¸ hLLuM) ¸ hL˝h@4 4 ı?˝

AΞiL˙Lhi 5˘ Π Lhffli**^W

5iT—i4 Mih�Sc�bbb

` Λ— ThL˝h@4 4 ı?˝c ¯ Ξi? t—hıTTi˙ Lu @**ı—t UıhUΛ4 t—@?—ı@*ıhhi*iffl@?Uitc MLı*t ˙L¯ ? —L ?L 4 Lhi @?˙ ?L *itt —Ξ@? fflih) igiU—ıffli —Ξı?!ı?˝ tL @t —L @fflLı̇ Λ?4 @t—ihi˙ UL4 T*i ı—)c —L fflih) fflı̋ LhLΛt tiT@h@—ıL? Lu)LΛh 4 @?) ˙ıgihi?— UL?Uih?t˘ ff , ˘‘ ˘# ı̊!t—h@d�b. Do

∝ [ EΦ cθ ø U@? Mi —h@?t*@—i˙ M) Rθ t—@?˙t ı? hi*@—ıL? [ —L Φ Œ Lh Rθ ıt @hitΛ*— Lu@? @TT*ıU@—ıL? Lu—Ξi ThLUi˙Λhi [ —L —Ξi LM̊iU— Φ Œ˘ ff BL——*LM6hi˝i d�H. bo

AΞihi @hi T*i?—) Lu i^Λ@—ıL?tc —ΞLΛ˝Ξ ?L— 4 ΛUΞ 4 @—Ξc uLh ı?—ih4 i˙ı@—i t—iTt @hi uΛ**) Thiti?—i˙˘ ff¸ Ξı*ıT ¨ LhhıtL? d�bbeo

ȷ ?i 4 ı̋ Ξ— t@) u@Ui—ıLΛt*) —Ξ@— —Ξi tΛM̊iU— 4 @——ihLuuLh4 @**L˝ıUıt —Ξi t—Λ˙) Lu—Ξi fflihı�@M*i ı?—ihThi—@—ıL?t Lu—Ξi ThL˝h@4 UL?tıt—ı?˝ Lu—Ξi ?Λ**t—@—i4 i?—˘ ff +LMih— ‘ ˘ 6*L)˙ d�bS. o

Σ Mt— h@U—

Wu)LΛ Ξ@ffli @?) UL?˚iU—Λhi —LThLfflic—Ξihi ıt @ThL˝h@4 4 ı?˝ ThLM*i4 tΛUΞ —Ξ@—cıu@ThL˝h@4 U@? Mi ¯ hı——i? —Ξ@— ˙i4 L?t—h@M*) tL*fflit —Ξi ThL˝h@4 4 ı?˝ ThLM*i4 c —Ξi? —Ξi UL?˚iU—Λhi ıt —hΛi˘

AΞıt LMtihffl@—ıL? *i@˙t —L @?i¯ ¯ @) Lu ¯ hı—ı?˝ ThLLut @?˙ @**L¯ t —LL*t @?˙ —iUΞ?ı̂ Λit ˙iffli*LTi˙ uLh—Ξi ¯ hı—ı?˝ Lu˙i4 L?t—h@M*) ULhhiU— ThL˝h@4 t —LMi @TT*ıi˙ —LThLfflı?˝ —ΞiLhi4 t —Ξ@— Lt—i?tıM*) Ξ@ffli ?L—Ξı?˝ —L ˙L ¯ ı—Ξ ThL˝h@4 4 ı?˝˘ W? T@h—ıUΛ*@h —iUΞ?ı̂ Λit LuThLM*i4 ˙iUL4 TLtı—ıL? Λti˙ ı? t—hΛU—Λhi˙ ThL˝h@4 4 ı?˝ U@? Mi @TT*ıi˙ —L t—hΛU—Λhı?˝ ThLLut˘ AΞıt @TThL@UΞ ?iı—Ξih i?*@h˝it ?Lh tΞhı?!t —Ξi ti— Lu—ΞiLhi4 t ThLffl@M*i ı? @˝ıffli? *L˝ıŬ ‘ Ξ@— ı— ˙Lit ıt ThLfflı̇ i @?ıUi ¯ @) —L UL4 4 Λ?ıU@—i —Ξi t—hΛU—Λhi @?˙ UL?—i?— Lu@ThLLŭ

3 Ryhuylhz

Wkhuhduhreylrxvo— j uhdwvlp lodulwlhvehwz hhq wkhdfwlylwlhvri z ulwlqj surj udp vdqg z ulwlqj surriv1 Erwk lqyroyh ghfrp srvlqj sureohp v lqwr vlp sohu sureohp v xqwlowkh sureohp v duh vlp soh hqrxj k wr eh ghdowz lwk lq dq reylrxvz d— 1Lq wkh duhd ri surjudp p lqj wklvlvfdoohg vwhs0z lvh uhfflqhp hqw dqg lwv lp sruwdqfh kdv ehhq duwlfxodwhg/ iru h–dp soh/ e— Z luwk ^4¡: 4‘1 Lq p hwdp dwkhp dwlfv z h vhh h–dp sohvolnh J hqw̋hq*vqdwxudoghgxfwlrq v— vwhp v/ z klfk z huh d uhdfwlrq wr wkh xqvwuxfwxuhg Kloehuwvw— oh ri surri1

