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ENGI 2422 Engineering Mathematics 2  
Possibilities for your Formula Sheets 

You may select items from this document for placement on your formula sheets. 
However, designing your own formula sheet can be a valuable revision exercise in itself. 
 
1. Fundamentals    
Equation of a plane, through point P , (where  a = position vector of P), with non-zero 
normal vector , ,A B C=K

or 0Ax By Cz D= + + + =r n a nK K K Ki i
n :  

 
 
Equation of a line, through point P (xo, yo, zo), (where  a = position vector of P), parallel 
to non-zero vector 1 2 3, ,v v v=vK : 

o o

1 2

or o

3

x x y y z zt
v v v
− − −

= + = =r a vK K K  

If  v1 = 0, then separate out the equation  x = xo. 
If  v2 = 0, then separate out the equation  y = yo. 
If  v3 = 0, then separate out the equation  z = zo. 
 
The unit tangent, unit principal normal and binormal vectors at any point on a curve 
given by  r = r(t)  are  

 l d d
dt dt

= ÷
r rT
K K

 , l l ld d
dt dt

= ÷
T TN  and l l l= ×B T N  

The arc length  s  along the curve can be found from  
2 2 2ds dx dy dz d

dt dt dt dt dt
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

rK  

The curvature  κ  is 

 
l l

3
d d d
ds dt dt

κ
×

= = = ÷ =
r rT T rN

r

K KK � ��K
K�

 

 
Conic Sections   
 

2 2

2 2 1x y
a b

+ = :  ellipse, major axis = 2a, minor axis = 2b,  21b a e= − ,  0 < e < 1, 

  foci at (±ae, 0).   (b  =  a  is a circle) 
2 2

2 2 1x y
a b

− = :  hyperbola, vertices at (±2a, 0), asymptotes  y  = ± bx / a ,  e > 1, 

  foci at (±ae, 0). 
y2  =  4ax :          parabola, vertex at (0, 0), focus at (a, 0), e = 1. 
 

2 2

2 2 0x y
a b

+ =  is a point at (0, 0); 
2 2

2 2 0x y
a b

− =  is the line pair  y  = ± bx / a. 
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Quadric Surfaces  
 

12

2

2

2

2

2
=++

c
z

b
y

a
x :  ellipsoid  (special cases are spheroid and sphere) 

12

2

2

2

2

2
=−+

c
z

b
y

a
x :  hyperboloid of one sheet, aligned along z axis 

12

2

2

2

2

2
=−−

c
z

b
y

a
x :  hyperboloid of two sheets, aligned along x axis 

2

2

2

2

b
y

a
x

c
z

+= : elliptic paraboloid 

2

2

2

2

b
y

a
x

c
z

−= : hyperbolic paraboloid 

 

02

2

2

2

2

2

=++
c
z

b
y

a
x : A single point at the origin.       12

2

2

2

2

2

−=++
c
z

b
y

a
x :    Nothing 

02

2

2

2

2

2

=−+
c
z

b
y

a
x : Elliptic cone, aligned along the z axis; 

   [asymptote to both types of hyperboloid]. 

12

2

2

2

=+
b
y

a
x : Elliptic cylinder, aligned along the z axis. 

12

2

2

2

=−
b
y

a
x : Hyperbolic cylinder, aligned along the z axis. 

2

2

a
x

b
y
= : Parabolic cylinder, vertex line on the z axis. 

02

2

2

2

=+
b
y

a
x : Line (the z axis)                  12

2

2

2

−=+
b
y

a
x  :    Nothing   

02

2

2

2

=−
b
y

a
x : Plane pair (intersecting along the z axis)    12

2

=
a
x : Parallel Plane Pair    

02

2

=
a
x : Single Plane (the y-z coordinate plane)      12

2

−=
a
x : Nothing 

 
 
Surfaces of Revolution   
 
y  =  f (x)  rotated around  y  =  c.    
Equation of surface generated is ( ) ( )( )22 2y c z f x c− + = −  

Area of curved surface is ( ) ( )( )2
2 1

b

a
A f x c f x dxπ ′= − +∫ . 
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Trigonometric identities 
 

