overall performance in terms of SINRs
achieved by communication users and received sensing power
at the sensing target performance in the ISAC system.

To verify that the suggested max-min design is optimal, we
examine its performance under the same SINR and sensing
power thresholds within the same channel by solving the
power minimization problem (12)) in the NOMA-ISAC system.
The results are presented in Table [[I] Table [[] and Table
show that the max-min and power minimization designs meet
the sensing target requirements, and confirm that the bisection
search method employed in Algorithm [I| successfully con-
verges to the optimal solution of the max-min SINR problem.
By guaranteeing that each communication user reaches the
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Fig. 4: The convergence of the algorithm in Algorithm 1| for
different sets of channels for P, = 2W and P, = 3W in
NOMA-ISAC system.

specific SINR threshold, the power-minimization technique
produces an ideal solution and validates the optimality of the
suggested max-min design.

In order to confirm Algorithm [Ifs convergence behav-
ior and optimality, we analyze the relationship between the
number of iterations and the resulting maximum SINR for
communication users, using the same channel realizations as
in Table [] under the NOMA-ISAC system. The suggested
Algorithm [T achieves high SINR values and converges rapidly
in a limited number of iterations, as illustrated in Fig. E} This
demonstrates that the convergence process is both efficient and
computationally tractable, indicating that the algorithm is well-
suited for practical implementation.

Next, we evaluate the equivalent proposed power mini-
mization performance based on resource allocation techniques
under perfect CSI scenarios in problem (I2). Fig. [5] shows the
result for this approach given the sensing power thresholds
Py, = 2W and P, = 3W. In Fig. 5[a), as the SINR threshold
increases, the NOMA-ISAC system requires less power to
achieve the SINR threshold when compared to the OMA-
ISAC system. Fig. [5(b) illustrates the relationship between
the total power of sensing for all sensing targets and a
given communication SINR threshold. Here, we assume that
each sensing target’s minimum sensing power threshold is
stabilized. As a result, the power allocated to each sensing
target remains stable despite the increase in the communication
SINR threshold, ensuring that each target’s minimum sensing
power threshold is always met. Therefore, in the NOMA-
ISAC system, communication users can achieve a higher SINR
with less transmit power while achieving the minimum power
threshold for sensing targets.

Subsequently, as explained in (22)), we concentrate on how
channel uncertainties affect the total transmit power needed
under imperfect CSI. Here, the error bound threshold is set to
€ = 0.05. The term “Non-robust design” describes a method
in which the beamforming vectors are designed based on



TABLE I: Achieved SINRs at the Communication Users and Received Sensing Power at the Sensing Target of the Max-min
Design in NOMA-ISAC System and OMA-ISAC System in (8).

Channels Piotal Threshold | Ps Threshold | User 1 SINR | User 2 SINR | User 3 SINR | Target 1 | Target 2
(NOMA & OMA) (W) (W) (dB) (dB) (dB) (W) (W)
Channel 1 (NOMA) 1 2 21.0014 21.0014 21.0014 2.0000 2.0000
Channel 1 (OMA) 1 2 19.0942 19.0942 19.0942 2.0000 2.0000
Channel 2 (NOMA) 1.5 2 22.4167 22.4167 22.4167 2.0000 2.0000
Channel 2 (OMA) 1.5 2 20.5510 20.5510 20.5510 2.0000 2.0000
[ Channel 3(NOMA) [ ~ ~ 15~ [~ "3~ [~ 25.0894 |7 25.0894 |  "25.0894 | 3.0000 | 3.0000 |
Channel 3 (OMA) 1.5 3 23.7835 23.7835 23.7835 3.0000 3.0000
Channel 4 (NOMA) 2 3 23.6193 23.6193 23.6193 3.0000 3.0000
Channel 4 (OMA) 2 3 21.7322 21.7322 21.7322 3.0000 3.0000

TABLE II: SINRs at the Communication Users and Sensing Power at the Sensing Target for a given Communication SINR

Threshold through Power Minimization in (T2).