Lq wklv sdshu Lz looirup dol˝h wkh frqqhfwlrq ehwz hhq surylqj dqg surj udp p lqj e— vkrz lqj wkdwli d sursrvhg wkhruhp lvwuhdwhg dvd vshflfflfdwlrq irud surj udp / lwlvwuxh li dqg rqo— li lwlv d ihdvleoh vshflfflfdwlrq +lq wkh vhqvh ri reh— lqj Glmnvwud*v ˙odz ri h–foxghg p ludfohv%,1 Wkhehvwnqrz q irup dol˝dwlrqvri wkhfrqqhfwlrq ehwz hhq surrivdqg surj udp vduhfrqvwuxfwlyh w— sh wkhrulhv +vhh iru h–dp soh Êdfnkrxvh 4¡; ;‘, lq z klfk wkhuh lv qr glffihuhqfh ehwz hhq surriv dqg surj udp v1 Lq frqvwuxfwlyh w— sh wkhrulhv/ lwlv hyhq srvvleoh wr h–hfxwh d surri lq rughu wr frp sxwh wkh t xdqwlw— wkdwlvdvvhuwhg wr h–lvwe— wkh wkhruhp 1

W6@UΛ*—) Lu , ?˝ı?iihı?˝c ¨ i4 Lhı@* N?ıfflihtı—) Lu Π i¯ uLΛ?˙*@?˙ 5—˘ aLΞ?¡tc Π 6c Σ �` fij D ß @?@˙@c —ΞiL9 i?˝h˘4 Λ?˘U@

Wkhr Qruyhoo=Surri e— Surjudp p lqj 4

Edvlv z s/+z =@H,/F ⊼⊻ F_z^H z s/vnls /F ⊼⊻ F z s/de r uw/F ⊼⊻ idovh z s/+z =D̂>T‘,/F ⊼⊻ D ⊣ ‖∅ z_∋÷T_{y∋}^y ⇔ F_z^z ∋↕ Frqvwuxfwruv z s/+s¿t,/F ⊼⊻ z s/s/+z s/t/F, z s/+li H wkhq s hovh t,/F ⊼⊻ +H ⇔ z s/s/F , ⊣ +ℑH ⇔ z s/t/F , z s/+s ^‘t,/F ⊼⊻ z s/s/F ⊣ z s/t/F z s/+z kloh H gr s,/F ⊼⊻ ‖πG ÷+H ⊣ z s/s/G, ⌊ +ℑH ⊣ F ,↕ z s/‖ydu l ÷s↕/F ⊼⊻ ‖∅ l ÷z s/s/F↕ Wdeoh 3=Vhp dqwlfv iruvshflfflfdwlrqv

Wkh lghd wr eh suhvhqwhg lq wklv sdshu lv vrp hz kdwglffihuhqw1 I luvw/ lwlv qrwuhvwulfwhg wr frqvwuxfwlyh surriv1 Frqvwuxfwlyh surriv p d— eh z ulwwhq lq wkh dssurdfk wr eh suhvhqwhg ehorz / yhu— p xfk dvwkh— z rxog lq d frqvwuxfwlyhw— shwkhru— ¨ l1h1/ e— z ulwlqj d surj udp wr frqvwuxfwwkh remhfwdvvhuwhg wr h–lvẅ exwqrqfrqvwuxfwlyh surrivduh qrwh–foxghg1Vhfrqg/ wkh surj udp p lqj odqjxdjh Lxvh lv qrwd ixqfwlrqdoodqjxdj h/ exwdq lp shudwlyh rqh1 Wklug/ dqg p rvwlp sruwdqw/

Lgr qrwlghqwli— surriv z lwk surjudp v/ exwudwkhu z lwk ghulydwlrqv ri surj udp v/ wkdwlv/ z lwk d klvwru— ri d surjudp *v ghyhorsp hqw1 D surj udp ghulydwlrq/ lq wxuq uholhv rq wkh surri ri hdfk ri lwv vwhsv1 Wkh surriv ri wkhvh vwhsv z looeh idp loldu dv wkh— duh doowklqjv wkdwz rxog kdyh wr eh suryhg li wkh surri z huh z ulwwhq p ruh frqyhqwlrqdoo— 1

Vlqfh z h gr qrwxowlp dwho— hvfdsh wkh qhfhvvlw— wr suryh/ z kdw/ wkhq/ lv wkh dgydqwdj h ri uhfdvwlqj d wkhruhp surylqj sureohp dv d surjudp z ulwlqj sureohp B Wkh sulp du— dgydqwdjh lv wkdwwkh surjudp p lqj frqvwuxfwv surylgh d p hfkdqlvp iru frp p xqlfdwlqj wkh vwuxfwxuh ri wkh surri1

4 Uhfflqhp hqwF dofxol

D uhfflqhp hqwfdofxoxv +V>S>† , frqvlvwv ri d vhwV z krvh p hp ehuv duh fdoohg vshflfflfdwlrqv/ d vxevhwS ri V z krvh p hp ehuv duh fdoohg surjudp v/ Dqg d suhrughu † rq V1 Li s † t z h vd— wkdw t uhfflqhv s ruwkdws lv d vshflfflfdwlrq ri t1

Hdfk vshflfflfdwlrq s lv dvvrfldwhg z lwk d surjudp p lqj sureohp 1 Wklv lv wr fflqg d surj udp t vxfk wkdws † t1

Lq wklv sdshu Lz looxvh wkh uhfflqhp hqwfdofxoxv ghyhorshg e— P ruj dq ^4¡¡3‘1_3 I ru wklv fdofx0 oxv/ wkh vhwri vshflfflfdwlrqv V lv jhqhudwhg iurp dvvljqp hqwvwdwhp hqwv/ vnls vwdwhp hqwv/ de r uw vwdwhp hqwv/ dqg vshflfflfdwlrq vwdwhp hqwv +wr eh h–sodlqhg vkruwo— ,/ e— d vhwri frqvwuxfwruv wkdw lqfoxghv vhp lfrorq/ li0wkhq0hovh/ qrqghwhup lqlvwlf fkrlfh/ z kloh0gr / dqg yduldeoh ghfodudwlrq1 L z loofrqvlghu rwkhu vshflfflfdwlrq frqvwuxfwruv dv wkh qhhg iru wkhp dulvhv1 Wkh vhwri surjudp v