θθθ sincos je j +=  

jxeex
jxjx

cosh
2

cos =
+

=
−

 

jxj
j
eex

jxjx

sinh
2

sin −=
−

=
−

 

tan x = sin x / cos x  
sec x = 1 / cos x  
csc x = 1 / sin x  
cot x = 1 / tan x 
cos (−x)  =  + cos x  
sin (−x)  =  − sin x  
tan (−x)  =  − tan x  
 
cos2x + sin2x  =  1 
sec2x  =  1 + tan2x  
csc2x  =  1 + cot2x 

( ) xx
dx
d sincos −=  

( ) xx
dx
d cossin =  

( ) xx
dx
d 2sectan =  

( ) xxx
dx
d tansecsec =  

( ) xxx
dx
d cotcsccsc −=  

( ) xx
dx
d 2csccot −=  

 
cos (A+B) = cos A cos B − sin A sin B  
cos 2x = cos2x − sin2x  
   =  2 cos2x − 1  =  1 − 2 sin2x  
sin (A+B) = sin A cos B + cos A sin B  
sin 2x  =  2 sin x cos x 

Hyperbolic fn identities 
 

xxe x sinhcosh +=  

jxeex
xx

cos
2

cosh =
+

=
−

 

jxjeex
xx

sin
2

sinh −=
−

=
−

 

tanh x = sinh x / cosh x  
sech x = 1 / cosh x  
csch x = 1 / sinh x  
coth x = 1 / tanh x 
cosh (−x)  =  + cosh x  
sinh (−x)  =  − sinh x  
tanh (−x)  =  − tanh x  
 
cosh2x − sinh2x  =  1 
sech2x  =  1 − tanh2x  
csch2x  =  coth2x − 1 

( ) xx
dx
d sinhcosh +=  

( ) xx
dx
d coshsinh =  

( ) xx
dx
d 2sechtanh =  

( ) xxx
dx
d tanhsechsech −=  

( ) xxx
dx
d cothcschcsch −=  

( ) xx
dx
d 2cschcoth −=  

 
cosh (A+B) = cosh A cosh B + sinh A sinh B  
cosh 2x = cosh2x + sinh2x  
   =  2 cosh2x − 1  =  1 + 2 sinh2x  
sinh (A+B) = sinh A cosh B + cosh A sinh B  
sinh 2x  =  2 sinh x cosh x 
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Trigonometric identities (cont’d) 
 

( )
BA

BABA
tantan1

tantantan
−

+
=+  

x
xx 2tan1

tan22tan
−

=  

2
2cos1cos2 xx +

=  

2
2cos1sin 2 xx −

=  

sin A cos B  =  (sin(A+B) + sin(A−B)) / 2 
cos A sin B  =  (sin(A+B) − sin(A−B)) / 2 
cos A cos B  =  (cos(A+B) + cos(A−B)) / 2 
sin A sin B  =  (cos(A−B) − cos(A+B)) / 2 

2
cos

2
sin2sinsin QPQPQP −+

=+  

2
sin

2
cos2sinsin QPQPQP −+

=−  

2
cos

2
cos2coscos QPQPQP −+

=+  

2
sin

2
sin2coscos QPQPQP −+

−=−  

Let  t = tan (x / 2) , then  

21
2sin

t
tx

+
= ,   2

2

1
1cos

t
tx

+
−

= , 

    21
2tan

t
tx

−
=  

 
 

Some Integrals  
 

( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

−=+

−≠+
+=

+

∫
1ln

1
1

1

nCu

nC
n
u

duu

n

n  

( )0,1
ln

>≠+=∫ aaC
a

adua
u

u  

Cedue uu +=∫  
( )
( ) ( ) Cxfdx
xf
xf

+=
′

∫ ln  

Cuduu +=∫ seclntan  

Cuduu +=∫ sinlncot  

Cuuduu ++=∫ tanseclnsec  

Cuuduu +−=∫ cotcsclncsc  

C
a
u

ua
du

+⎟
⎠
⎞

⎜
⎝
⎛=

−
−∫ 1

22
sin  

2
22

1

22

ln

sinh

Cuau

C
a
u

ua
du

+++=

+⎟
⎠
⎞

⎜
⎝
⎛=

+
−∫

 

C
a
u

aua
du

+⎟
⎠
⎞

⎜
⎝
⎛=

+
−∫ 1

22 tan1  

2

1
22

ln
2
1

tanh1

C
au
au

a

C
a
u

aua
du

+
−
+

=

+⎟
⎠
⎞

⎜
⎝
⎛=

−
−∫

 

 
 
 
 

2
22

2
221

2
2222 ln

22
sinh

22
CuauauauC

a
uauauduua +++++=+⎟
⎠
⎞

⎜
⎝
⎛++=+ −∫  

C
a
uauauduua +⎟
⎠
⎞

⎜
⎝
⎛+−=− −∫ 1

2
2222 sin

22
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[ ] ∫∫ ⋅−⋅=⋅ dxv
dx
duvudx

dx
dvu:partsbynIntegratio  

[or tabular format] 
 