Channels SINR Threshold | Ps Threshold | User 1 SINR | User 2 SINR | User 3 SINR | Target I | Target 2 | Pl
(NOMA) (dB) W) (dB) (dB) (dB) W) W) W)
Channel 1 21.0014 2 21.0014 21.0014 21.0014 2.0000 2.0000 1
| Channel 2 | = 224167 = | 2 __ | _ 224167 | 224167 | 224167 | 2.0000_ )| 2.0000 ) 1.5
Channel 3 25.0894 3 25.0894 25.0894 25.0894 3.0000 3.0000 1.5
Channel 4 23.6193 3 23.6193 23.6193 23.6193 3.0000 3.0000 2
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Fig. 5: Achieved power versus SINR in NOMA-ISAC and
OMA-ISAC systems.

imperfect CSI, and the BS has no information on channel
uncertainty. Fig. [6] compares the total transmit power required
for robust and non-robust NOMA-ISAC systems under varying
sensing power and communication SINR thresholds, showing
that the robust design demands more power as the SINR
threshold increases. To investigate the factors contributing to
the increased transmit power required by robust design, we
analyze how power allocation is affected as the SINR threshold
for communication increases. Specifically, the variations in
the total power allocated to communication users and target
detection are shown in Fig. [7}

Fig. [7(a) illustrates that the robust design requires more
power than the non-robust design, while Fig. [7{b) shows that
the sensing power could achieve a minimum power threshold
for both robust and non-robust designs. This is due to the
assumption that the system has the same sensing power
threshold for all SINR thresholds, ensuring that sensing targets
meet the minimum required threshold. Thus, despite potential

0.4 : : :
12

Communication SINR Threshold (dB)

14 16 18 20

Fig. 6: Achieved total transmit power versus SINR for robust
and non-robust design in NOMA-ISAC system.

variations in channel conditions and uncertainties in CSI, the
robust design employs techniques to ensure that the sensing
targets achieve the minimum required power threshold.

Therefore, Fig. [ and Fig. [7] demonstrate that the robust
NOMA design primarily affects the power requirements for the
communication part, while the sensing part consistently meets
its threshold requirements. Although the non-robust design
might require lower transmit power, it could struggle to main-
tain the required SINR threshold under channel uncertainty.
This is because, in order to compensate for the effects of
the channel, a higher transmit power is needed to achieve the
desired SINR threshold under uncertain channel conditions.

To confirm that the robust NOMA design could always
achieve the SINR threshold, we compare the performance of
the achieved communication SINR for both robust and non-
robust designs in the NOMA-ISAC system, which is shown in
Fig. @ In this, the channel error bound is set to ¢ = 0.1, the
sensing threshold is P; = 2W, and the SINR threshold is 20
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Fig. 7: Achieved power versus SINR for robust and non-robust
design in NOMA-ISAC system.

dB for each user. Fig. [§] presents the probability distribution
function (PDF) and the cumulative distribution function (CDF)
derived from 1,000 random channels. The PDF for the robust
design demonstrates that all channels successfully reach the
minimum SINR threshold, with the CDF concentrated in a
small range, indicating stable performance across channels.
On the other hand, the PDF and CDF plots of the non-robust
design fall below the required SINR threshold. This suggests
that the non-robust design may struggle to achieve satisfactory
SINR levels, particularly in scenarios with channel errors or
uncertainties.

Therefore, this robust design demonstrates superior perfor-
mance in achieving and maintaining desired communication
SINR thresholds across uncertain channel conditions, making
it more suitable for practical use. By considering uncertainties
yielded by imperfect CSI, the robust design significantly
enhances system resilience and reliability, leading to consistent
satisfaction with SINR requirements for communication users
while achieving the requirements of the sensing targets.