S lv jhqhudwhg iurp d edvlv wkdwlqfoxghv dvvlj qp hqwvwdwhp hqwv/ vnls vwdwhp hqwv/ dqg de r uw vwdwhp hqwv/ exwqrwvshflfflfdwlrq vwdwhp hqwv1Wkh vhwri frqvwuxfwruvirusurj udp vdj dlq lqfoxghv vhp lfrorq/ li0wkhq0hovh/ qrqghwhup lqlvwlf fkrlfh/ z kloh0gr / dqg yduldeoh ghfodudwlrq1Hdfk vshf0 lfflfdwlrq s lv p dsshg wr d suhglfdwh wudqvirup hu z s/s1 Wklv p dsslqj lv ghvfulehg lq Wdeoh 3/ lq z klfk ‖πG ÷i /G↕ p hdqvwkh vwurqj hvwfrqglwlrq wkdwlvd ffl–srlqwri i 1Wkh uhfflqhp hqwuhodwlrq † lvghfflqhg e— s † t lffi z s/s/F ⊻ z s/t/F iru doofrqglwlrqv F 1 +Lz ulwh D ⊻ E wr p hdq D lv dv vwurqj d frqglwlrq dv E/ wkdwlv D lp solhv

E irudoovwdwhv1,

f OL¯ ifflih ¯ i ULΛ*˙ Λti @?) tı4 ı*@h hi�?i4 i?— U@*UΛ*Λt ¯ ΞıUΞ tΞ@hit tL4 i Lu—Ξi t@4 i ThLTih— ıit˘

Khuh lvdq h–dp soh ri d vshflfflfdwlrq vwdwhp hqw ı =ĵ ∼ 3>ȷ ∗ 3/334 ⪰ ı_{∋5} ⪰ ȷ . 3/334‘

Lqirup doo— lwlv d frp p dqg wr fkdqjh yduldeoh ı/ vxfk wkdwwkh fflqdoydoxh ri ı vt xduhg lv z lwklq

31334 ri wkh ydoxh ri ȷ ¿doowklvlvxqghuwkh dvvxp swlrq wkdwȷ lvlqlwldoo— qrqqhjdwlyh1Lq wkh fdvh z khuh ȷ lv lqlwldoo— qhj dwlyh/ ch–hfxwlrq*ri wkh vshflfflfdwlrq vwdwhp hqwfdq ohdg wr dq— ehkdylrxu dwdoo/ lqfoxglqj qrqwhup lqdwlrq ru dowhudwlrq ri yduldeohv rwkhu wkdq ı1 Wkh j hqhudoirup ri d vshflfflfdwlrq vwdwhp hqwlv z =D̂>T‘ z khuh z lvd olvwri yduldeohv/ D lvd frqglwlrq +wkdwlvd vhwri vwdwhv, dqg T lvd uhodwlrq +wkdwlvd vhwri sdluvri vwdwhv,1Wkh lqirup dop hdqlqj ri z =D̂>T‘ dvdq rshudwlrq lvdviroorz v1Li vwduwhg lq d vwdwh ϕ lq D/ wkhq z =D̂>T‘ whup lqdwhv lq d vwdwh ϕ_∋ vxfk wkdw+ϕ>ϕ_∋, lv lq T/ dqg vxfk wkdw ϕ dqg ϕ_∋ glffihurqo— dwyduldeohvlq wkh olvwz 1Li vwduwhg lq d vwdwh ϕ qrwlq D/ wkhq z =D̂>T‘ qhhg qrwwhup lqdwh dqg li lwgrhv whup lqdwh/ p d— whup lqdwh lq dq— vwdwh dwdoo1

Lq wklvsdshu+dvfdq ehvhhq iurp wkhderyhh–dp soh,/ frqglwlrqvduhuhsuhvhqwhg e— suhglfdwhv p hqwlrqlqj wkh surj udp yduldeoh qdp hv1 Uhodwlrqv duh uhsuhvhqwhg e— suhglfdwhv lq z klfk wkh surj udp yduldeoh qdp hv uhsuhvhqwwkh ydoxhv ri surjudp yduldeohv lq wkh ffluvw+lqlwldo, vwdwh dqg sulp hg yduldeohv+ı_∋/ ȷ_∋/ hwf1, uhsuhvhqwwkhydoxhvri surj udp yduldeohvlq wkhvhfrqg +fflqdo, vwdwh1_4

Z lwk wklv frqyhqwlrq hvwdeolvkhg/ z h fdq ghfflqh wkh suhglfdwh wudqvirup hu dvvrfldwhg z lwk hdfk vshflfflfdwlrq vwdwhp hqw= z s/+z =D̂>T‘,/F ⊼⊻ D ⊣ ‖∅ z_∋÷T_{y∋}^y ⇔ F_z^z ∋↕ z khuh y lvdooyduldeohv qrwlq z / U_ı^H p hdqv suhglfdwh U z lwk yduldeohv ı uhsodfhg e— h–suhvvlrqv

H/ dqg ⊼⊻ lv ht xdolw— ri suhglfdwhv+ht xlydohqfh ryhudoovwdwhv,1

Dv d deeuhyldwlrq/ Lz ulwh vlp so— D̂>T‘ iru z =D̂>T‘ z khq z lqfoxghv dooyduldeohv1_5 Ldovr z looz ulwh z =T̂‘ iru z =ŵuxh>T‘1