Some forms that can be obtained from integration by parts:  
 

( ) Cuuduu +−=∫ 1lnln  

( )2 2sin sin cos
au

au ee bu du a bu b bu
a b

= −
+∫ C+  

( )2 2cos cos sin
au

au ee bu du a bu b bu
a b

= +
+∫ C+  

( )( )
( )( )

( )1,
cossin1cossin1

cossin1cossin1cossin

211

211

≥
−++

+
=

−+−
+

=

∫

∫∫
−−+

−+−

nm
duuunuu

nm

duuumuu
nm

duuu

nmnm

nmnmnm

Any other anti-derivatives that are required in a question but that cannot be obtained from 
the identities above will be supplied either directly or by means of a hint in the question.  
 
 
Leibnitz diff’n of an integral:  

( )

( )
( , )

y g x

y f x

d H x y dy
dx

=

=
=∫  

 
dx
dfxfxH

dx
dgxgxH ⋅−⋅ ))(,())(,(

( )

( )
( , )

y g x

y f x
H x y dy

x

=

=

⎛ ⎞∂
+ ⎜ ⎟∂⎝ ⎠∫  
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2. Partial Differentiation   
 
Chain rule:  If   y = f (x1, x2, ..., xn)   and   xi  =  gi(t1, t2, ..., tm)  then  

j

n

njj

n

i j

i

ij t
x

x
y

t
x

x
y

t
x

x
y

t
x

x
y

t
y

∂
∂

∂
∂

++
∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

∂
∂

=
∂
∂ ∑

=

"2

2

1

11

 

and  

n
n

n

i
i

i

dx
x
ydx

x
ydx

x
ydx

x
ydy

∂
∂

++
∂
∂

+
∂
∂

=
∂
∂

= ∑
=

"2
2

1
11

 

 
Gradient:   

3 ˆ ˆ ˆIn , and , ,f f ff
x y z x y z
∂ ∂ ∂ ∂ ∂ ∂

= + + =
∂ ∂ ∂ ∂ ∂ ∂

i j k
K K

\ ∇ ∇  

Rate of change of  f  in the direction of  a  at point  P  is the directional derivative  
ˆ

P P
D f f=a aK

K
i∇  

 
Jacobian (implicit method):  
 
Conversion from { x1, x2, ..., xn } to { u1, u2, ..., un } defined implicitly by n equations  
fi ( x1, x2, ..., xn, u1, u2, ..., un) = 0.    
Find all n differentials  dfi , then construct the matrix equation  

.
det
detisJacobian  The.2

1

2

1

A
B

du

du
du

B

dx

dx
dx

A

nn
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

##
 

 
Jacobian (explicit method):  

( )
( )

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=
∂
∂

=

n

nnn

n

n

n

n

u
x

u
x

u
x

u
x

u
x

u
x

u
x

u
x

u
x

ABS
uuu
xxx

"
#%##

"

"

"
"

21

2

2

2

1

2

1

2

1

1

1

21

21 det
,,,
,,,

Jacobian  

 



ENGI 2422 Appendix A  Formulæ Page A-07 

Max-Min: 
Check all points: 
- on the domain boundary; 
- where  f  is undefined; 
- where  ∇f  is undefined; 
- where  ∇f  = 0 . 
 
Second derivative test (at points where ∇f  = 0):  

xx xy

yx yy

f f
D

f f
=  

D > 0  and  fxx > 0    ⇒   local minimum 
D > 0  and  fxx < 0    ⇒   local maximum 
D < 0    ⇒   saddle point 
D = 0 :  test fails. 
 
Lagrange Multipliers:  
 
Identify function  f (x1, x2, ... , xn) to be maximized or minimized. 
Identify constraint(s)  g(x1, x2, ... , xn)  =  k . 
Solve the system of equations  
 ∇f  =  λ ∇g   and  g  =  k . 
Solution with smallest (largest) value of  f  is the minimum (maximum). 
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3. First Order ODEs 
 

M(x, y) dx + N(x, y) dy  =  0 
 

( ) ( ) ( ) ( ) ( ) ( )yvxuyxNygxfyxM ⋅=⋅= ,,if andSeparable    
 
Linear:   

( ) ( ) ( ) ∫∫ =+==⋅+ − dxPhCdxReeyxRyxP
dx
dy hh where,solution;  

 
Bernoulli:   [not in this semester] 

