JOE CROW
NAME :

AUTOMATIC CONTROL ENGINEERING

QUIZ #1

NO NOTES OR TEXTS ALLOWED

NON PROGRAMMABLE CALCULATORS ALLOWED

NO OTHER ELECTRONIC DEVICE ALLOWED

ASK NO QUESTIONS



ROLL CONTROL OF AN AIRCRAFT

The equations governing the roll motion of a

certain ailrcraft are:

X du/dt + YU + ZR = P + D
U = dr/dt M dP/dt = Q
0 = Ke E + K; JEdt + Kp dE/dt
E=C-W W =0NR

where R 1s the actual roll angle of the aircraft in
degrees, W 1s the actual roll angle in volts, C 1is
the command roll angle 1in volts, U 1is the roll
angle rate in degrees per second, E is roll angle
error, P is the control torque, D is a disturbance
torque, Q is the control signal, Kr K: Kp are gains

and M N X Y Z are system parameters given below.

M=1 N=1 X=1 Yy=1 1z=1



Determine the proportional gain Kp and period Tr for

borderline stable operation.

Manipulation of the plant equation gives

X d?R/dt? + Y dR/dt + Z R =P + D
dP/dt = X d’R/dt?® + Y d?R/dt? + Z dR/dt - dD/dt

Substitution into the drive equation gives

M (X d°R/dt?® + Y d?R/dt? + Z dR/dt - dD/dt)
= K(C - N R)
d3R/dt3® + d?R/dt? + dR/dt - dD/dt = K(C - R)

During borderline stable operation

R =R, + AR Sin[wt] C = Co D = Do

Substitution into the RCD equation gives

- ®> AR Cos[wt] - @w? AR Sin[wt] + @ AR Cos[wt]
=K (C, — R, — AR Sin[wt])

This i1s of the form

i Sin[wt] + j Cos[wt] + k =0

It gives w=1 and K=1 and R.,=C,.



Use Describing function theory to determine the
amplitude and period of the limit cycle generated
when the system 1is controlled by an ideal relay
controller with a lower saturation limit of -24V DC
and an upper limit of +24vV DC. 1Is the system
practically stable with this limit cycle?

The describing function for an ideal relay 1is

DEF = [4Qo]/[HEo]

At a limit cycle DF = K. Manipulation gives

E, = [4Qo]/[HK]
= [4*24]1/[u*1]= 30.56

The limit cycle period is the borderline period

T, = [2*n]/@ = 6.28

The aircraft 1s swinging through about 60 degrees
every 6 seconds. For a passenger aircraft, this is
practically unstable. However 1f 1t 1s a crop

duster, it might be considered practically stable.



Develop a simulation template for getting the

response of the system step by step in time.

Manipulation gives the rate equations

drR/dt = U
du/dt = [ P+ D-YU-2R ] /X

dp/dt = Q / M

The time stepping template 1is

Ryew = Rowp + AT Uowp
Unegw = Uop + At [Powp + Dowp — Y Uowp — Z Rowpl / X

Pyew = Powp + At/M Qorp
The control signal is
Qoo = Kp Eowp  +  Ki ) EownAt + Kp AEew/At
Eorp = Cowp — Worp Worp = N Rorp

At end of step make OLD equal NEW for next step.



Determine the system GH function. Determine

overall system characteristic equation.

The plant transfer function is

R/[P+D] = 1 / [ X 32 + Y S + Z ]

The drive transfer function is

P/Q =1/ [M S]

The controller transfer function is

Q/E = K E=C-W

The feedback transfer function is

W/R = N

The GH function 1is

KN/ [ [MS] [ XS +YS + 2] ]
=K/ [ [S] [ 82+ S + 1 1 ]

The characteristic equation 1is

[S] [ S22+ S +1 ] +K=0

the



Use Routh Hurwitz criteria to check the borderline
proportional gain of the system. Use the criteria
to check the stability when the proportional gain

is half the borderline gain.

The characteristic equation is

[S] [ S22+ S +1 ] +K=20

S+ 582+ S +K=0

This 1is of the form

a S+ b S22+ c S +d-=0

For stable operation all coefficients be positive
and the test function x=bc-ad must also Dbe
positive. For borderline operation x 1s zero.

Substitution into the test function gives



Manually sketch the GH plot for the case where the
system has a proportional controller and the gain

is half the borderline gain. Interpret the plot.

The GH function 1is

GH =K/ [ [S] [ S2+ S + 1171 1

= 0.5/ [ [S] [ S22+ S + 1 1 1]

Because of the pole at the origin in the S plane,
the GH plot will be closed by an infinite radius
clockwise semicircle. Along the 1maginary axis 1in

the S plane S=jw. Substitution into GH gives

GH =0.5/ [ [03] [ - @ +w3J+11]

If the real parts inside the square brackets on the
right sum to zero, the remaining imaginary terms

produce a real number. This gives

w? =1 GH = -0.5

As ® tends to zero, GH tends to minus oj. As ®
tends to infinity, GH tends to plus 03j. The GH plot

is sketched on the next page.
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Use the Root Locus concept to check the borderline

gain and period of the system.

The GH function is
GH =K/ [ [S] [ 2+ S + 111
Factoring the quadratic in square brackets gives
GH = K / [ [S] [S+0.5+3V[3]/2] [S+0.5-9V[31/271 ]

Nyquist suggests w=1. Substitution of S=jw with w=1

into the GH function gives
GH = K / [ [jo] [Jo+0.5+3V[3]1/2] [Jo+0.5-9V[3]1/2]1]
= K / [ [31] [3140.5+3N[3]/2] [31+0.5-3V[3]/2]]
This gives angles which add up to 180°:
90° 75° 15°

It gives magnitudes which imply K is 1:

1 1.93 0.52






