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Some formulee for ENGI 4421 Probability and Statistics

On these pages are many more formulae than will fit comfortably on your allocation of
two sheets in the final examination. Examine these suggestions together with your own
notes, in order to construct a more concise set of formula sheets that will work best for
you.

Descriptive Statistics
median = middle value in ordered set
mode = most frequently occurring value

mean = X = %Zx

2 _ “ZXZ B (ZX)Z

1 _\2
s =n—_12(x—x) or s a(n=1)

From a frequency table ( f; occurrences of distinct value x; observed):

meanziz%, (n:Zfi)

1 3 ny fx’ — fx )
st = n—_lzfi(xi—x)2 or §° = 2 'n(n_%: %)
Quartiles: in ordered set { x,, X,,..., X, } are Xinet)ia and Xyn1ya

(interpolate as necessary)
Histogram: (area of a bar) = (rel. freq. of that interval)
Boxplot:

- uartiles o

E— — * *

L
x
Last x = x,+ 1.5 TQE: Cutlers

Decision Tree
[See examples in problem sets, past exams and additional exercises.]



http://www.engr.mun.ca/%7Eggeorge/4421/
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Counting Techniques:
Number of distinct ways of selecting r objects from n objects:
with replacement, order of selection matters = n'
without replacement, order of selection matters = "P, = n!/ (n-r)!
without replacement, order of selection doesn’t matter = "C; = nl/ (r! (n-r)!)

"p="Cc,="C,=1, "R="Cc="C,,=n, "P_,="P,=n!, "C_ ="C,
Number of distinct ways to partition n objects into piles of 1, r,,..., 1, objects:

n n!
rr,---r _rlrl...rl
172 k 1-72- k-~

Laws of Probability

Odds [on]=r and probability = p:

p r
r= = —
-p’ P 1+r
deMorgan’s laws: ~AuB) = ~An~B and ~AnB) = ~Au-~B
General addition law of probablllty. P[A v B] = P[A] + P[B] — P[A AB]

General multiplication law of probability:  P[A A B] = P[A] x P[B | A] = P[B] x P[A|B]
Events A, B are independent iff P[A A B] = P[A] x P[B]
Events A, B are incompatible (mutually exclusive) iff P[AAB] = 0

If { E,, E,,..., E, } is a partition, then Total Probability Law:
= ZP[AﬂEi] = ZP[A|Ei]P[Ei]
and Bayes’ Theorem:
P[A|E]P[E,]
P[E, | A] =
S SRTATEPIE

Conditions for p(x) to be a probability mass function (p.m.f.):
p(x)=0 vx and > p(x (coherence condition)

all x

Conditions for f (x) to be a probability density function (p.d.f.):

f(x)20 vx and j x)dx =1 (coherence condition)
Cumulative Distribution Functlon (c.d.f):
Discrete: Continuous:
= > p(x) F(x) = ff(x)dx Pla<X <b] = F(b)-F(a)
(staircy;;e) (og_;:)/e)

Median: F(a) = % Lower quartile: F(x )= % Upper quartile: F(x) =

N[V
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Expected value:

y:E[X]zzx:x-p(x) or ixf(x)dx
E[h(X)] = Zh(x)-p(x) o EM@fUNx
X

Variance: O'ZIV[X]ZE[(X—/J)Z} = E[

Joint Probability Mass Functions and Joint Probability Density Functions:

p(x.y) = P[(X =x)A(Y =Y)]

Marginal p.m.f.’s: Marginal p.d.f.’s:
Py (x)= Zy: p(x,y) and p,(y)= ; p(x,Y) fy (x)= I_w f(xy)dy

Conditional p.m.f.’s: and f, (y)zj‘w f(X, y) o
p(X, y) p(X1 Y)
Conditional p.d.f.’s: fyx (y]x) = ff(X(,:’)) and fyy (x]y) = f(xy)
X

Covariance: Cov[X,Y] = E[(X - )(Y =1 )] = E[XY]-E[X]E[Y]
V[X] = Cov[X,X] > 0
Cov[X,Y] .

VIX]- VY]
Independence = p=0; (but p=0 =5 independence)

Correlation: p,, = -1<p<+1

Combinations of Random Quantities:
n n n n
ELZiaiXi} = iZiai E[Xi] ; VLZiaiXi} = ZZ 8 a, Cov[xi, xJ

1=1j=1

E[aX + bY] = aE[X] + bE[Y] and

V[aX + bY] = a? V[X] + 2ab Cov[X, Y] + b?V[Y]

for all constants a, b and all random quantities X, Y.