Vshflfflfdwlrq vwdwhp hqwvdoorz rqh wr h–suhvvwklqjvwkdwfdq qrwh–suhvvz lwk d surj udp 1Rqh lv xqerxqghg qrqghwhup lqlvp ¿wkh vt xduh urrwh–dp soh deryh lv dq h–dp soh/ li wkh yduldeohv duh xqghuvwrrg wr udqjh ryhuwkh udwlrqdoqxp ehuv1Wkh rwkhulvvhoi0frqwudglfwru— vshflfflfdwlrqvvxfk dv ı =ŵuxh>ȷ ∗ 3/334 ⪰ ı_{∋5} ⪰ ȷ . 3/334‘

Frqvlghu wklv vshflfflfdwlrq ehlqj ch–hfxwhg*z lwk dq lqlwldovwdwh lq z klfk ȷ ⋆ ∗ 3/3341 Dvvxp lqj wkdwwkh w— sh ri ı grhv qrwlqfoxgh dq— qrquhdo qxp ehuv/ wkh vshflfflfdwlrq uht xluhv wkdwwkh lp srvvleoh eh dffrp solvkhg/ wkdwlv/ whup lqdwlrq lq d vwdwh z khuh ı_5 lv qhj dwlyh1 Wkh sureohp z lwk wklv vwdwhp hqwlv wkdwwkh grp dlq ri lwv uhodwlrq grhv qrwlqfoxgh doori lwv frqglwlrq1 Vxfk d vshflfflfdwlrq vwdwhp hqwlv fdoohg lqihdvleoh1 I ru vshflfflfdwlrqv lq j hqhudo/ z h fdq ghfflqh s wr eh ihdvleoh h–dfwo— li z s/s/idovh ⊼⊻ idovh dqg lqihdvleoh rwkhuz lvh1Dv p hqwlrqhg deryh lqihdvlelolw— grhvqrwdulvh lq surj udp v= wkhr uhp ˙Doosurjudp vduh ihdvleoh% ‖∅ s ÷s ▽ S ⇔ +z s/s/idovh ⊼⊻ idovh,↕ Wkh surri lve— lqgxfwlrq rq wkh vwuxfwxuh ri surjudp v1

�+i@˙iht u@4 ı*ı@h ¯ ı—Ξ d̈ Lh˝@? �bbfo¯ ı**?L— ıUi —Ξ@— —Ξihi Λ?˙iULh@—i˙ ffl@hı@M*it hiThiti?— —Ξi �?@*t— @—ic@?˙ ffl@hı@M*it tΛMtUhıT— i˙ ¯ ı— Ξ f Eϱ^f c⇁^f ci— Uø hiThiti?— — Ξi ı?ı— ı@*t—@— i˘

2AΞıt ıt @?L—Ξih 4 ı?Lh ?L— @—ıL?@* ˙ifflı@— ıL? uhL4 d̈ Lh˝@? �bbfo ¯ Ξihi dΦ cφ o ıt UL?tı̇ ih — L Ξ@ffli @? i4 T—) ffl@hı@M*i *ıt—˘

Wkhr Qruyhoo=Surri e— Surjudp p lqj 6

5 Ghulydwlr qv

I rud uhfflqhp hqwfdofxoxv +V>S>† , d ghulydwlrq ri s_q iurp s_3 lvd vht xhqfh

s_3 † ⟩klqw_4|

s_4 † ⟩klqw_5| 1 1 † ⟩klqw_q | s_q z khuh hdfk s_l † s_{l. 4}1 Lz loofdood ghulydwlrq fohdu li wkh fruuhfwqhvv ri hdfk vwhs lv hdv— wr vhh lq oljkwri wkh klqw1 Lq d vhqvh/ d fohdu ghulydwlrq ri t iurp s lv d surri wkdws † t/ dqg li t lv d surj udp / wkhq d fohdughulydwlrq ri t iurp s ghp rqvwudwhv d vroxwlrq wr d surj udp p lqj sureohp 1 Lq vlwxdwlrqvz khuhz hz dqwd frp sohwho— irup dov— vwhp ri surri/ iruh–dp sohlq surri fkhfnhuv ruwkhruhp suryhuv/ lwz rxog ehqhfhvvdu— wr irup dol˝hwkhqrwlrq ri d vwhs cehlqj hdv— wr vhh*1Wkdw lv z h p d— z dqwwr ghvfuleh d vhwri wulsohv +s>t>klqw, z klfk frqvwlwxwh dq doorz hg vwhs lq fohdu ghulydwlrqv1 Lq rwkhu vlwxdwlrqv/ iru h–dp soh frp p xqlfdwlrq ehwz hhq kxp dqv/ lwp d— eh ehwwhu wr uho— rq wkh wdvwh ri wkh z ulwhu ri wkh ghulydwlrq wr fkrrvh vwhsslqj vwrqhv wkh ulj kwglvwdqfh dsduwiru wkh lqwhqghg uhdghu dqg wkh ehvwklqwv wr jxlgh wkh uhdghu1 Lq wklv sdshu Lz looohdyh xqh–soruhg wkh srvvlelolw— ri irup doo— uhvwulfwlqj wkh vwhsv doorz hg lq d ghulydwlrq ¨ dqg khqfh kdylqj dq remhfwlyhghfflqlwlrq ri cfohdu*ghulydwlrqv¨ / ehfdxvhwkhlghdvsuhvhqwhg duhlqghshqghqw ri z khwkhuruqrwwkh glvwlqfwlrq ehwz hhq fohdudqg xqfohdughulydwlrqvlvvxemhfwlyh ruremhfwlyh1 Doowkh vshflfflfdwlrq frqvwuxfwruv lq Wdeoh 3 duh p rqrwrqh lq wkh vhqvh wkdwiru dq— xqdu— frqvwuxfwrui +s † t, ⇔ +i /s † i /t, dqg iru dq— elqdu— vshflfflfdwlrq frqvwuxfwruj +s † t, ⊣ +u † v, ⇔ +j /s/u † j /t/v, Rqh fdq vkruwhq dqg lp suryh wkh fodulw— ri ghulydwlrqv frqwdlqlqj p rqrwrqh frqvwuxfwruv e— z ulwlqj wkhp lq d wuhh0olnh idvklrq1I ruh–dp soh= s † ⟩klqwz k— s † t¿u| t † ⟩klqwz k— t † v| v 1 1