( ) ( ) ;uyxRyxP
dx
dy

⋅=⋅+

( ) ( ) ( )
u

ywxRwxPu
dx
dw u

−
==⋅⋅−+

−

1
using1linear  toreduce

1

 

 

( ) ∫∫ ===
∂
∂

=
∂
∂ dyNdxMucyxu

x
N

y
M where,solution; if Exact  

 
Integrating Factor:    
Use  I(x)  to try to make ( ) ( ) 0,, =+ dyyxQdxyxP  exact: 

( ) ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=→ dx
x
Q

y
P

Q
xI 1ln    (invalid if the integrand is dependent on  y). 

or  
Use  I(y)  to try to make ( ) ( ) 0,, =+ dyyxQdxyxP  exact: 

( ) ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=→ dy
y
P

x
Q

P
yI 1ln    (invalid if the integrand is dependent on  x). 

 
 
Reduction of order (missing  y term): 

( ) ( )
2

2To solve ,d y dyP x R x
d x dx

+ =  

dx
dp

dx
ydp

dx
dy byreplace andbyReplace 2

2

 

Reduction of order (missing  x term): 
2

2To solve ,d y dyP Q y
d x dx

+ + = R  

dy
dpp

dx
ydp

dx
dy byreplace andbyReplace 2

2
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4. Second Order Linear ODEs   
 

( ) ( ) ( )xRyxQ
dx
dyxP

dx
yd

=++2

2

 

[P and Q  both constant]: 
Auxiliary equation: 

21
2 ,0Solve λλλλλ ==++ QP  

 
Complementary function:  
 
Real distinct roots (over-damped):  

1 2
c

x x
y Ae B e

λ λ
= +  

Real repeated roots (critically damped):  
( )c

xy A Bx eλ= +  
Complex conjugate pair of roots (λ  =  a ± bj)  (under-damped):  

( )c
jbx jbxa xy e Ae B e−= +  

( )cos sinaxe C bx D bx= +  
 
Particular solution by undetermined coefficients:  
If  R(x) = ekx , then try   yP = c ekx    
If  R(x) = (a polynomial of degree n),  
  then try yP = (a polynomial of degree n), with all (n + 1) coefficients to be determined. 
If  R(x) = (a multiple of  cos kx  and/or  sin kx),  
  then try yP = c cos kx + d sin kx   
But: if part (or all) of yP is included in the C.F., then multiply yP by  x. 
 
Particular solution by variation of parameters:  
Let yc  =  A y1 + B y2  then find  

,
0

,
0

, 1
1

1
22

2

2
1

21

21 Ry
Ry

y
WRy

yR
y

W
yy
yy

W +=
′

=−=
′

=
′′

=  

then,, 21 v
W
Wvu

W
Wu →=′→=′  

21 yvyuyP ⋅+⋅=  
 
General solution:  
y = yc + yP  
Initial (or boundary) conditions → complete solution.  
 
or use Laplace transforms. 
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5. Some Inverse Laplace Transforms 
 

 
 
 F (s)   f (t)  
 

  
      f (t) 
 

 

 
 
 

 
 (n ∈ ù)   
 
 
  
 
 

 
          eat 
 

 
(n ∈ ù)     
 
 

 
     e−as           δ (t − a) 
 

 
     H (t − a) 
 

 
   

 
 

 
 
 

 
 
 

 
 
 

 
 F (s)   f (t)  
 

 
 
 
 
 
 
 

 

 

              
 Square wave, 
          period  2a ,  
          amplitude 1 
 
         Triangular wave, 
          period  2a ,  
          amplitude a 

 
    Sawtooth wave,  
       period  a , 
       amplitude b  

 
{ sn F (s)  −  sn−1 f (0)  

(0) −  sn−3 f O(0) 
    

− s f  (0) −  f (n−1) (0) } 
 

  
  
          − t  f (t)

 
 
 
 
 t  cos ω t 
 

−  sn−2 f N
− ...  