Special case, when Xand Y are independent (or at least uncorrelated):
E[X+Y] = E[X] £ E[Y] and V[X£Y] = V[X] + VI[Y]

e[X]=n,  V[X]-Z
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Propagation of Error

Sample size n leads to estimate (Y + ij

Jn
Pooling (x, + o;) with (X, £ o,): The most precise estimate is(x + o) where

2 2
O. O,
X=CX +CX,, o =¢’c+¢’0,”, ¢,=—2— and c,=—1—
Ul +02 Ul +02

n
If not independent, Y = Z:aixi = o, <|a|o,+|a,|0, +...+|ay|on
=

du
dX X =Xops
Multivariate and independent:

2 2 2
U=U(X, X5 Xp) = oy z\/(auj 0'12+(ﬂ} 0'22+...+[ uV j o2
X, oX, oX,,

Multivariate and not independent:

Non-linear: U =U(X) = oy = Oy

o, <

Bernoulli distribution:

p(X)={1_pp ((:::1), pu=p, o'=p(l-p)

Il
o
~

Discrete Uniform distribution:

1 (szla XZ’H"Xn) 1
p(x) =1n . u= HZX
0  (otherwise)

Binomial distribution bin(n, p):
P[X =x] = b(x;n, p) = "Cyp*(1- p)n_x, u=np, o’=np(l-p)
P[X <x] = B(x;n,p) = b(0;n, p)+b(Ln,p)+...+b(x;n, p)
Four conditions for X to be binomial:
1) Each trial has a complementary pair of outcomes;
2) p =P[success] is the same for all trials;

3) Trials are all independent of each other;
4) The number of trials, n, is fixed.
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Hypergeometric distribution H(n, R, N):

Re x NRe,
N
Cn

P[X=x] = p(x) = (may use binomial instead if n < 5% of N)

Poisson distribution Poisson(A):

“A4X
e A
p(x;4) =

(x=0,1,2,---); o*=u=4

Continuous Uniform distribution U(a, b):

0 (x<a)
1 X—a
f(x):m (a<x<b); P[X<x]=F(x) = bl (a<x<b)
1 (x>b)
_a+b , (b—a)2
T 7 T T
Normal distribution N(x, o ?):
To convert X ~N(u, o?)to Z~N(0,1):
X—p.
Z==—F;  then Pla<X<b] = Plza<Z <z, |=d(z,)-0(z,)
Exponential distribution:
f 0 (x<0) oIy - 0 (x<0
X) = ; <x|=F(x) =
() ﬂe—lx (XZO) [ ] () 1_e—lx X >

P[X=x] = e~ AX (x20); o=u=

Gamma distribution (Erlang if r e N):

f(t)

% ; for Erlang, I'(r)=(r—-1)!
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Central Limit Theorem:
For any random quantity X with E[X]=x, V[X]=0? and sufficiently large sample
sizen

; _
X ~ N(,u,a—j and Z = 24 - N(0,1)

: aj

7N\
-

Bayesian Confidence Intervals:
If prior information is X ~ N(yo, 002) and

data from random sample:  size n, mean = X, standard deviation = s, then
Calculate weights

n
W,=—7, Wy=— — W'=W +W,

2
S
[o]
and updated mean and variance
WX + Wi * 1 o *
_ _d o/~ 2 _ ! 2
pr = (o?) = — — Posterior distn N(,u*, (o?) j

Then the (1-«)x100% confidence interval estimate for x is

* *

u* — t%,n—l'a* < pu < pu*+ t%,n—l'g
[Note: if o is known, then it replaces s, and t becomes z.

Otherwise, the true number of degrees of freedom on t is actually a number between n — 1
and oo. The interval shown above is a conservative approximation.]

Classical Confidence Intervals on u:

SZ

*
ol >w = wW,—»0 = u*=X and (02) = —
n
Then the (1—a)><100% confidence interval estimate for s is
X -1 S < <X+t S
%1’ Jn H %01 Jn
Classical Confidence Intervals on p:
X*  X+2

*A*
P74 where p* = = —
n* n* n+4

*
P * Z0:/2

Classical Confidence Intervals on u — u, (large sample sizes & independent):

2 2 2 2

v _v /51 S, v _v S .S
—X —Z =+ = < < —X + Z =+ =
(X1 2) % nl n2 u (Xl 2) % nl n2

Classical Confidence Intervalson p, — p,:

pprE 7 \/ PO, Py

* *
r]X r]Y

where x*=x+1, y*=y+1, n,*=n, +2 and n*=n, +2
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Classical Confidence Intervals on u, — i, (small sample sizes & independent):

SZ SZ sl2 S2
X-%)-t, |+ <pu<(X-X)+t, - |[F+2
(X -%) UV \/nl n, #<(}-%) UV \/n1 n,
2
S8
nl n2
2 2
n—-1{ n n, —=1{ n,
Classical Confidence Intervals on u, — u, (not independent):

Paired if equal-size samples are pairs of observations on the same set of individuals.
Unpaired otherwise — but must be uncorrelated.

where v = INT

Classical Hypothesis Tests:
JC o = p,. Selectthe appropriate /¢, and level of significance « .