¿ u † ⟩ klqwz k— u † li ewkhq whovh x| li e wkhq w 1 1 hovh x 1 1 Hdfk er– vkrz v wkh sduwri wkh ghulydwlrq wkdwixuwkhu uhfflqhv wkh vshflfflfdwlrq deryh lw1 Z lwklq vxfk d vxe0ghulydwlrq/ fhuwdlq frqwh–wxdolqirup dwlrq lv j hqhudoo— frqvlghuhg wr eh dydlodeoh1 I ru h–dp soh lq wkh uhfflqhp hqwri w/ wkh idfwwkdwe lvwuxh lqlwldoo— p d— eh xvhg1

Vxfk klhudufklfdo ghulydwlrqv kdyh wkh dgydqwdj hv/ ryhu wkh olqhdu irup dw/ ri irfxvlqj wkh uhdghu*vdwwhqwlrq rq z kdwlvuhohydqw/ ri uhgxflqj wkhdp rxqwri frs— lqj/ dqg ri ehwwhuh–suhvvlqj wkh rughu ri ghshqghqfh ri vwhsv1 Lq vkruwwkh vwuxfwxuh ri wkh surjudp p lqj surfhvv lv fohduo— vkrz q1

Wklvklhudufklfdoirup dwfrxog reylrxvo— eh dssolhg gluhfwo— wr surriv/ xvlqj wkh uxoh ri Ohleql˝ ru wkh p rqrwrqlflw— ri lp solfdwlrq lq sodfh ri wkh p rqrwrqlflw— ri uhfflqhp hqw1 Exwwkhuh duh dgydqwdjhvwr frqvlghulqj wkhflufxlwrxvurxwhri wudqvodwlqj frqmhfwxuhvwr surj udp p lqj sureohp v dqg suhvhqwlqj vroxwlrqvwr wkhsurjudp p lqj sureohp vlq sodfhri surrivri wkhsursrvhg wkhruhp v1

6 I ur p fr qmhfwxuhv wr s ur j udp p lqj s ur eohp v

Qrz z h frp h wr wkh fhqwudolghdv ri wklvsdshu1

Vxssrvh z h kdyh d forvhg errohdq irup xod ‖∅ z ÷T↕ z lwk qr sulp hg yduldeohvrffxuulqj lq wkh olvwri yduldeohvz 1Dowkrxjk suhglfdwh T p hqwlrqvrqo— xqsulp hg yduldeohv/ z h fdq vwloouhjdug lw dvd uhodwlrq +lwuhodwhvhdfk srlqwlq lwvgrp dlq wr hyhu— vwdwh, dqg frqvlghuwkh vshflfflfdwlrq T̂‘1

Xqghu z kdwfrqglwlrq rq wkh vshflfflfdwlrq T̂‘ lv ‖∅ z ÷T↕ wuxhB Rqh dqvz hu lv wkdwT̂‘ lv ihdvleoh1 wkhr uhp ˙I hdvlelolw— lp solhv wkhruhp krrg% I ru ‖∅ z ÷T↕ forvhg dqg z kdylqj qr sulp hg yduldeohv ‖∅ z ÷T↕ ⇓ +z s/T̂‘/idovh ⊼⊻ idovh, Vlqfh doosurjudp v duh ihdvleoh dqg dq— vshflfflfdwlrq uhfflqhg e— d ihdvleoh vshflfflfdwlrq lv ihdvleoh z h kdyh dv d fruroodu— = wkhr uhp ˙Surri e— surj udp p lqj % I ru ‖∅ z ÷T↕ forvhg dqg z kdylqj qr sulp hg yduldeohv ‖∅ z ÷T↕ ⇓ ‖ℜs ▽ S ÷T̂‘† s↕ Dowkrxj k wkh ffluvwwkhruhp lv p ruh jhqhudo/ wkh vhfrqg kdv wkh dgydqwdj h wkdwp hp ehuvkls lq S lv d v— qwdfwlf p dwwhu dqg fdq eh vhhq dwd jodqfh1 +Wkhuh z looeh dq h–fhswlrq wr wklv z khq z h frp h wr sdudooholvp 1, Lq idfwerwk ri wkhvh wkhruhp v fdq eh vwuhqjwkhqhg wr ht xlydohqfhv dv fdq eh vhhq iurp wkh iroorz lqj= wkhr uhp ˙Uhfflqdelolw— e— vnls ht xdovwkhruhp krrg% I ru ‖∅ z ÷T↕ forvhg dqg z kdylqj qr sulp hg yduldeohv ‖∅ z ÷T↕ ≤ +T̂‘ † vnls , Exwz h duh p rvwo— lqwhuhvwhg lq wkh ⇓ gluhfwlrq1

Qrz vxssrvh wkdw‖∅ z ÷T↕ lv d frqmhfwxuh1 Li z h fdq fflqg d surj udp s wkdwuhfflqhv T̂‘/ wkhq

‖∅ z ÷T↕ lvd wkhruhp 1D fohdughulydwlrq ri s iurp T̂‘ frqvwlwxwhvd surri ri ‖∅ z ÷T↕1