VI. CONCLUSIONS

In this paper, we proposed two beamforming techniques
for an ISAC system based on NOMA, referred to as the
NOMA-ISAC system. Specifically, two resource allocation
problems for this NOMA-ISAC system were considered: the
max-min SINR problem under perfect CSI and minimizing the
total transmit power problem under imperfect CSI. To solve
the original non-convex problem, we developed an iterative
algorithm using SDR techniques for the first problem, which
is equivalent to solving the minimized total transmit power
problem. These analyses indicated that NOMA-ISAC achieves
equivalent SINR thresholds while ensuring the requirement
of the sensing targets and outperforms OMA-ISAC under
perfect CSI. For the second robust design problem, non-
convex constraints were transformed into a set of linear
matrix forms to enhance system performance under channel
uncertainties. The results showed that even in the presence

of channel uncertainties, the robust design continuously meets
SINR requirements, outperforming the non-robust design for
communication users.

The results of this study highlight the significant potential
of integrating NOMA into ISAC systems. NOMA overcomes
the limitations of traditional OMA technology by multiplexing
users in the power domain, greatly increasing spectrum effi-
ciency. The proposed NOMA-ISAC system demonstrates that
this integration enhances overall system performance, yield-
ing higher SINR levels for communication users and robust
sensing accuracy in both perfect and imperfect CSI scenarios.
These improvements establish NOMA as a promising enabling
technology for future ISAC systems, providing a scalable and
resilient approach to meet both communication and sensing
demands. This capability is especially critical for 6G and
next-generation wireless networks, which require massive con-
nectivity, ultra-reliable low-latency communication, and high
spectral efficiency.

APPENDIX A: PROOF OF (13)

To prove that solving without the rank-one constraint
can still yield a rank-one solution, indicate that the SDR is
tight; it can be considered by analyzing Karush-Kuhn-Tucker
(KKT) conditions. First, we write the Lagrangian dual function
of (T3) as follows:

ﬁ(Wk,Ym )‘k‘,lvaa Fpmag)

K
= > Tr(Wy) = > Tr(Y W)
k

k=1

K
DY [Tr(Hsz) —t( Y Te(H,W;)+07)
k,l i=k+1
— Nk (Rotal - Z Tr(wk))
k
- Z(Dm(z Tr(AmWy) — Ps))
m k

- Z (Fpm (Paier — ZTr [(Ap — Am)Wil))

(A1)

p#EM k
— tpm (€ = @ (0,) D (Wi)a(0)] ),
k

where Yy, Ay > O > 0, Dy, Fypy and p, > 0
are the Lagrangian multipliers associated with the respective
constraints.

Hence, by deriving the gradient of the Wy, the can
be rewritten as:

oL
OWy,

= Glm

=T-Y,— > MeHi+ ) th H

k<i

. (A.2)
—nl— Z DA, —FpmA,, —FonA,

+ pm (@(Bp) o™ (6,)).
For the complementary slackness condition, it has:

Gr+Y,r,=0, with Y >0, Y,W,=0. (A.3)
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From the Y; W, = 0, it follows that the range space of

W is contained within the null space of the dual matrix Y.
If Y;, has only one eigenvalue, then the null space is one-
dimensional, implying that rank (W) < 1.

To access the rank structure of Y, we consider its com-
position. The matrix Gy, which contributes directly to Yy,
includes the identity matrix I, which is of full rank, along
with a sum of other terms such as H;, A,,, and A,, all
predefined as rank-one. Furthermore, a(6,)a’(6,,) is also
rank-one. Hence, Gy, can be interpreted as a Hermitian matrix
composed of a full-rank component plus a linear combination
of rank-one matrices, which means that the Gy, has:

null(Gy) < 1= rank(Wy) <1, (A4)
where in (I2B), it defines that W, = 0, which means that the
eigenvalues of Wy, should be either zero or positive. Based
on this, we conclude that:

rank(Wy) = 1. (A.5)

APPENDIX B: PROOF OF (1)

First assume that f;(x),j = 1,2 and define:

filx) = x"B;x + 2?}%{C{{X} +q1 >0,

(B.1)

fo(x) = xTBox + 2R{ctx} + ¢ > 0.
where B; = Bf € CNxN, c; € CN*1 and g; € R. If there
exists X to provide fq(X) > 0, then it should have and only
have one A > 0 to implement f;(x) > 0 = fa(x) > 0, which
can written in the following linear matrix inequality:

[BQ ~\B; 32

CQ—AC1
>~ 0.
cll — Al }_O

g2 — A\q1

For (20), we assume that ® = Y/Xiﬁ — Zfik +1 W4, hence,
k
(20) can be expressed as follow:
k-1
vir = AhfT(®@ = > " W;)Ah, + 2R{(h{’ ®)Ah,}
i=1

(B.3)
+hf®h; — 02 > 0.