The burden of proof is on J(, .

Two tailed test, 7, : u# u,:
S
CLiCy = #, * t%,n,l'ﬁ
Reject /¢, iff X<c,_ or X>gc,
Method 2:  Reject ¢, iff

Method 1: Evaluate

X—H,

]

|] <a, where t, =

|t | > t%’n_l, where t, =

7N\

X—H,

)

Method 3:  Reject J(, iff P[|T|> |t

obs

7\

Upper tailed test, /(, : u> u,:
S
Method 1: Evaluate c = +t =
H, o, n—-1 {n

Reject J(, iff X>c

Method 2:  Reject ¢, iff t, >t where t . =

a,n-1"

Method 3:  Reject J(, iff P[T >t, ] <a, where t, = ant
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Lower tailed test, J7(,: p<p,:
S
Method 1: Evaluate C=pu —t . —
a,n-1 /_n

Reject /(, iff X<c

Method 2:  Reject J(, iff t, < -t where t,, =

a,n-1" ]

— 4,

)

7\
£ e

|

Method 3:  Reject J(, iff P[T <t,| <a, where t, =

7 N\
e

Modify the above if the sample size is large and/or o is known.
Modify the above for two sample unpaired tests.

Chi-Square Goodness-of-Fit Test:

Py =Py Py = Pagreoen P = Py, VS Sl 1 NOL S
Observed values {O;,0,,...,O,}. Calculate expected values {E,, E,,..., E}, then

Kk 2
O —E
compare y° = E % toc=y., .. Reject / iff z°>c
=1 i

Chi-Square Test for Independence:
Observations {oij} in 1 rowsand J columns. ./ : factors are independent.

L 2
Oi XO‘j. Iff ZZZZZ(O” _eij) 2

Calculate e;; = . . > Za(14)3-1) then reject J(; .
" =1 j=1 1)

Simple Linear Regression:

Model: Y = Bx+B,+e, £~N(0,07)

Check for linear trend with constant error variance and normally distributed residuals.
Find summary statistics:

noo2x o 2y 22X 2y 2

Evaluate

M5 =nEX (A L Sy =nTo-TATy . nsy =Xy (T
then

n S R 1 R
=g B= (X - AX)

The line of best fit in the least squares senseis y = S, X + /3,
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Entries in the ANOVA table:

2
ns ) (nS )
SSR = gy = NS , SST = Y (y-V) = Syy = —2
Z(y y) n(nsxx) Z(y y) yy n
2
nS NSy | — (NS
SSE = > (y-9)" = SST — SSR = (155)(nSyy) - (1)
N(NSy)
MSR=>R _ssr,  s?=MsE =0 - S5E _pp = MSR
Ve ve nh-=2 MSE
Source | d.f. | Sum Sqg. | Mean Sq. | f
R 1 SSR MSR f
E n—2 SSE MSE
T n-1 SST
2
. nS NSy |]—(NnS
Variance of slope f, : sb2 _ MSE ( XX)( yy) ( 5 Xy)
Sxx (n—2)(nSXX)
Coefficient of Determination:
2
, SR (nSyy )

" TSST T (nse)(nSy)

Correlation coefficient = r = sign(,ﬁl)-\/r_2

Hypothesis tests on the linear association of Xand Y (all have v =v, =n-2):

Totest /¢ : p=0 vs. /,: p#0 (or, equivalently, /: B, =0 vs. J(,: B, #0):
Use any of

2
-2 _j-0  _ [MSR (nSy) (n-2)

N MSE" T\ (nSx)(nSyy)-(nSy )

Totest /¢ : B, =L, Vs. . p,>p, (When g =0)use

3 — n-2
t = % o t= ((nSXy)—ﬂm(nSXX)> (n-2) .
b (nSXX)(nSW)—(nSXy)
The (1-a)x100% confidence interval estimate for x=E[Y |x=Xx,] is

t =

o 1 n(x-x)
tt n T (ns. )
(ﬂo""glxo) al2, (nz)SJn " (nsxx)

The (1-a)x100% prediction interval estimate for Y | x =X, is

(Bo+Bx) *t ) PP Ll
0T 1% | = a2, (n-2) n (nSXX)
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[Space for Additional Notes]
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