7 F dvh edvhg uhdvr qlqj

Dv d ffluvwh–dp soh z h z looorrn dwsurri e— fdvhv1Wkh vwdqgdug odz ri li lqwurgxfwlrq z =D̂>T‘† li E wkhq z =D̂⊣ E>T‘hovh z =D̂ ⊣ ℑE>T‘ doorz virufdvh z lvh uhdvrqlqj1Wkh ghfflqlwlrq ri S fdq doorz dq— E khuh1

I ljxuh 3 vkrz v Hxfolg*v surri ri wkh lqfflqlw— ri sulp hv1 Wkh qrwdwlrq ⟩ 3>//q| p hdqv wkh vhwri wkh ffluvwq qdwxudov1P rvwri wkh lqwhuhvwlqj sduwvri wkh surri duh ohiwlqirup dolq wkh klqwv¿wkh li vwdwhp hqwvhuyhv wr vkrz wkh vwuxfwxuh ri wkh surri1

Rwkhuvwdwhp hqwirup vvxfk dvGlmnvwud*vli0ffl vwdwhp hqw/ ruydulrxvydulhwlhvri fdvh vwdwhp hqwv fdq dovr eh xvhg iruydulrxv vruwvri fdvh z lvh uhdvrqlqj 1

8 F r qvwuxfwlyh h–lvwhqfh

H–lvwhqfh lv riwhq ghp rqvwudwhg e— ghvfulelqj d p hwkrg wkdwfrp sxwhv dq h–dp soh ri z kdwlv dvvhuwhg wr h–lvw1Wklvwhfkqlt xh lvirup doo— mxvwlfflhg e— wkh uhfflqhp hqwodz =

Wkhr Qruyhoo=Surri e— Surjudp p lqj 8

OhwT eh ‖ℜl =sulp hv÷sulp h/+q ∗ 4, ⋆ l ⪰ 4. ‖⋄ m=⟩3>//q| ÷sulp h/m↕↕ T̂‘ † ⟩li lqwurgxfwlrq| li sulp h/+4. ‖⋄ m=⟩ 3>//q| ÷sulp h/m↕, wkhq ŝulp h/+4. ‖⋄ m=⟩ 3>//q| ÷sulp h/m↕,>T‘ † ⟩ Vlqfh4. ‖⋄ m=⟩3>//q| ÷sulp h/m↕, lvsulp hlwvkrz vT lvwuxhsurylghg sulp h/q ⋆ sulp h/+4. ‖⋄ m=⟩3>//q| ÷sulp h/m↕,1 / ŵuxh‘ † vnls hovh ℑ̂sulp h/+4. ‖⋄ m=⟩ 3>//q| ÷sulp h/m↕,>T‘ † Vlqfh 4. ‖⋄ m=⟩3>//q| ÷sulp h/m↕, lvfrp srvlwh exwqrwglylvleoh e— rqh ri wkh ffluvwq sulp hv/ wkhuh lvsulp h eljj huwkdq wkh ffluvwq/ exw vp doohuwkdq 4. ‖⋄ m=⟩3>//q| ÷sulp h/m↕1Wkxv T lvwuxh1 ŵuxh‘ † vnls

I ljxuh 3=Dq h–dp soh ri surri e— fdvhv

wkhr uhp ˙H–lvwvwr ydu% z =D̂>‖ℜl^∋÷T↕‘† ‖ydu l ÷z >l =D̂>T‘↕ surylghg l lv qrwiuhh lq D ru T/ dqg l lv qrwlq z 1

I ljxuh 4 vkrz vd surri ri kdoi wkh ixqgdp hqwdowkhruhp ri dulwkp hwlf1Wkh yduldeoh w— shvduh q ▽ ⟩ 4>//|/ p ▽ ⟩3>//| / s ▽ vht_p sulp hv+d vht xhqfhri p sulp hqxp ehuv,/ d ▽ vht_p ⟩4>//|1Qrwhwkdw ⟩ 3>//p | uhihuvwr wkh vhwri lqwhjhuvxs wr exwqrwlqfoxglqj p 1Wkh surri lvvrp hz kdwvkruwhqhg/ iru wkh sxusrvhv ri wkh h–dp soh/ dv wkh uhdghu olnho— nqrz v krz wr ffloolq wkh ghyhorsp hqwri wkh z kloh0gr orrs1

9 Lqgxfwlr q

Wkh lqgxfh vwdwhp hqwlqwurgxfhg lq Q̂ruyhoo4¡¡6d‘ fdq eh xvhg wr h–suhvv surriv e— +vlp soh, lqgxfwlrq1+D vlp lodufrqvwuxfwlvlqwurgxfhg lq Êxuvwdoo4¡;: ‘1, Wkh lqgxfh vwdwhp hqwlvxvhg lq frqmxqfwlrq z lwk lqlwldogdwd w— shv/ vxfk dv qdwxudoqxp ehu/ olvwv/ dqg wuhhv1 I lj xuh 5+d, vkrz v d vnhohwdolqgxfh vwdwhp hqwiru wkh qdwxudoqxp ehuv1 Wkh vwdwhp hqwkdv d qdp h +k lq wklv fdvh,/ z klfk lv orfdowr wkh vwdwhp hqw/ dq dujxp hqw+d qdwxudoqxp ehu h–suhvvlrq uhsuhvhqwhg e— H,/ dqg d fodxvh +ehj lqqlqj z lwk wkh nh— z rug z khq, iru hdfk ri wkh jhqhudwruv ri wkh gdwd w— sh¿ hdfk fodxvh frqvlvwv ri d khdghu dqg d vshflfflfdwlrq +s dqg t lq wklv fdvh,1 H–hfxwlrq ehjlqv z lwk wkh hydoxdwlrq ri wkh h–suhvvlrq dqg vhohfwlrq ri d fodxvh e— sdwwhuq p dwfklqj1 Dq— yduldeohv p hqwlrqhg lq d fodxvh khdghu +lq wklv fdvh m, duh orfdo wr wkh vshflfflfdwlrq iroorz lqj dqg duh frqvwdqwv1 Z lwklq d fodxvh/ wkh vwdwhp hqwdv d z kroh p d— eh uhfxuvlyho— fdoohg e— lwv qdp h/ exw rqo— li wkh dujxp hqwri wkh fdoolv rqh ri wkh yduldeohv lqwurgxfhg lq wkh fodxvh khdghu1 I ljxuh 5+e, vkrz vd surjudp irud idp loldudojrulwkp z ulwwhq z lwk dq lqgxfh vwdwhp hqw1 Wkh vhp dqwlfv/ hoderudwlrqv/ dqg h–suhvvlyh srz hu ri wklv vwdwhp hqwduh glvfxvvhg lq Q̂ruyhoo 4¡¡6d‘1Khuh z h z looeh frqwhqwz lwk rqh uhfflqhp hqwodz