Meanwhile, (T8B) with the express of By, ¢1, ¢ and ¢; is
give as follow:

AlAR) =4 (B.4)

Additionally, (B:3) with the form Bs, co, cif, and g¢o is
given as follow:

k—1
B,=%-) W,
i=1
fo(Ahy) = { ¢y = ®hy, (B.5)
cll = i’ﬁf[,
Qo = fllH'I’fll — 0721.

Replacing (B4) and (B.3), and replacing into (B.I), the
following linear matrix inequality can be written as:
®hy
hH®h; — 02 — \é?

- 'w, 41

Sk = A > 0.
kl hll_lq’ [

(B.6)

APPENDIX C: PROOF OF (22)

The Karush-Kuhn-Tucker (KKT) conditions are examined
to prove (22). First, we write the Lagrangian dual function of

as follows:
‘C(ka Ylm )\, Tkh Dm7 Fpma Mpm)

= Tr(Wi) = > Tr(Y,Wy)
k k
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(C.1)
where Yy, Ty, D, and F,,,, are the Lagrangian multipli-
ers associated with the respective constraints, and i, is a
Lagrangian multiplier for the constraint (I2g).

The H; is defined as H; = [I hy], and C; and Cy = are
given as:

[ 0 - rws oo
Ci = [0 —02 — )\62:| G2 = { 0 0]" €2
Hence, the following KKT condition for (C.I)) is given as:
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(C.3)
=Y DnAn, —FpnAn, —FnA,

+ ppm (ce(0,)a (0,,)), Vk=1,2,...

In Appendix A, it confirms that the rank of A,,, A, and
a(0,)at(0,,) is rank-one. Additionally, the dual feasibility
of (C.3) should also be satisfied by the following:
YkaZO, Vk‘:LQ,...,K, (C4a)
(Ci+HI®H, + Cy)T); =0, Vk=1,2,..., K, (C.4b)
where ® = m’ﬁ — Zf{:kﬂ W,.
Then, follo%ving the rank relation, we can write the rank
constraint as:

rank(Wy) = rank[W (I + (H; T, H/))
< min {rank(H, T, H{"), rank(W},) } ,

(C.5)

therefore, if rank(Wy) < 1, it is necessary to show that
rank(HlTlefI) < 1.

To proof the rank(W},) < 1, we first consider pre-multiply
[I 0] and post-multiply Hf? for (C:4B), which is given as:

I 0](C,+HI®H, + C,)TH/ (C.6a)
=AH; - [0 h])TyH] (C.6b)
k—1
+ OHTLH + (=) W)(H, — [0 h)])TyH/
i=1
(C.6¢)
k—1
=(\I+& - ) W, H,T,H/ (C.6d)
i=1
k—1
~ (A=) W,)[0 h]TyH/ (C.6e)
1=1
—0. (C.6f)

It can be seen that in (C6€), the matrix (A\I+® — > "' W)

is same as the linear matrix Sy; which given as (B.6).
It is known that if a block Hermitian matrix C =
C G
C; Cy
4 must be positive definite matrix [48]. Hence, the matrix
N+ P — Zi:ll W) that represents C; in (B.6) is positive
and nonsingular, and multiplying by a nonsingular matrix will
not change the rank of the matrix. In addition, the first and the
second part of have the same dimensions; if the first
part does not influence the rank, only the second part will
influence the rank. Thus, the following rank relation holds:

> 0 then the main diagonal matrices C, and

k—1
rank(H; T, H{T) = rank (()\I - Wi)[0 h]TyH/ )
1=1
<rank([0 hy]

<1.
(C.7
This completes the proof of Lemma 1.
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