(n−2)

 

∫
∞ −
0

)( dttfe st

ns
1

s
1

tπ
1

as −
1

( )nas −
1

!)1(

1

−

−

n
et atn

s
e as−

22
1
ω+s ω

ω tsin

( ) 22
1

ω+− as ω
ω teat sin

( ) 22
1

bas −− b
bteat sinh

( ) !1

1

−

−

n

nt

( )
( ) 22 ω+−

−

as
as

teat ωcos

( )
( ) 22 bas

as
−−

− bteat cosh

( )22
1
ω+ss 2

cos1
ω

ω t−

( )222
1

ω+ss 3
sin
ω

ωω tt −

( ) 222

1

ω+s 32
cossin

ω
ωωω ttt −

( ) 222 ω+s

s

ω
ω

2
sin tt

( ) 222

22

ω

ω

+

−

s

s

n

n

dt
fd

ds
dF

)(1 sF
s

⎟
⎠
⎞

⎜
⎝
⎛

2
tanh1 as

s

⎟
⎠
⎞

⎜
⎝
⎛

2
tanh1

2
as

s

( )12 −
− ases

b
as
b

∫
t

df
0

)( ττ
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First shift theorem:  ( ) ( ){ }( )with F s = f tL  

 
The inv rm of     F (s − b)    is   ebt  f (t) . 

m:  

he inverse Laplace transform of   e−as F (s)    is   f (t−a) H (t−a). 

  (an extension of the first shift theorem):  

nsform of     F (as − b)    is    

erse Laplace transfo
 
 
Second shift theore
 
T
 
 
Scaling property

The inverse Laplace tra ⎟
⎠
⎞

⎜
⎝
⎛

a
tfe

a
a
bt

1  . 

dic : 

on of fundamental period  T , then  

sform . 

 
Sifting property of the Dirac delta function:  
 

 
 
Convolution:   
 
If the Laplace transforms of functions   f (t)  and  g (t)   are   F (s)  and G (s)  respectively, 
then the inverse Laplace transform of   H (s)  = F (s)  × G (s)   is the convolution  
 

   h (t)   =  (f  * g)(t)   =      

  =  (g  * f )(t) 
 
Also:  

 
 

erio  function  P
 
If  f (t)  is a periodic functi
 
he Lap ace trat l n  of  f (t)  is 

 
  

∫∫ −=−
tt

dgtfdtgf
00

)()()()( ττττττ

( ) ( )∫∫
∞ −−=
00

)(1 dt
t
tfedF tss

σσ   ⇒  ( ) ∫∫
∞∞

=
00

)( dt
t
tfdssF  

∫ −
−−

T st
sT dttfe

e 0
)(

1
1

⎩
⎨
⎧

><
≤≤

=−∫ daca
dacaf

dtattf
d

c or0
)(

)()( δ
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6. Multiple Integration  

 the surface density is  σ  =  f (x, y), then the mass
 
If  is  

( )
( )

, ,
y c x p y

f x y dy dx f x y dx dy
=

⎜ ⎟⎜ ⎟= =
⎜ ⎟⎜ ⎟

⎠ ⎝ ⎠
∫ ∫ ∫ ∫ , 

ust be evaluated first. 

r θ. 

( )
( )x a y g x= ==⎝

here the inner integral m

( ) ( )q yh xb d ⎛ ⎞⎛ ⎞
m

w
 

olar coordinates:   (x, y)  =  (r cos θ,  sin θ)    and   dA  =  dx dy  =  r dr dP
 
Centre of mass is at ( ), , where andy xx y mx M my= M= , 

,    
D D D

x ym dσ= ∫∫ A andM y dA M x dAσ σ= =∫∫ ∫∫ . 

ylindrical polar coordinates:     
 cos φ, r sin φ, z)    and   dV  =  dx dy dz  =  r dr dφ dz. 

2 θ dφ . 

ass V . 

 
C
 (x, y, z)  =  (r
 
Spherical polar coordinates:     

(x, y, z)  =  (r sin θ cos φ, r sin θ sin φ, r cos θ)      
and    dV  =  dx dy dz  =  r sinθ dr d
 
M  m dρ= ∫∫∫

V

 
 
Additional Formulae for Polar Coordinates (if needed) 

, y)  =  (r cos θ,  r sin θ )   (x 2 2 2 , tan yr x y
x

θ⇒ = + =  

sin cos

cos sindx drdx r
d d

dy d
dy d d

r rθ θ
θθ

θ θ
θ θ

−

+
= =  

Arc length  
2

2 drL r d
dα

β

θ
θ⎜ ⎟

⎝∫ ⎛ ⎞= +
⎠

 

 ): Area swept out by  r  =  f (θ 21
2

A r
β

α
dθ= ∫  

ˆ ˆ ˆ r r ˆˆˆ θ θ θ= − ⇒ = +r v rK� �=r� � �θ , θ θ  

and ( ) ( ) ( ) ( )2 2 1ˆ ˆˆ ˆ2 dr r r r r r r
r dt

θ θ θ 2θ⎛ ⎞= − + + = − + ⎜ ⎟
⎝ ⎠

a rK � � �� ��� � �� θ r�θ θ  
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