^‖ℜp_∋>s_∋>d_∋÷q @‖⋄ l ▽ ⟩ 3>//p_∋| ÷s_∋/l_∋±±d_∋/l↕ ⊣ ‖∅ l>m÷l ∃@m⇔ s_∋/l ∃@s_∋/m↕↕‘ † ⟩h–lvwvwr ydu| ‖ydup >s>d ÷ q̂ @‖⋄ l ▽ ⟩ 3>//p_∋| ÷s_∋/l_∋±±d_∋/l↕ ⊣ ‖∅ l>m÷l ∃@m⇔ s_∋/l ∃@s_∋/m↕‘ † ⟩lqwurgxfh ydu| ‖ydum▽ ⟩ 4>//q| ÷ m>p >s>d =@q>3>qlo>qlo q @m⋄ ‖⋄ l ▽ ⟩3>//p | ÷s/l ±±d/l↕ ⊣‖∅ l>m÷l ∃@m⇔ s/l ∃@s/m↕ ⊣‖∅ l ÷s/l ⊬m↕> q @‖⋄ l ▽ ⟩ 3>//p_∋| ÷s_∋/l_∋±±d_∋/l↕ ⊣‖∅ l>m÷l ∃@m⇔ s_∋/l ∃@s_∋/m↕ † ⟩ vwdqgdug whfkqlt xhv| z kloh m∃@4gr ‖ydut>e÷ t =@‖p d– t ▽ sulp hv÷t ⇕m↕ e =@‖p d– e÷t ±±e ⇕m↕ m>p >s>d =@m∂+t ±±e,>p . 4>frqv/t/s>frqv/e/d ↕ r g ↕ ↕ I lj xuh 4=D surri ri kdoi wkh ixqgdp hqwdowkhruhp ri dulwkp hwlf lqg k/H z khq 3÷s z khq vxff/m÷t gql

‖ydud>e>f =@3>4>5÷ lqg k/:

z khq 3÷vnls z khq vxff/m÷e>f =@f>e¿k/m¿e>f =@f>e s ulqwd ˙ wr %e d>f =@f>d¿k/m¿d>f =@f>d gql ↕ I lj xuh 5= +d, +e,

Wkhr Qruyhoo=Surri e— Surjudp p lqj :

î^q /t ⪰ s‘ † ⟩lqg lqwurgxfwlrq| lqg k/q z khq 3÷ î^3/t ⪰ s‘ † t̂ ⪰ s‘ † ⟩ t ⪰ s| ŵuxh‘ † vnls z khq vxff/m÷ î^m/t ⪰ s † k/m> i^{m. 4}/t ⪰ s ⊼⊻ i /+i^m/t, ⪰ s ⊼ ⟩i /s ⪰ s| i /+i^m/t, ⪰ i /s ⊼ ⟩i p rqrwrqh| i^m/t ⪰ s

‘

† ⟩ frqvrolgdwlqj| î^m/t ⪰ s † k/m>i^m/t ⪰ s‘ † k/m gql I lj xuh 6=D surri xvlqj dq lqgxfh vwdwhp hqw1

wkhr uhp ˙Lqgxfh lqwurgxfwlrq% z =D̂>T/H‘† lqg k/H z khq 3÷z =D̂>T/3‘ z khq vxff/m÷z =D̂⊣ +z =D̂>T/m‘† k/m,>T/+vxff/m,‘ gql Qrwlfh wkdwqr p hqwlrq ri d yduldqwrulqyduldqwlvqhhghg1

I ljxuh 6 vkrz v d surri ri ‖∅ q =qdw÷i^q /t ⪰ s↕ iurp wkh dvvxp swlrqv wkdw+d, i lv p rqrwrqh/ +e, t ⪰ s/ dqg +f, i /s ⪰ s1

Surrive— Qrhwkhuldq/ udwkhuwkdq vlp soh/ lqgxfwlrq fdq eh h–suhvvhg +p ruh dz nz dugo— , z lwk z kloh0gr orrsv ru z lwk uhfxuvlyh surfhgxuhv1

: Sdudooholvp dqg F r qmxqfwlr q

Rqh z d— ri ghdolqj z lwk frqmxqfwlrq lvwr xvh wkh iroorz lqj odz =

wkhr uhp ˙Sdudooholqwurgxfwlrq% z =D̂>T ⊣ U‘† z =D̂>T‘ ⇕⇕z =D̂>U‘ Wkh sdudoohofrp srvlwlrq lv ghfflqhg e— z s/+s ⇕⇕t, @}⌉z s/s{ ⊣ ⌉z s/t{⟨ z khuh ⌉i { +irui d suhglfdwh wudqvirup hu, lv ghfflqhg dvwkh uhodwlrq ‖∅ F ÷i /F ⇔ F^y_y∋↕

Wkhr Qruyhoo=Surri e— Surjudp p lqj ;

dqg }T⟨/F lvghfflqhg dvwkh frqglwlrq ‖∅ y_∋÷T ⇔ F_y^y∋↕ +z lwk y ehlqj dooyduldeohv, P̂ ruj dq 4¡¡7/ Qruyhoo4¡¡6e‘1 Wkh ghfflqlwlrq ri wkh sdudoohorshudwru urxj ko— vd— v wkdwwkh fflqdovwdwh uhdfkhg e— s ⇕⇕t p xvweh dffhswdeoh wr +l1h1 z lwklq wkh udqjh ri qrqghwhup lqlvp ri, erwk s dqg t1 Dv d p rghori sdudoohosurfhvvlqj / wkh ⇕⇕rshudwru dsshduv wr ohdyh vrp hwklqj wr eh ghvluhg dvlwgrhvqrwsurylgh dq— p hdqvri frp p xqlfdwlrq ehwz hhq wkh sdudoohosurfhvvhv1Lq sduwlfxodulqwhup hgldwh ydoxhvri yduldeohvvhwe— rqh surfhvvz looqrwdffihfw wkh rwkhu surfhvv1 Khkqhu ^4¡¡6‘ vkrz v krz lqwhusurfhvv frp p xqlfdwlrq fdq eh ghdowz lwk lq d vlp lodup rghori frp sxwdwlrq1

Wkhuh lv d klwfk z lwk sdudooholvp 1 Xqolnh rwkhu surjudp p lqj frqvwuxfwv/ hyhq li s dqg t duh ihdvleoh/ s ⇕⇕t p d— qrweh1 I ru surjudp v s dqg t/ z h vd— wkdws ⇕⇕t lv d surj udp rqo— li lwfdq eh vkrz q wr eh ihdvleoh1Krz fdq z h whooli s ⇕⇕t lvihdvleohB Rqh z d— lv wr ghfflqh d qhz surj udp frqvwuxfwru z s/+ir uj hwy diwhus,/F @z s/s/‖∅ y ÷F ↕ Wkhq

+ir uj hwy diwhus, ⇕⇕+ir uj hwz diwhut, lv ihdvleoh surylghg s dqg t duh erwk ihdvleoh dqg xqlyhuvdoo— frqmxqfwlyh/ dqg y>z frp sulvhv doo yduldeohv1

Z h kdyh vhhq wkdwh–lvwhqwldot xdqwlfflfdwlrq fdq eh suryhg z lwk wkh ydu frqvwuxfw1 Z kdwri xqlyhuvdot xdqwlfflfdwlrqB Z h fdq ghfflqh d surjudp p lqj frqvwuxfw z s/‖⇕⇕l ÷t/l↕ @}‖∅ l ÷⌉z s/+t/l,{↕⟨ dqg rewdlq wkh odz wkhr uhp ˙Surfhvvduud— lqwurgxfwlrq% z =D̂>‖∅ l ÷T↕‘† ‖⇕⇕l ÷z =D̂>T‘↕ surylghg l qrwiuhh lq D1

Wkh vdp h glȷ fxowlhv z lwk ihdvlelolw— rffxudvz lwk wkh elqdu— rshudwru1

Wkh xvh ri wkhvh frqvwuxfwv lq surylqj +dqg/ z lwklq wklv uhfflqhp hqwfdofxoxv/ surj udp p lqj , uhp dlqv wr eh h–soruhg1

; F r qqhfwlr qv

Wkh lghd ri surri e— surjudp p lqj lv forvho— dvvrfldwhg z lwk ˙suhglfdwlyh surj udp p lqj %K̂hkqhu

4¡; 7/ Khkqhu 4¡¡6‘/ z klfk fdq eh wkrxjkwri dv surjudp p lqj e— surri1 E— lqwhusuhwlqj sur0 j udp p lqj frqvwuxfwv dv rshudwruv rq uhodwlrqv ¨ dv Khkqhu grhv¨ / wkh dfwlylwlhv ri surylqj dqg surj udp p lqj ehfrp h eoxuuhg1

Wkh p dlq uhdvrq iruxvlqj wkh uhfflqhp hqwfdofxoxvri P̂ ruj dq 4¡¡3‘ lq wkh suhvhqwdwlrq ri wklv sdshu udwkhu wkdq suhglfdwlyh surjudp p lqj lv vr wkdwwkh dfwlylwlhv ri surylqj dqg surj udp p lqj duh nhswglvwlqfwdqg wkxvwkh frqwulexwlrq ri hdfk wr wkh rwkhulv p ruh hdvlo— vhhq1

Dv p hqwlrqhg deryh/ wkhuh duh dovr vwurqj wlhv z lwk frqvwuxfwlyh surri dqg sduwlfxoduo— lwv h–suhvvlrq lq frqvwuxfwlyh w— sh wkhru— 1Wkhvh wlhvduh dq duhd iru ixwxuh lqyhvwljdwlrq1

¡ F r qfoxvlr q

Wkh lghd suhvhqwhg khuh grhvqrwvroyh dq— ixqgdp hqwdosureohp vlq surylqj¿qrugrhvwkh xvh ri wkh vdp h frqvwuxfwv lq surj udp p lqj 1 Krz hyhu lq erwk fdvhv wkh— surylgh d p hfkdqlvp iru frq0 wuroolqj frp soh–lw— 1Lq frqvwuxfwlqj d surri/ wkh— khos wkh suryhunhhs wudfn ri z klfk dvvxp swlrqv